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The Jaynes— Cummings model with degenerate atomic levels and polarization-degenerate field mode is consid-
ered. The general expression for the system evolution operator is derived. The analytical expressions for such
operators in the case of low values (J < 3/2) of atomic angular momentum are obtained. The polarization
properties of the photon emitted into the cavity by an excited atom are studied with an account of relaxation

processes for arbitrary angular momenta of atomic levels.
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1. INTRODUCTION

The original Jaynes—Cummings model [1] and its
numerous descendants [2] constitute basic theoretical
tools in quantum optics (see, for example, the text-
books [3-5] and the reviews [6-9]). In the present ar-
ticle one more extension of Jaynes— Cummings model,
taking into account the degeneracy of atomic levels and
polarization degeneracy of the field mode, is considered.
The reason for such extension is that the levels of iso-
lated atoms in the micro-cavity are degenerate in the
projections of the angular momentum on the quanti-
zation axis (unless this degeneracy is somehow lifted),
while the single frequency mode of the quantized field
in the cavity may obtain two independent polarizations
in the plane perpendicular to the cavity axis (unless the
symmetry in the cavity is somehow broken). For exam-
ple, in the experiments [10-14] the field mode was on
resonance with the transition between Rydberg states
of 8°Rb atoms with the angular momenta of atomic
levels J = 3/2,5/2, while in the experiments [15-22]
the field mode was on resonance with the transitions
between the hyperfine-structure components with the
angular momenta F* = 1,2, 3 of electronic levels 55 /5
and 5P 5 of ®Rb and ®"Rb atoms. On the other hand
the degeneracy of atomic levels may be employed to
control the interaction of the atom with the field mode
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by means of atomic preparation in some special states,
while the control of the field polarization in the cavity
may provide tools for handling the photon-polarization
qubits. The Jaynes— Cummings model with degener-
ate atomic levels but with the fixed polarization of the
field mode was considered in [23-25] with an applica~
tion to the theory of one-atom maser. However for the
applications of atom-cavity systems as universal nodes
of quantum networks [20] the two polarization states
of the photon in the cavity should be taken into ac-
count. The various aspects of the Jaynes— Cummings
model with degenerate atomic levels and polarization-
degenerate field mode were considered previously in
[26-30]. In the present article the general solution of
such a model, based on the conservation laws of energy
and projection of the angular momentum on the quanti-
zation axis, is proposed. In the first section the basics
of the model are described and the decomposition of
the space of system states into the subspaces invariant
under the action the system Hamiltonian is performed.
It is shown that the problem of diagonalization of the
Hamiltonian is reduced to the diagonalization of Her-
mitian matrix of the dimension equal to the degree of
degeneracy of atomic levels. In the second section the
evolution operator of the system is considered and an
example of the dynamics of an atom with the resonant
transition Jy = 3 — J1; = 4 in the unpolarized thermal
field is studied numerically. In the third section the
analytical expressions for the eigenvalues and eigenvec-
tors of the system Hamiltonian are presented for the
low values (Jo,JJ1 < 3/2) of atomic angular momen-
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tum. In the fourth section the polarization dynamics
of the photon stored in the cavity is discussed. In the
fifth section the polarization properties of the photon
emitted into the cavity by an excited atom is studied
with an account of relaxation processes.

2. THE MODEL BASICS

The model system consists of a single two-level
atom with degenerate levels and a single polarization-
degenerate mode of the quantized electromagnetic field,
the basis states of the system space being the product
of atomic and field states

|Jaama>|n17n2>'

The atomic states

| Jay Ma) (1)
are characterized by the number a = 0, 1 of the atomic
energy level E,, a = 0 refers to the ground state,

a = 1 refers to the excited state. The frequency of
the atomic transition: wy = (E1 — Eo)/h, E1 = hwy/2,
Ey = —hwo/2, J, is the total angular momentum of
atomic level E,, m, is the projection of this angular
momentum on the quantization axis z. The quantiza-
tion axis z is directed along the micro-cavity axis. The
states of the field mode

(2)

are characterized by the number of photons nj with the
polarization sy, k = 1, 2, where s, are the two orthonor-
mal vectors in the zy plane: s;s] = 0ij, 1,7 = 1,2,
n = n1 + ne being the total photon number.

