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We present a magnetic model for an antiferromagnetic compound γ-Mn3(PO4)2, which was previously

shown to exhibit a 1/3 magnetization plateau due to the trimer-based structure of the lattice of magnetic

Mn2+ ions with S = 5/2. An exchange Hamiltonian that yields observed field transitions is obtained

from fitting magnetization data. It is shown that both biquadratic coupling and single-ion anisotropy are

necessary to be present in the magnetic model to explain multiple phase transitions in the magnetic sus-

ceptibility data. The calculated magnetic spectrum is in agreement with the low-temperature specific heat data.
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1. INTRODUCTION

Transition metal phosphates are known to exhibit
intriguing magnetic properties at low temperatures due
to an interplay of their peculiar crystal structure and
anisotropic exchanges [1]. One of these compounds,
Mn3(PO4)2, has been studied extensively and was
shown to exhibit several polymorphs with varying mag-
netic behavior of its S = 5/2 Mn2+ ions [2–5]. In par-
ticular, γ-Mn3(PO4)2 [6], an antiferromagnet with Néel
temperature of TN = 13.3K, drew attention due to the
presence of the 1/3 magnetization plateau [7].

While magnetization plateaus have been studied
as a signature of frustration and quantum effects of
triangular lattice antiferromagnets [8–10], they have
also been found in a multitude of other circumstances
[11]. One of the most notable examples is the Ki-
taev honeycomb antiferromagnet BaCo2(AsO4)2 where
the 1/3 plateau is stabilized by bond-dependent ex-

* E-mail: maksimov@theor.jinr.ru

changes of cobalt ions, induced by sizeable spin-orbit
coupling [12–15]. Moreover, even in materials with
large spin, where quantum effects are small, magnetiza-
tion plateaus can be stabilized by peculiar crystal struc-
ture [16–19] and exchanges beyond Heisenberg [20–23].

It was previously argued that a trimer-based struc-
ture of the magnetic sublattice of γ-Mn3(PO4)2 is re-
sponsible for the stabilization of the magnetization
plateau [7, 24]. In this paper, we use previously pub-
lished magnetization data to establish an effective mag-
netic Hamiltonian for γ-Mn3(PO4)2. We show that the
trimer-based crystal structure itself is not enough to
exhibit the plateau, and either biquadratic coupling or
single-ion anisotropy is necessary. In fact, Mn2+ com-
pounds are known to exhibit some form of anisotropy
[25–29] or non-negligible biquadratic interactions [30].
Moreover, by carefully studying observed multiple mag-
netic phase transitions, we are able to extract parame-
ters of the magnetic Hamiltonian and to show that both

biquadratic coupling and single-ion anisotropy are re-
quired to explain observed singularities in the magnetic
susceptibility data.
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Fig. 1. a — Crystal structure of γ-Mn3(PO4)2. b — Magnetic sublattice of γ-Mn3(PO4)2 where only Mn atoms are shown. One

can see that the lattice has a layered structure. c — Schematic magnetic sublattice with exchange paths and magnetic ground

state shown

The paper is structured as follows. In Sec. 2, we
introduce the magnetic Hamiltonian and effective clas-
sical model. We outline details of fitting magnetization
data in Sec. 3. Various field-induced magnetic states
are described in Sec. 4. Magnetic excitations of the ob-
tained model and its comparison to the experimental
data are presented in Sec. 5. We discuss our results in
Sec. 6.

2. MAGNETIC HAMILTONIAN

In order to simulate magnetic properties of
γ-Mn3(PO4)2, we use the following Hamiltonian:

H =
∑

〈ij〉

JijSiSj − bij (SiSj)
2 −

∑

i

Dz (S
z
i )

2 −

− gµB

∑

i

B · Si, (1)

where the first sum is over the bonds that are shown in
Fig. 1 c with three types of exchanges Jij : J1, J2, J3.
The geometry of the lattice can be described as layers of
trimer-based decorated square lattice [24, 31–33], since
it was shown using density-functional theory (DFT)
calculations that J1 ≪ J2, J3 [7].

Similarly, we introduce biquadratic exchanges on
the same bonds, b1 − b3. As we show below, both bi-
quadratic exchange [34, 35], which is known to play a
significant role in materials with large spin [36–38], and
single-ion anisotropy Dz are necessary to explain ob-
served magnetic phases and transitions, including the
1/3 plateau. We assume g = 2 [7].

Due to a rather large value of spin of Mn2+ ions in
γ-Mn3(PO4)2, we approximate spins as classical vec-
tors. While it is known that competition of several
exchanges can lead to a complex magnetic configura-
tion [39–41], here, we assume four-sublattice magnetic

states in the phase diagram: two spins of Mn1 and
Mn2 sites on neighboring layers of the magnetic lattice
of γ-Mn3(PO4)2, as shown in Fig. 1 c.

