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We prove the p ossibility to use the metho d of mo deling of a quasi-lattice with o ctagonal symmetry similar to

that prop osed earlier for the decagonal quasicrystal. The metho d is based on the multiplication of the groups

of basis sites according to sp eci�ed rules. This mo del is shown to b e equivalent to the metho d of the p erio dic

lattice projection, but is simpler b ecause it considers merely two-dimensional site groups. The application of the

prop osed mo deling pro cedure to the recipro cal lattice of o ctagonal quasicrystals shows a fairly go o d matching

with the electron di�raction pattern. Similarly to the decagonal quasicrystals, the p ossibility of three-index

lab eling of the di�raction re�ections is exhibited in this case. Moreover, the ascertained ratio of indices provides

information on the intensity of di�raction re�ections.

DOI : 10.7868/S0044451014110091

1. INTRODUCTION

The description of the quasicrystalline phase struc-

ture is a nontrivial problem of material science. This

is a consequence of the imp ossibility to select a unit

cell re�ecting the overall structure of a lattice [1�5].

Di�erent approaches and metho ds p ossessing b oth the

virtues and shortcomings are commonly used for this.

For example, we note the Ammann�Beenker tiling,

which is an eight-fold sibling of the more famous, �ve-

fold Penrose rhombus tiling [ 6 ; 7 ], and the Burkov

metho d [1], which consists in structure constructing

with overlapping clusters. Unfortunately, essential dif-

�culties arise in indexing the di�raction patterns from

such phases. In this case, it is necessary to use more

than three basis vectors, and moreover, the numb er of

vectors dep ends on a symmetry of the quasilattice. For

example, in the case of icosahedral quasicrystals, six

basis vectors could b e used [8�10], whereas in the case

of a decagonal quasilattice, the numb er of basis vec-

tors is �ve or six [11]. Accordingly, more than three

indices should b e used for the di�raction re�ection in-

dexing. The feasible values of these indices are not

quite obvious, b ecause the limitations sp eci�ed by the

quasilattice symmetry should b e held. In terms of the

*

E-mail: asmolyakov@mail.ru

pro jection metho d, which is often used for the mo d-

eling of quasi-lattices [ 12 ; 13 ], this limitation is, evi-

dently, equivalent to forbidding pro jection of the sites

of a p erio dic hyp er-lattice with the dimension higher

than three, which are su�ciently far from the physi-

cal space. Thus, the complications related to b oth the

identi�cation and indexing of the re�ection arise. It

should b e noted that the metho d of solving the ab ove

problem using only two indices ( N ; M ) is now well de-

velop ed [14]. The indexing pro cedure of the di�raction

re�ections for decagonal quasicrystals using three in-

dices was prop osed in Ref. [15]. A similar pro cedure of

indexing for other typ es of quasicrystalline phases (o c-

tagonal and do decagonal) has not yet b een considered.

Therefore, the aim of this work is the generalization

and extension of the approach develop ed previously for

icosahedral and decagonal quasilattices to other typ es

of quasicrystals, in particular, those p ossessing o ctago-

nal symmetry.

2. MODELING THE QUASI-LATTICE WITH

OCTAGONAL SYMMETRY

The metho d of mo deling a quasicrystalline lattice

with a tenfold axis of symmetry has b een prop osed and

describ ed in detail in Ref. [15]. This metho d consists in

the multiplication of geometric groups (sites) according
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Fig. 1. The variants of cho osing the basis vectors

to one of the three p ossible algorithms. These algo-

rithms could b e formally expressed as D

n

= D

n � 1

+

+ f �

n � 2

q

i

g D

n � 2

, D

n

= D

n � 2

+ f �

n � 2

q

i

g D

n � 1

, and

D

n

= D

n � 1

+ f �

n � 2

q

i

g D

n � 1

. Here, D

n

is a geomet-

ric group of sites of n ; the order q

i

is a set of ( � q

1

,

� q

2

, � q

3

, � q

4

, � q

5

) vectors, which are the vertices

of a regular decagon; the expression D

n

= D

n � 1

+

+ f �

n � 2

q

i

g D

n � 1

corresp onds to adding the geometric

groups shifted by the �

n � 2

q

i

vectors to a preceding ge-

ometric group; and � = 2 cos( � = 5) = (1 +

p

5 ) = 2 is

the irrational numb er expressing the so-called �golden

ratio�.