The Hamiltonian of the model system

|n17 7’7,2>

H=Hy+V (3)

is the sum of the free system Hamiltonian

N 1 N N
Ho = hwi+ Shao (P = P, (4)

and the interaction operator

v:f(am*) E. (5)

Here
Ja

Z |Jas ma)(Ja, Mal,

me=—4Jq

) —

(6)

A(a
A

is the projection operator on the subspace of atomic
states referring to the level a,

d= > (d)

mo,mi

01
momi

(7)

|Jo, mo) (J1, M1l
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is the operator of the electric dipole moment transition
Ji = Jo, ()9, being the matrix elements of this op-
erator, w is the frequency of the field mode, the electric

field operator

E=¢é+eél

(8)

is expressed through the annihilation a; and creation
dl operators of the photon with the polarization sy,

é = ieo(Sldl —+ SQ&Q),

ng = dl&k being the number operator of such photons,

n = N1 + Na,
huw
=) 9
€0 2€0V7 ()

V is the mode volume, the atom is placed at the center
of the cavity z = 0.

In the rotating wave approximation the Hamilto-
nian (3) may be written as follows:

B = hwh — gg ~APY). (o)

(11)

(12)

Q=a(PY) PP w0 (Grar),
G=-i(Gi+Gs), Gi=nal

A=wy—w, 0=2dey/h, g=d/d, (13)

d being the reduced matrix element of the electric

dipole moment operator of the transition J; — Jp.
Let us choose the two orthonormal polarization vec-

tors s; and s, to stand for o and o~ polarizations cor-

respondingly, the circular components of these vectors

being

(14)

S1g = 0g,—1, S2¢ = Og,+1.

With such a choice the field states (2) may be defined
by the total photon number n and by the projection o
of the photon angular momentum on the quantization
axis z:

(15)

n, o),

where n = ni 4+ ne, ¢ = ny — ng, ny is the number
of the photons with the o polarization s;, ny is the
number of the photons with the o~ polarization so. At
the given photon number n the projection o attains the
following (n + 1) values:

c=-n+2k k=0,1,2,...,n. (16)

Then the action of operators Gy and G (12) on the
system states is as follows:

GHJo,m)|n, o) = G1mnelJ1, m+1)|n—1,0—1), (17)

GH|Jo, m)|n, o) = GamnelJ1,m—1)n—1,0+1). (18)
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The matrix elements G1 yne and G ymne of these op-
erators are expressed through Wigner 3j-symbols:

Gl,nbna = fl (m) %(n + U)a (19)
1
GQ,mna - fQ(m) 5(” - 0); (20)
fi(m) = (‘DJU_M < —J70n ,11 mJ+11 ) ;o (21

1
Jo & ) . (22)
-m 1 m-—1

As it follows from (17), (18) the interaction operator Q)
(11) does not change the excitation number n = p + a,
where p is the photon number and a = 0, 1 is the num-
ber of the atomic level, and it does not change the
projection | = m + o of the system total angular mo-
mentum on the quantization axis z. Consequently the
space V of the system states may be decomposed into
a set of subspaces V(") with given numbers n and I
which are invariant under the action of the interaction
operator Q:

0 L
v=U U re

n=0[(=—L

Ja(m) = (~1)%o (

Qv —yh - (23)

where L = Jy + n is the maximum value of the system
total angular momentum projection on the quantiza-
tion axis at given excitation number n. The interaction
operator Q may be expanded into the sum of operators
acting invariantly in subspaces V("):

oo L
233 4

n=0[=—L

QD — PP (24)

where P(") is the projection operator on the subspace
V(D The subspaces V (") may be further decomposed
into two subspaces:

(b — 1/ (0.n,0) U yLn=10) (25)
where V(@) is the subspace of states with the atom
at level a = 0,1, photon number n and m, + o0 = [.
The orthonormal basis of the subspace V(4™ consists
of the states:

anl
g™y =

oy md|n, L—my), my, =m0 42k (26)

k=0,1, ...,N(“”l) 1, where mgn”f) is the minimum

value of m, at given n and I, N(®") is the dimension

of the subspace V(@) The subspace V(@) is invari-

ant under the action of operator f)a, where Dy = GGT,
Dy = GG, while G is defined by (12). Instead of the
orthonormal basis (26) in the subspace V(") let us
consider the orthonormal basis consisting of the eigen-
vectors of the Hermitian operator D, acting in this sub-
space. Next, the subspace V(") may be decomposed
into two subspaces:

ylanl) _ Vd(anl) UVC(Lmz)7 (27)
where the orthonormal basis |dm™y,
k = 0,1,...,N§a"l) — 1, of the the subspace Vd(’ml)
consists of the eigenvectors of the operator D, with
zero eigenvalues, while the orthonormal basis |v(a"l)>,
k=0,1,.., N — 1 (Nf*m) ¢ N = Nlend)y of

the subspace V. *"" consists of the eigenvectors of the
operator D, with real positive non-zero eigenvalues

6

a anl anl anl
Dalog™y = [ P of™)). (28)

If the states |v,(€0’"’l)> in the subspace V"™ are the
orthonormal eigenvectors of the operator Dy with non-
zero eigenvalues:

€002 = g2, (29)

then the states

|U(1,n71,l)> — 1

A 0,n,l
; GGl ™) (30)
k

are the orthonormal eigenvectors of the operator Dy in

the subspace V""" 1Y with non-zero eigenvalues:

1,n—1,1 0,n,l nl

L e R S GV

So, the subspace

V(nl) V(O n,l) U ‘/c(l,nfl,l) (32)
may be decomposed into Nc(,nl) = Néo’"’l) = Nél’" LY
two-dimensional subspaces

ch Onl)UVkaln 1,1) (33)

(k =0,1,.., N 1) which are invariant under the
action of interaction operator Q). The orthonormal ba-

sis in the subspace V., (") consists of two states |v,(€0’"’l)>

and |v ](€1 LDy I th1s subspace:
A 0,n,l nl 1,n—1,1
Glo ™) = g o), (34)
A 1,n—1,1 nl 0,n,l
Glog ") = g0 Y). (35)

4*
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The eigenvalues and eigenvectors of the interaction op-
erator €) in the subspace VC(,;"Z) are as follows:

(nl,+)

Qi) = 20 ), (36)
|u§c”l’i)) _ cgcnl,:t)|vl(€(),n.,l)> + cénl,:F)wl(cl,nfl.,l)% (37)
QD = /a2 + 262, (38)
(nl,£) (39)

Consequently the interaction operator (") (24) in the
subspace V(") may be presented in such a way:

A(n A (nl A(n
Qe = a0 + O, (40)
lenl) —A (pag(),n,l) _ ]551,7171,1)) , (41)
N 1
n nl nl nl,—
e = 30 o (B - BR), )
k=0
where
Néanl)il
AS(anl anl anl
R D DI [ S (e (43)
k=0
and
nl,+ nl,+ nl,+
e T (44)

are the projection operators on the subspaces Vd(anl)

and Vc(knl’i) correspondingly.

So the problem of diagonalization of the interaction
operator QD is reduced to the problem of diagonal-
ization of the N(@m) x N(anl) Hermitian matrix

anl anl (anl)
DY = (wi™ | Dafuy™), (45)
of the operator D, in the subspace V(@) The

l
non-zero elements of the matrix D,(;,LZ) are expressed

through the functions Gy pmno defined by the formulae
(19)-(22).

The minimum mfﬁ?rf)
of the projection m, of the atom angular momentum
on the quantization axis at given n and [, and the di-
mension N (™) = 1+ (mpaz —Mmin)/2 of the subspace
V(@) may be found from the conditions:

(anl)

and maximum My values

imi| < Jay [l —my| <n, my =m0 42k, (46)
where k = 0,1,..., N — 1. Since the projection of

the photon angular momentum o varies with the step
2 (16) the two sets of subspaces V,,(a"l) (p =0,1) may
be distinguished with

l=—J,—n+p+2s, s=0,1,.. L0,

(47)
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where
L;an)

J., —
J@ { a
b Jaféa

Then we obtain from (46), (47):