Classical energy per site for such a four-sublattice
state is given by

Ecl/N =
1

3
[J1S1S

′
1 + (J2 + J3) (S1S2 + S′

1S
′
2)]−

− 1

3

{
b1 (S1S

′
1)

2
+ (b2 + b3)

[
(S1S2)

2
+ (S′

1S
′
2)

2
]}

−

− Dz

6

[
2 (Sz

1 )
2
+ 2

(
Sz
1
′)2 + (Sz

2 )
2
+
(
Sz
2
′)2]−

− 1

6
gµBB · (2S1 + 2S′

1 + S2 + S′
2) , (2)

where S1, S2 are spins of Mn1 and Mn2 sites, and S′
1,

S′
2 are the same on the neighboring layer. This expres-

sion can be minimized with respect to four spin direc-
tions to obtain ground state structure as a function of
exchanges and magnetic field.

Exploring magnetic states in the relevant regime
suggested by DFT values of exchanges [7]:

J1 = 1.7 K, J2 = 4.7 K, J3 = 10.5 K, (3)

we found that only coplanar states are stabilized.
Therefore, magnetic moments can be defined as
Si = S (cos θi, 0, sin θi) where θi is determined relative
to the easy axis z. Numerical minimization of the
energy (2) over four variables θ1, θ2, θ

′
1, θ

′
2 yields

magnetic ground state configurations, which we use to
fit magnetization data from Ref. [7].

3. TUNING PARAMETERS

In order to extract exchanges of the Hamiltonian
(1), appropriate for γ-Mn3(PO4)2, we perform fitting
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Fig. 2. Calculated magnetization and susceptibility in comparison to powder data from Ref. [7]. Calculations for the DFT model

(3) from Ref. [7] and model (4) are shown. Three panels illustrate powder averaged calculation and results for two principal

field directions. Field-induced magnetic structures are shown. The arrows indicate critical fields used for fitting Hamiltonian

parameters. The inset illustrates magnetization simulation in a wider region of fields, including the saturation field Hs ≈ 48T

of the magnetization and magnetic susceptibility data
from Ref. [7]. This data is reproduced in Fig. 2, where
one can see several outstanding features. There is not
only the magnetization plateau between 7 T and 21 T,
but also two singularities around 2 T and 4 T, clearly
seen in the susceptibility data.

First, one can see that the Heisenberg model with
exchanges obtained by DFT (3) does not reproduce any
of the aforementioned features (shown with the dashed
line in Fig. 2). For instance, additional interactions,
such as biquadratic exchange and single-ion anisotropy,
are necessary for stabilization of the plateau. However,
as we show in the Appendix, adding only one of them
is also not enough.

Therefore, we explored Hamiltonian parameter
phase space to match observed singularities of the mag-
netization data. For simplicity, we fixed the ratio of
bi/Ji to be the same for i = 1, 2, 3. We should note
that the data from Ref. [7] is from the powder sam-
ple. Thus, while Heisenberg exchange and biquadratic
exchange preserve SU(2) symmetry and do not exhibit
grain orientation dependence, the presence of single-ion
anisotropy means that calculated magnetization needs
to be averaged over all possible field directions.

While, in principle, it could make fitting data ex-
tremely cumbersome, we found that observed singular-

ities can be traced back to magnetic phase transitions
for grains whose easy axis is aligned either parallel or
perpendicular to the magnetic field. For instance, the
transition to the plateau state for B ‖ z happens at a
lower field than for B ⊥ z (see Fig. 2), and critical field
changes gradually with the field direction. Therefore,
the transition for the powdered sample, after averag-
ing, is determined only by the largest critical field -
for grains with B ⊥ z. Similarly, the transition from
the plateau state is determined by the grains with the
lowest critical field, also for B ⊥ z. This allows us
to use only calculations for particular field directions
to establish boundaries on the values of exchanges. In
addition, we also found that two low-field singularities
of the susceptibility data originate from spin-flop-like
metamagnetic transitions for grains with B ‖ z, and
are not affected by powder averaging.

We performed a fitting procedure using the DFT
model (3) as a starting point. First, as one can see in
Fig. 3, where an intensity plot of magnetic susceptibil-
ity as a function of Hamiltonian parameters is shown,
the critical field of the lower boundary of the plateau
strongly depends on J1 and is much less dependent on
other parameters. We use it to fix J1 = 0.85 K to
set the lower boundary at 7 T. Next, as one can see
from Eq. (1), since positive biquadratic coupling prefers
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Fig. 3. Intensity plots of magnetic susceptibility, as a function of Hamiltonian parameters and magnetic field, for two principal

directions of magnetic field. For each panel, one parameter is varied while the others are fixed at values provided in Eq. (4).
Dashed lines indicate critical fields from the susceptibility data. Parameters of model (4)are shown with yellow lines

collinear states, the width of the plateau is strongly af-
fected by the value of bi. In fact, the upper boundary
of the plateau mostly depends on b/J and J2 + J3,
which we set at 21 T. Finally, as one can see in the
panel for B ‖ z, two low-field metamagnetic transitions
are strongly affected by the single-ion anisotropy Dz.
Thus, by matching these two singularities at 2 T and
4 T, we arrive at the full model