We show that this algorithm is applicable to qua-

sicrystalline lattices of the o ctagonal symmetry. In this

case, the system of basis vectors can b e sp eci�ed by two

metho ds di�ering by the mutual orientation of four ba-

sis vectors (Fig. 1):

q

1

= (1 i + 0 j ) ; q

2

=

 

p

2

2

i +

p

2

2

j

!

;

q

3

= (0 i + 1 j ) ; q

4

=

 

�

p

2

2

i +

p

2

2

j

!
(1)

and

q

1

= (1 i + 0 j ) ; q

2

=

 

p

2

2

i +

p

2

2

j

!

;

q

3

=

 

�

p

2

2

i +

p

2

2

j

!

; q

4

= (0 i � 1 j ) :

(2)

Hence, an ambiguity in the selection of a basis arises.

Accordingly, if q

i

are considered as the recipro cal lat-

tice vectors, then indexing the di�raction re�ections for

an o ctagonal quasicrystal is also ambiguous. For de�-

niteness, system (1) is adopted as a basis.

If the system of q

i

vectors ( � q

1

, � q

2

, � q

3

, � q

4

) is

chosen as the initial geometric group O

1

, it is p ossible

to express the algorithm of lattice construction in the

form

O1 O2

O3

O4

Fig. 2. Illustration of the geometry groups, construc-

tion in the case of an o ctagonal lattice

O

2

= O

1

+ f q

i

g O

1

; O

n

= O

n � 1

+ f �

n � 2

s

q

i

g O

n � 1

: (3)

Here, we use the irrational numb er �

s

= 1 +

p

2 , known

as �silver ratio�, as a counterpart for the �golden ratio�

� [16]. One of the features of the silver ratio is that it

allows expressing the p owers of �

s

in the form

�

n

s

= K

n

�

s

+ K

n � 1

; (4)

where K

n

are the Pell's numb ers (0, 1; 2; 5; 12; 29; 70;

169; 408; : : : ) satisfying the condition K

n

= 2 K

n � 1

+

+ K

n � 2

[17].

We emphasize that the following relation b etween

the basis vectors (1) exists:

q

1

+ q

2

+ q

3

= �

s

q

2

: (5)

With Eqs. (4) and (5), we can write

�

n

s

q

2

= K

n

( q

1

+ q

2

+ q

3

) + K

n � 1

q

2

=

=

^

E

n

( q

1

+ q

3

)( K

n

+

^

E

n � 1

) q

2

: (6)

Thus, any site of the O

n

= O

n � 1

+ f �

n � 2

s

q

i

g O

n � 1

geometric group can, evidently, b e expressed as a lin-

ear combination of the basis vectors in the form Q =

= n

1

q

1

+ n

2

q

2

+ n

3

q

3

+ n

4

q

4

. The application of this

algorithm to the O

4

geometric group is illustrated in

Fig. 2.

We note that algorithm (3) of the construction of

a quasi-p erio dic lattice with an eightfold symmetry

axis can b e mo di�ed by substituting one or several
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Fig. 3. Fragments of the o ctagonal lattices constructed according to di�erent algorithms (the O