= Jéa) +n,

p, for integer J,
for half-integer J,

(anlp)_{ —Jo+p, 0<s<n }
T a4 p+2s—n)n<s<LE [
(50)
s+1,0<s< s
N = g s 1, sl < s < sl o
L](ga") +1-—s, s o g < L](ga")
(51)
where
onr) = min{n, J}, s@m?) = max{n, JI}. (52)

(a

The maximum dimension Ny,
V™ is defined by the formula:

") of the subspaces

N7(7(Llnp) (anp)+1< J

H’L’LTL

(53)

1; ]v(anl)

Fig. 1. The dependence of the subspace dimension N (™) on
lfor Jo=3,n="7

y

N(anl)

Fig. 2. The dependence of the subspace dimension N (™) on
lfor J,=5/2,n="17

The typical dependencies of the dimensions N (@7

of the subspaces V(#") on the projection [ of the sys-

tem angular momentum on the quantization axis z are

presented in the Figs.1 and 2 in the cases of integer
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J, = 3 and half-integer J, = 5/2 values of atomic angu-

lar momenta correspondingly and the photon number
_ (a)

n="7>Jp

3. THE SYSTEM DYNAMICS

The system dynamics is described by the equation
for its density matrix &:
i

2

dp
dt

(0], p=iloa, a=etho,  (50)
where p is the slowly-varying system density matrix.
The solution of the equation (54) is expressed through

the evolution operator S(t):

S0 (1) = PO e {%an} D)
From the expressions (40)—(44) for the interaction op-
erator we obtain the following expressions for the evo-
lution operator in terms of eigenvalues and eigenvectors
of operators D, defined in the equations (28)—(39):

S(nl)( ) Z S(nl) (58)
a,b=0
Sc(lnl)(t) :eiAt/QngO-,nyl)_’_e—iAt/Qngl-,n*l-,l), (59)
NmD 1
nl nl nl nl
$w =3 MR, (60)
k=0
NmD 1
G(nl nl * 1,n—1,1 1,n—1,1
SV = > e @ et Y,
k=0
(61)
N -1
nl (nl) ()nl 1,n—1,1
S5 @) Z S\ Dt (62)
N 1
nl nl 1,n—1,1 onl
S = > SO ], (63)
k=0
0"y A Q"
c,ﬁ"%)cos( 5 +¢Q§€nl) sin | =5 ], (64)
(nl) (nl)
(nl) o efk . Qk t
Sy (t)—zQ(nl) sin (—2 . (65)
k

335

As an example let us consider the dynamics of pop-
ulation of the atomic excited level

m(t) = tr { PV5() |

in the case when the atom is initially in the equilibrium
ground state and the field is in the equilibrium thermal
state, so that the initial system density matrix is as
follows:

()) 0
p(0) 2J0+1Zn+1 Z n,o)(n,al,  (67)

o=—"n

(66)

n
n C

(1+ ne)ntt’

where n. is an average photon number. In this case we
obtain from (55)—(68):

Dp = (68)

1 oS D ng-i-n
ni(t) = - Fu(t),  (69)
2o +1gntl &
N —1 nl)2 (nl)
w022 gy
Fu(t) = Z # sin® k2 ) (70)
k=0 Qk

The dependence of the population ny of the excited
atomic level on the dimensionless time 7 = 6t is pre-
sented in the Fig. 3 for the transition Jy = 3 — J; =4,
A = 0.10 and n. = 3. The solid line refers to the case
of the equilibrium initial state of the system (67), while

ny

0.6] T T T

100 150 200 T=0¢
Fig. 3. The dependence of the population n; of the excited
atomic level on the dimensionless time 7 = 0t for the transi-
tion Jo =3 — J1 =4, A =0.10 and n. = 3. The solid line
refers to the thermally equilibrium initial state of the system,
while the dotted line refers to the case, when the atom is ini-
tially in a "stretched" ground state |Jo, Jo) and only o mode
of the thermal field is present
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the dotted line refers to the case of the system initial
density matrix