J1 = 0.85 K, J2 + J3 = 11 K,

bi/Ji = 0.02, Dz = 0.05 K.
(4)

The result is shown in Fig. 2 with the red line. It ex-
hibits solid agreement with the experimental data. One
issue is that calculated singularities are much sharper
than the experimental data, which is most likely due
to the finite temperature effects. This parameter set
predicts a saturation field around 48 T, as shown in the
inset of the left panel of Fig. 2, and it can be measured
in possible future experiments to verify this model.

Note that since classical energy (2) only depends on
the combinations of J2+J3 and b2+b3, this analysis of
fitting magnetization data cannot provide J2 and J3 in-
dependently. In order to have a full model, we assume
that the ratio of exchanges is the same as in the DFT
calculations, thus arriving at J2 = 3.4 K, J3 = 7.6 K.

Note that the ground state of the Hamiltonian is not
frustrated, and for both the DFT model (3) and the re-
vised model (4) magnetic structure consists of spins of

opposing directions on Mn1 and Mn2 sites, with the
anticollinear order between the layers, see also Fig. 1 c.

4. MAGNETIC PHASE TRANSITIONS

In this section, we would like to outline field-induced
states observed in our calculations. Due to the presence
of single-ion anisotropy, the magnetic states are differ-
ent depending on the grain orientation. We provide a
description of field-induced states for two principal field
directions, with the intermediate situations being not
as representative.

For B ⊥ z, there are two field-induced transitions,
as one can see in Fig. 2. In zero field, the ground state
antiferromagnetic configuration consists of anti-aligned
Mn1 and Mn2 spins, which are pointing along the z axis
due to the single-ion anisotropy. When a small perpen-
dicular field is applied, magnetic moments start canting
towards the field direction, keeping the in-plane anti-
collinear structure. At the first critical field, this canted
state gradually transforms into the 1/3 plateau. The
biquadratic coupling, which favors collinear structures,
stabilizes this plateau, until the second critical field is
reached. The anticollinear in-plane structure is lost
above the second critical field, but the z components
of magnetic moments are still anticollinear between the
planes due to the antiferromagnetic J1 interaction. The
spins keep canting towards the field direction until sat-
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Fig. 4. a — Dynamical structure factor calculated using spin-wave theory for B = 0 and B = 9T, in the 1/3 plateau regime,

for several high-symmetry directions in the Brillouin zone. Results for two principal field directions are shown. b — Specific heat

data for B = 0 and B = 9T (blue and red circles), reproduced from Ref. [24], and its low-temperature fits. Best fits are achieved

by fitting with Eq. (7) with d = 3 and values of gaps ∆0 = 2.1 K and ∆9 = 4.2 K, for B = 0T and B = 9T respectively. c —

Gap of spin-wave excitations as a function of magnetic field (in two principal directions) in the 1/3 plateau phase

uration is achieved. These magnetic configurations are
schematically shown in the middle panel of Fig. 2.

For B ‖ z, the zero-field configuration actually sur-
vives for some values of magnetic field due to the single-
ion anisotropy, until a spin-flop transition is reached.
A small window of a canted state exists where the
spins keep an inter-plane antiferromagnetic configura-
tion. Increasing the field leads to the plateau state,
until a canted state with spins pointing along the field
direction is reached. This state gradually evolves into
a fully saturated phase at high fields. These magnetic
states are illustrated in the right panel of Fig. 2.

5. MAGNETIC EXCITATIONS

We also benchmarked our model against the mea-
surements of magnetic specific heat from Ref. [24].
There, the value of the gap of magnetic excitations was
extracted from low-temperature fits of the data. We
use spin-wave theory to calculate magnetic excitations
both in the zero-field antiferromagnetic state and the
1/3 ferrimagnetic plateau state. The results (obtained

using SpinW package [42]) are shown in Fig. 4 a as an
intensity plot of the dynamical structure factor

S(q, ω) =
∑

α,β

(
δαβ − qαqβ

q2

)
Sαβ(q, ω), (5)

where the dynamical spin correlation function is
given by

Sαβ(q, ω) =
1

π
Im

∞∫

−∞

dteiωt i〈T Sα
q (t)S

β
−q(0)〉. (6)

In zero field, spin-wave theory yields the spectrum
with a gap of 2.8 K. In the plateau regime, for B = 9T
and B ‖ z we obtain a gap of 4.6 K, while for B ⊥ z

the gap is 2.0 K.