1

group is distin-

guished): a ) O
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Fig. 4. Two-dimensional colloidal quasicrystals orga-

nized with holographic optical traps [18]

numerical co e�cients (Fig. 3). It is imp ortant that

this co e�cient is expressed in terms of a relation b e-

tween the basis vectors similar to Eq. (5). In con-

trast to the known metho ds of mo deling [ 1 ; 5 � 7 ; 11 ; 13 ],

this metho d for multiplying groups of no des allows

classifying the quasicrystalline structures. For exam-

ple, a two-dimensional dielectric quasicrystalline he-

terostructure is shown in Fig. 4 [18]. It is evident

that this structure corresp onds to the mo del shown

in Fig. 3 d . This structure can b e assigned to typ e

O ( �

s

� 1 ; �

n � 2

s

) , according to the numerical co e�cients

involved in the algorithm. The structures obtained

for other algorithms (Fig. 3 a,b,c ) can b e denoted as

O (1 ; �

n � 2

s

) , O (1 ; 2 ; �

n � 3

s

) , and O (1 ; �

s

� 1 ; �

n � 3

s

) . It is

easily seen that the algorithm changes; for example, the

co e�cients in O

2

= O

1

+ f �

s

q

i

g O

1

, O

3

= O

2

+ f q

i

g O

2

,

O

4

= O

3

+ f 2q

i

g O

3

, and O

n

= O

n � 1

+ f �

n � 3

s

q

i

g O

n � 1

can b e reduced to the construction of structures such

as O

2

= O

1

+ f q

i

g O

1

, O

3

= O

2

+ f 2q

i

g O

2

, and O

n

=

= O

n � 1

+ f �

n � 3

s

q

i

g O

n � 1

. Hence, it is advisable to write

the co e�cients in the notation for the structural class

in ascending order.
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Fig. 5. Mutual orientation of the basis vector projec-

tions in the physical and p erp endicular spaces

It is known [ 5 ; 19 ] that a quasicrystalline lattice can

b e represented in terms of the pro jection of a p erio dic

lattice in a space of dimension R onto the space of a

lower dimension d . In the case of an o ctagonal planar

lattice, the pro jection of the four-dimensional cubic lat-

tice onto the plane can b e prop osed. If the basis of the

four-dimensional lattice is represented in a form of or-

thogonal vectors

u

1

= [1 0 1 0] ; u

2

=

"

p

2

2

p

2

2

�

p

2

2

p

2

2

#

;

u

3

= [0 1 0 � 1] ; u

4

=

"

�

p

2

2

p

2

2

p

2

2

p

2

2

#

;

(7)

then the �rst two co ordinates of each vectors corre-

sp ond to basis vectors (1). The other two co ordinates

corresp ond to the vectors

q

?

1

= (1 i + 0 j ) ; q

?

2

=

 

�

p

2

2

i +

p

2

2

j

!

;

q

?

3

= (0 i � 1 j ) ; q

?

4

=

 

�

p

2

2

i +

p

2

2

j

!

;

(8)

which are the pro jections of system (7) onto a p erp en-

dicular space. Mutual orientation of the basis vectors

in the p erp endicular space for the selected basis (1) in

the physical space is presented in Fig. 5. Evidently, the

vector q

1

+ q

2

+ q

3

in the physical space corresp onds

to the vector q

?

1

+ q

?

2

+ q

?

2

in the p erp endicular space.

Moreover, the mo dulus of the latter vector is minimal

for the random combination of three basis vectors.

We show that algorithm (3) corresp onds to the pro-

jection of sites of the four-dimensional cubic lattice that

are lo cated close to the physical space, thereby proving

the equivalence of the prop osed metho d and the pro-

jection metho d. For this, it is su�cient to show that

the radius of the O

n

geometric group in the p erp endic-

ular space r

?

n

(the maximal distance of the sites of the

four-dimensional lattice to the physical space) is a �nite

quantity. As is clearly seen from Fig. 5, the validity of

the equality

q

?

1

+ q

?

2

+ q

?

3

= �

�

p

2 � 1

�

q

?

2

= �

1

�

s

q

?

2

(9)

directly follows from Eq. (5).

With Eqs. (6) and (9), it can b e easily shown that

the ultimate radii of the geometric groups r

n !1

and

r

?

n !1

are

r

n !1

= 1 +

1

X

n =2

�

n � 2

s

= 1 ;

r

?

n !1

= 1+

1

X

n =2

�

2 � n

s

= 1+

1

1 � �

� 1

s

= 2+

p

2

2

:

(10)

Therefore, the distance of the sites of the four-

dimensional lattice to the physical space do es not ex-

ceed 2 +

p

2 = 2 . Hence, the prop osed algorithm is quite

valid.