ﬁ(o) = |JO;JO><JOaJ0|an|nan><nvn|7 (71)

n=0

when the atom is initially in a "stretched" ground state
|Jo, Jo) and only ¢ mode of the thermal field (68) is
present. In this case the original Jaynes— Cummings
model with two-level atom and single-mode field is

realised:

n
Qp, = A2 +0282, ¢, = \/m&h,-ﬁﬂrl' (73)

o0

Qut
ny (t) = Z Pn
n=0

2

2¢2
9€n -2
B} S
Qn

(72)

4. THE TRANSITIONS WITH LOW VALUES
OF ATOMIC ANGULAR MOMENTUM

The matrix elements of the evolution operator (58)
are expressed through the eigenvalues and eigenvec-
tors of operators D, in the subspaces V(@) (59)—(65).
Since the dimensions of these subspaces do not exceed
the value J, +1 (53) these eigenvalues and eigenvectors
may be easily obtained analytically in the case of low
values of atomic angular momentum J, < 3/2. The ex-
plicit expressions of these eigenvalues and eigenvectors
for such transitions are presented in this section.

4.1. Transitions Jo =0 — J; =1
For the subspaces of the set p =0 (47) with

l=-n+2s s5s=01,..n, (74)
at the values s =0 and s =n (I = Fn):
N(O’n’l) _ N(l,nfl,l) _ Nc(nl) _ 1,
[0@7E) = 10,0)|n, £n), €7 =/n/3,  (75)
= LEY — 11 1) — 1, +(n— 1)),  (76)
while at the values s =1,...,n — 1:
NOnD Né"l) =1,
n—1,0) _ 1n—-1,0)
NOn=LD) 9 N ) =1,
[p©mD) = 10,0)|n, 1), €7D = \/n/3,  (77)
[ 0) = cofuf ")+ erfu ), (78)
@0 7t0) = g™ HY) — oY), (79)
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where
o In—1 CIn+1
O=i o =g, G0
(1,n—1,0)\
|w,, Yy =11, =1+ 2k)|n — 1,1 +1—2k), (81)
k=0, 1.
For the subspaces of the set p =1 (47) with
l=-n+1+2s s=0,1,....n—1, (82)
n,l) n—1,0) __ (1,n—=1,1) _
NOnmD = NOn=Lh — N =1,
jd D) = i[1,0)n — 1,1). (83)
4.2. Transitions Jo=1— J; =0
For the subspaces of the set p =0 (47) with
l=—Mn+1)+2s, s=0,1,...,n, (84)
at the values s =0and s=n+1 (Il =F(n+1)):
) a0y n—1,0) _
NOmD = NOmD - yOn-1h g
) = (1, £1) n, ), (85)

while at the values s =1, ..., n:
N(O,n,l) _ 2, Néo’ml) _ 1’ N(l,nfl,l) _ Nc(nl) _ 1’

0,n,1
(0D

,n,l
[o®m0) = colug™) + erfug

);

|d((),n,l)> _ Cl|w(()0,n,l)> - C()|’w§0’n’l)>,

(86)
(87)

|,U(1,n71,l)> _ z|0,0>|n—1,l>, é‘(nl) — (n + 1)/3, (88)

In+1+1 In+1—-1
Co = 2(7’1-’-1)’ C1 = 2(7’1-’-1)’ (89)

Jl™™V) = 1, —1+ 2k)[n, 1 +1 - 2k), k =0,1. (90)

where

For the subspaces of the set p =1 (47) with

l=-n+2s s=0,1,...,n, (91)
N(O,n,l) — N(g(),n,l) =1, N(l,n—l,l) =0,
|d(0,n,z)> =1[1,0)|n,1). (92)



MITP, Tom 168, BBII. 3 (9), 2025

Cavity QED with Degenerate Atomic Levels...