The low-temperature fits of the magnetic heat ca-
pacity data in Ref. [24] yielded the gap of excitations of
0.5 K for B = 0 and 1.4 K for B = 9T. Here we would
like to revisit fitting of that data.

Heat capacity of the gapped spectrum εk ≈ ∆+Ak2

can be approximated for low temperature T ≪ ∆

by [43]
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Fig. 5. Calculated magnetization and susceptibility in comparison to data from Ref. [7]. Calculations for the tuned models

where, in addition to Heisenberg exchange, either biquadratic coupling or single-ion anisotropy is included. Three panels illustrate

powder-averaged calculation and results for two principal field directions. One can see that neither of the models can explain

observed magnetic phase transitions

Cm ≈ e−∆/T×

×
[
∆2T d/2−2 +

d+ 2

2
∆T d/2−1 +

d+ 2

2
T d/2

]
, (7)

where d is the dimensionality of the magnetic model.
We fitted the experimental data for B = 0T and
B = 9T in order to extract the gap of excitations. The
results are shown in Fig. 4 b, where we present calcula-
tions for d = 2 and d = 3. As one can see, even though
one might suspect a lower dimensionality of the exci-
tations due to J1 ≪ J2, J3, the fit with 3D excitations
works much better than the one for 2D. Using Eq. (7),
we obtain for B = 0T

∆0 = 2.2 K (8)

which is in a solid agreement with the spin-wave theory
value of 2.8 K.

Fitting of the B = 9T data is not as straightfor-
ward due to the powder averaging of the grain direc-
tions. However, the extracted value of ∆9 = 4.4 K falls
within the range of gaps for two principal directions:
2.0 K for B ⊥ z and 4.6 K for B ‖ z. The values
of the gap of spin-wave excitations for other fields in
the plateau regime are shown in Fig. 4 c, where a non-
monotonic behavior is observed, similar to triangular-
lattice antiferromagnets [44].

6. CONCLUSION

While usually neutron scattering is required to de-
termine parameters of the exchange Hamiltonian, here
we showed that a peculiar sequence of field transitions
can provide sufficient information. Moreover, as we
showed, even the powder sample data can be decon-
structed to be adequately fitted.

In particular, we showed that the 1/3 plateau and
metamagnetic transitions of γ-Mn3(PO4)2 can only
be explained with the model that extends standard
Heisenberg exchange with both biquadratic interaction
and easy-axis anisotropy. Fitting critical fields of singu-
larities of magnetic susceptibility data from Ref. [7] can
be performed by using simulations of magnetic config-
urations for two principal field directions: parallel and
perpendicular to the easy axis. As we show, powder
averaging of grains with different easy-axis directions
does not affect these critical fields and does not obfus-
cate this information.

The model for γ-Mn3(PO4)2 that we obtain is
the trimer-based decorated square lattice with weakly
coupled layers. The interplay of trimers with small
but nonnegligible biquadratic exchange and easy-axis
anisotropy yields a unique sequence of field-induced
transitions in γ-Mn3(PO4)2, which include the 1/3
magnetization plateau. The model for γ-Mn3(PO4)2
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that we obtain, where terms beyond Heisenberg model
are necessary, is in line with other Mn-based magnets
[25–30].

Furthermore, we were able to explain spectral prop-
erties of γ-Mn3(PO4)2, such as the presence of the gap
in the magnetic spectrum due to the breaking of SU(2)
symmetry by easy-axis anisotropy. We performed spin-
wave calculations, and the values of the gaps of excita-
tions in zero field and the plateau regime are in solid
agreement with the fits of low-temperature specific heat
data from Ref. [24].
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APPENDIX. ALTERNATIVE MODELS

In order to show that the full exchange model for
γ-Mn3(PO4)2 requires both biquadratic exchange and
easy-axis anisotropy, here we present calculations of
magnetization and magnetic susceptibility where only
one of these terms is included along with the Heisen-
berg exchange. The results are shown in Fig. 5.

First, we used a model

J1 = 1.0 K, J2 + J3 = 14 K, bi/Ji = 0.02, Dz = 0,

(9)

without single-ion anisotropy. One can see that even
though the 1/3 plateau is stabilized, the behavior of
magnetic susceptibility is drastically different from the
experimental data.

Second, we also performed calculations for the
model

J1 = 0.8 K, J2 + J3 = 14 K, Dz = 0.12 K, bi = 0,

(10)

where biquadratic exchange is not included. The main
discrepancy for this model is that the plateau is stabi-
lized only for grains whose easy axis is mostly aligned
with the field. Therefore, as one can see from the left
panel of Fig. 5, there are no sharp transitions to the
plateau state. Moreover, the low-field susceptibility is
also not reproduced adequately.
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