3. MODELING THE RECIPROCAL

OCTAGONAL LATTICE

We analyze the application of the prop osed mo del

to the recipro cal lattice of decagonal quasicrystals.

The square mo duli of the resp ective vectors of phys-

ical, p erp endicular, and four-dimension space, Q

�

=

= n

1

q

1

+ n

2

q

2

+ n

3

q

3
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q

4
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?
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1
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?

1
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2
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?

2

+
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3

q

?

3
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4

q

?

4

, and Q = n

1
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1
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2

u

2

+ n

3

u

3

+ n

4

u

4

,

can b e reduced to the form

j Q

k

j

2

= ( n

2

1

+ n

2

2

+ n

2

3

+ n

2

4

) +

+ ( n

1

n

2

+ n

2

n

3

+ n

3

n

4

� n

1

n

4

)

p

2 ;

j Q

?

j

2

= ( n

2

1

+ n

2

2

+ n

2

3

+ n

2

4

) �

� ( n

1

n

2

+ n

2

n

3

+ n

3

n

4

� n

1

n

4

)

p

2 ;

j Q j

2

= j Q

k

j

2

+ j Q

?

j

2

= 2( n

2

1

+ n

2

2

+ n

2

3

+ n

2

4

) :

(11)

Using the notations

N = ( n

2

1

+ n

2

2

+ n

2

3

+ n

2

4

) �

� ( n

1

n

2

+ n

2

n

3

+ n

3

n

4

� n

1

n

4

) ;

M = n

1

n

2

+ n

2

n

3

+ n

3

n

4

� n

1

n

4

;

(12)

we can deduce that

j Q

k

j

2

= N + M �

s

; (13)

which is similar to a relation existing for icosahedral

quasicrystals (Cahn indexing [14]) and plain lattices of

decagonal quasicrystals [15]:

j Q

k

j

2

= N + M � : (14)

976



ÆÝÒÔ, òîì 146 , âûï. 5 (11), 2014 Mo deling quasi-lattice with o ctagonal symmetry

Hence, the squared distance from the site of the four-

dimensional lattice to the appropriate pro jection in the

physical space is determined by the quantity N �

s

� M :

j Q

?

j

2

=

1

�

s

( N �

s

� M ) : (15)

According to Refs. [ 5 ; 12 ; 13 ], the value of j Q

?

j

2

for the

recipro cal lattice determines the intensity of di�raction

re�ections. It is worth noting that j Q

?

j

2

� ( N � � M )

for icosahedral and decagonal lattices [ 14 ; 15 ].

Translation of the O

n � 1

geometric groups by �

n � 2

s

q

i

corresp onds, as follows from Eqs. (4) and (5), to shif-

ting their centers to ( n

1

n

2

n

3

n

4

) sites of the (1110),

(2320), (5750), (12 17 12 0), and ( K

n

; K

n

+ K

n � 1

; K

n

; 0)

typ e. Substituting these indices in Eq. (11) yields the

pairs of N = K

2

n

+ K

2

n � 1

and M = 2( K

2

n

+ K

n

K

n � 1

)

values: (1, 2), (5, 12), (29, 70), (169, 408), : : : Thus,

the squared mo duli of the geometric group shifting vec-

tors can b e expressed through the pairs of N and M

numb ers, which are, in fact, the neighb oring elements

of the Pell sequence. The corresp onding numb er pairs

satisfy the condition M =N < �

s

, which is a necessary

condition according to Eq. (15). It is p ossible to verify

that the appropriate value of j Q

?

j

2

is rather small for

these numb er pairs.

The overlapping of the O

4

geometric group on the

electron di�raction pattern for an o ctagonal quasicrys-

tal of the Mn

4

(Al,Si) system is presented in Fig. 6 a .