4.3. Transitions Jo =1 — J; =1
For the subspaces of the set p = 0 (47) with

l=—(n+1)+2s, s=0,1,....,n+ 1, (93)

at the values s=0and s=n+1 (Il = F(n+1)):
l) _ ar(Oml) -1 _
NOmD = NOmD — 1 NOn=1h — g

the states |d(®™*(+1)) are defined by the equation
(85), while at the values s =1,...,n:

N(O,n,l) =2, N(gO,n,l) =1, N(l,n—l,l) — Nc(nl) =1,

|v(0,n,l)> — ,Co|w(()0,’ﬂvl)> + Cl|w§0’n’l)>,
|d(0’n’l)> _ Cl|w((30,n,l)> +Co|w§0,n,l)>,

=Dy = i1, 0)|n—1,1), €7D = /(n +1)/6, (96)

where ¢, ¢; and the states |wl(€0’"’l)> are defined by the
equations (89), (90).
For the subspaces of the set p =1 (47) with

l=-n+2s s=0,1,..,n, (97)
at the values s =0 and s =n (I = Fn):
N(O,n,l) _ N(l,n—l,l) _ N(Enl) — 1,
[p@"EW) = [1,0)[n, £n), € = /n/6,  (98)
pAm 1) Gl 1) — 1 (- 1)), (99)

while at the values s =1,....,n — 1:

N(O,n,l) — Nc(nl) =1, N(l,n—l,l) =2, Nc(ll,nfl,l) -1

)

D) = [1,0)|n. 1), €7 = /nf6,  (100)
1 =ID) = gofugh ™M) — e [w D), (101)
[ 0) = eqfug )+ colwy™ T, (102)

where cg, ¢; and the states |w,(€0’"’l)> are defined by the
equations (80), (81).

4.4. Transitions Jo =1/2 — J, = 1/2
For the subspaces of the set p =0 (47) with

l=—(n+1/2)+2s, s=0,1,...,n, (103)
at the value s =0 (I = —(n+1/2)):
nl) 0,n,l) n—110) __
NOmD = NOmD — 1 Nl — o
|d(0,n,—(n+1/2))> = |1/27 —1/2>|7’L, _n>a (104)
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while at the values s = 1,...,n:

N(O,n,l) — N(l,nfl,l) _ N(nl) -1

c )

@y =11/2, =1/2)|n, 1+ 1/2), (105)
o=ty = 411/2,1/2)|n — 1,1 — 1/2), (106)
¢ = /(n+1+1/2)/6. (107)
For the subspaces of the set p =1 (47) with
l=—(n-1/2)4+2s, s=0,1,...,n, (108)
at the value s =n (I = (n+1/2)):
NOnD _ Néo’”’” —1, NLn=1D) _ 0,
a0 (mH/2Dy — 11 /2. 1/2)|n, n), (109)
while at the values s =0,...,n — 1:
NOnD = Nn=10) — D) — 1,
@Dy = 11/2,1/2)|n,1—1/2), (110)
=Dy = —4|1/2,-1/2)|n— 1,1+ 1/2),  (111)
£ = /(n—1+1/2)/6. (112)

4.5. Transitions Jo =1/2 — J; = 3/2
For the subspaces of the set p =0 (47) with
Il=—(n+1/2)+2s, s=0,1,..

e =\ /(2n —1—-1/2)/12, (114)
for all I (113), at the value s =0 (I = —(n +1/2)):

(113)

'7n)

N(O,n,l) _ N(l,n—l,l) _ Nc(nl) =1,

[ ©@mhy = 11/2,-1/2)|n, —n), (115)
oty = §[3/2, ~3/2)ln — 1,—n+ 1),  (116)
at the value s =n (I =n—1/2):
N(O,n,l) _ N(l,n—l,l) _ Nc(nl) — 1,
o@Dy = 11/2, —1/2)|n, n), (117)
om0y = if3/2,1/2)[n—1,n—1),  (118)

while at the values s = 1,...,n—1: NOm) = N = 1,

N(l,n—l,l) =2, N(gl,nfl,l) -1

)

|U(0,n,l)> =|1/2,-1/2)|n,1+1/2), (119)
|,U(1,n—1,l)> _ CO|w61,n71,l)> _i_cllwgl,nfl,l)>7 (120)
1) = exfug ") = eoluf M), (121)
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where
o [Bm—t-yy | (ti41/2)
O\ 2en—1—172) "\ 202n—1—-1/2)
(122)
lw DY = 41372, —3/2 4 2k)|n — 1,1+ 3/2 — 2k).
(123)
For the subspaces of the set p =1 (47) with
l=—(n-1/2)42s, s=0,1,...,n, (124)
€ = \/(2n +1-1/2)/12, (125)

for all [ (124), at the value s =0 (I = —(n —1/2)):