Evidently, the sites of geometric groups totally coincide

with the di�raction re�ections. Nevertheless, there are

some re�ections of low intensities that have no coun-

terparts among the sites of geometric groups (some of

them are marked with arrows in Fig. 6). Substituting

the group construction algorithm O

2

= O

1

+ f q

i

g O

1

by O

2

= O

1

+ f

p

2 q

i

g O

1

, the algorithms for the suc-

cessive groups b eing invariable, results in the o ccur-

rence of additional sites coinciding with the marked

re�ections (Fig. 6 b ). Hence, geometrically, the di�rac-

tion pattern is an o ctagonal quasicrystal of Mn

4

(Al,Si)

related to the class of O ( �

s

� 1 ; �

n � 2

s

) . Such a varia-

tion of the algorithm corresp onds to extending the pro-

jection region in the four-dimensional space, b ecause

r

?

n !1

= 2 +

p

2 = 2 + (

p

2 � 1) in this case.

Table presents the characteristics of some recipro-

cal lattice sites lo cated close to the origin. These sites

have b een generated according to algorithms (3),

O

2

= O

1

+ f q

i

g O

1

; O

3

= O

2

+ f

p

2 q

i

g O

2

;

O

n

= O

n � 1

+ f �

n � 3

s

q

i

g O

n � 1

:

(16)

Multifold overlapping of sites arises as a result of

the quasilattice construction using these algorithms. A

a

b

Fig. 6. Overlaps of the O

4

geometric group on the

electron di�raction pattern for a quasicrystal of the

Mn

4

( Al,Si ) system with the eightfold symmetry axis

b eing oriented along the electron b eam (the electron

di�raction pattern is taken from Ref. [20])

numb er of such overlaps for di�erent algorithms are

presented in the last three columns of Table. Evidently,

the correlation b etween the numb er of overlaps and the

j Q

?

j

2

value similar to that inherent to the decagonal

quasilattice [15] is observed for each of the listed algo-

rithms.
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Table. Characteristics of some sites of the O

7

groups

constructed by the algorithms (3) and (16)

n

1

n

2

n

3

n

4

N M j Q

?

j

2

P (3) P (16)

1 1�110 5 � 2 5.828 5 78

2 �12�10 10 � 4 11.657 � 11

3 001�1 3 � 1 3.414 12 108

4 1000 1 0 1 43 223

5 11�11 6 � 2 6.828 � 48

6 �111�2 11 � 4 12.657 � 12

7 2�110 9 � 3 10.243 � 22

8 02�10 7 � 2 7.828 � 46

9 002�2 12 � 4 13.657 � 6

10 1010 2 0 2 26 170

11 101�1 3 0 3 25 150

12 1100 1 1 0.586 48 224

13 2000 4 0 4 14 119

14 011�2 7 � 1 7.414 � 54

15 2010 5 0 5 10 96

16 1110 1 2 0.172 73 257

17 2101 6 0 6 4 78

18 111�1 2 2 1.172 52 236

19 021�1 5 1 4.586 16 112

20 2100 3 2 2.172 28 162

21 112�1 5 2 4.172 15 110

22 2110 3 3 1.756 42 222

23 1210 2 4 0.343 78 286

24 22�10 7 2 6.172 � 61

25 121�1 3 4 1.343 44 196

26 2200 4 4 2.343 32 202

27 1300 7 3 5.757 8 96

28 2120 5 4 3.343 17 131

29 212�1 6 4 4.343 20 131

30 3110 7 4 5.343 5 81

31 122�1 5 5 2.929 32 192

32 2210 3 6 0.515 48 213

33 1310 5 6 2.515 27 151

34 221�1 3 7 0.101 104 332

35 131�1 6 6 3.515 32 172

36 2300 7 6 4.515 7 89

37 2220 4 8 0.686 54 276

38 312�1 9 6 6.515 3 63

39 222�1 5 8 1.686 36 185

40 3210 6 8 2.686 36 207
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4442

(3, 3) 32
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Fig. 7. ( N ; M ) indices and the numb er of sites overlap-

ping (the O

7

group, algorithm (3)) for the appropriate

re�ection in the electron di�raction pattern

Figure 7 presents ( N , M ) indices and a numb er of

sites overlaps (the O

7

group, algorithm (3)) for the ap-

propriate re�ection at the electron di�raction pattern

for an o ctagonal quasicrystal of the Mn

4

(Al, Si) system.

Evidently, a distinct correlation b etween the intensity

of di�raction re�ection and the numb er of overlaps is

observed. This is in agreement with the data rep orted

in Ref. [15].

Reasoning from the data in Table (by the numb er

of overlaps and the j Q

?

j

2

value), the intensity I

(1 ; 0)

should exceed I

(2 ; 0)

, and I

(1 ; 2)

> I

(2 ; 4)

, I

(1 ; 1)

> I

(1 ; 0)

,

etc. This inconsistency with the exp erimental values

of the intensities presented in Fig. 6 is thought to b e

caused by the fact that the values of intensities de-

p end not only on the geometric factor determined by

the j Q

?

j

2

value but also on the e�ects that are simi-

lar to the extinction e�ects in conventional fcc and b cc

crystal lattices.

According to the obtained data, su�ciently high in-

tensity should b e inherent to the re�ections character-

ized by the following combinations of ( N ; M ) indices:

(1 ; 0); (2 ; 0); (1 ; 1); (1 ; 2); (2 ; 2);

(3 ; 3); (2 ; 4); (3 ; 4); (3 ; 6); (3 ; 7);

(4 ; 8); (5 ; 8); (5 ; 9); (6 ; 10); (5 ; 12); : : :

(17)

Reasoning from the three-dimensionality of the o ctago-

nal lattice and its p erio dicity along the eight-fold sym-

metry axis, the interplanar distances could b e calcu-

lated by an equation similar to that obtained earlier

for decagonal quasicrystals [15]:

978
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1

d

2

=

N + M �

s

a

2

+

L

2

c

2

: (18)

Here, a is a spacing parameter of a plain quasilattice

and c is a spacing parameter along the eightfold sym-

metry axis.

In fact, in indexing the X -ray p owder di�raction

patterns, the L index do es not exceed 2. Hence, the

variety of the combinations of three ( N ; M ; L ) indices

is rather limited. We note that in addition to the re-

�ections of ( N ; M ; L ) typ e (with the N and M indices

corresp onding to values (17)), the re�ections of the

( 0 ; 0 ; L ) typ e could also b e observed at the di�raction

pattern. Therefore, the indexing of the X -ray p ow-

der di�raction pattern for the o ctagonal quasicrystals

is seen to b e completely similar to that for the crys-

talline materials of the middle crystal systems.

4. CONCLUSIONS

The metho d of the quasicrystalline lattice mo deling

consisting in multiplication of the geometric groups was

shown to b e successfully used not only for decagonal

but also for o ctagonal quasicrystals. The formal tran-

sition form the mo deling of the decagonal quasicrystal

lattice to the mo deling of o ctagonal ones is realized by

substituting the numerical parameter � (the so-called

�golden ratio�) with the allied parameter �

s

(�silver ra-

tio�) and by changing of the source geometric group.

The ascertained mo di�cation of the generic algorithm

p ermits constructing di�erent quasilattices of eight-fold

symmetry.

The metho d for classifying di�erent o ctagonal no dal

structures, which obviously can b e extended to qua-

sicrystalline structure with di�erent symmetries, has

b een prop osed.

It was shown that using three ( N ; M ; L ) indices is

quite su�cient to index the p owder di�raction patterns

for o ctagonal quasicrystals. The principal prop erties of

( N ; M ) indices were proved to b e completely the same

as those for the decagonal quasilattice. In particular,

the value of ( N �

s

� M ) provides information on the

intensity of di�raction re�ections. Thus, the prop osed

Cahn indexing [15] can b e used not only for the icosahe-

dral quasicrystals but also for the o ctagonal ones. The

di�erence consists in adding an extra index.

Based on the exp erimental and theoretical data, the

p ossible values of ( N ; M ; L ) indices corresp onding to

the di�raction re�ections of su�ciently high intensity

have b een determined.
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