N(O,n,l) _ N(l,nfl,l) _ N(Enl) _ 1’

[ @my = 11/2,1/2)|n, —n), (126)
pn=L0) — ij3/2,~1/2)ln—1,-n+1),  (127)
at the value s=n (I =n+1/2):
N(O,n,l) _ N(l,nfl,l) _ N(Enl) _ 1’
@Dy = 11/2,1/2)|n,n), (128)
o=ty = §[3/2,3/2)|n — 1,n — 1), (129)
while at the values s =1,....,n — 1:
NOnD) N(Enl) =1, NLn=LD) _ 2 Na(ll,n—Ll) =1,
00™D) = [1/2,1/2)[n,1 - 1/2), (130)
|,U(1,n—1,l)> — co|wél,n71,l)> + cll,wgl,'nfl,l)>7 (131)
[0y = e ) = eoluy M), (132)
where
o (n—1+1/2) o 3(n+1-1/2)
O\ 2@n+1—172) "\ 202n+1—1/2)
(133)
lw DY = 41372, —1/2 4 2k)|n — 1,1+ 1/2 — 2k).
(134)
4.6. Transitions Jo = 3/2 — J; =1/2
For the subspaces of the set p =0 (47) with
l=—n+3/2)+2s, s=0,1,....,n+1, (135)

at the values s =0 ({ = —(n+3/2)) and s = n+1
(l=(n+1/2):

N(O,n,l) _ Néoa”hl) _ 1’ N(l,nfl,l) _ 0’

|dOm=(n+3/2)y — |3/9 —3/2)|n, —n), (136)
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|d©m(H1/2)y — 13/2 1/2)|n, n), (137)

while at the values s =1, ..., n:

N(O,n,l) _ 2’ Néoa”hl) _ 1’ N(l,nfl,l) _ Nc(nl) _ 1’

o= LDy = j11/2, —1/2)|n— 1,1+ 1/2),  (138)

[®m) = o™ ) + eruy®™), (139)
[dOmD) = erfuwg™) = colwi™™Y), (140)

where

3n+1+43/2)
202n+1+5/2)

(n—1+1/2)
2(2n +1+45/2)
(141)

lw' ™™Dy = [3/2, —3/2 + 2k)|n, 1 + 3/2 — 2k), (142)

co = 1=

€D = \/2n +1+5/2)/12. (143)
For the subspaces of the set p =1 (47) with
l=—=(n+1/2)+2s, s=0,1,....n+1, (144)

at the values s =0 ({ = —(n+1/2)) and s =n+1
(I=(n+3/2):

N(O,n,l) _ Néoa”hl) _ 1’ N(l,nfl,l) _ 0’

a2y = 3/2, ~1/2)|n, —n), (145)

| +3/2)y — 13/2 3/2)|n, n), (146)

while at the values s =1, ..., n:

N(O,n,l) =2, N(gO,n,l) =1, N(l,n—l,l) — Nc(nl) =1,

oDy = §1/2,1/2)|n— 1,1 — 1/2), (147)
OmD) = o™y + e fwi™™Y),  (148)
dCm0) = er ™) — cow®™), (149)

where

= ot [ 3 1+3/2)
T\ 2@n—i+5/2) T\ 2@n—1+5/2)
(150)

lwl™DY = [3/2,1/2 4 2k)|n, 1+ 1/2 — 2k), (151)

e = \/(2n —1+5/2)/12. (152)
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5. SINGLE-PHOTON TRANSITIONS

The dimensions of the subspaces V(@) also do not
exceed the value n + 1 (53). So the eigenvalues and
eigenvectors of operators Da in these subspaces may be
easily obtained analytically in the case of single-photon
transitions n = 1.

For the subspaces with

l=—(Jo—1),—Jo, 0y Jo — 1, (153)

NOLD =2, NP — 1, NO0D = NOD -1,
@Dy = colw® ) + ¢ [w®H), (154)
D) = erfuf™) = colw™ ), (155)
[o(LODY = .71, 1)]0, 0), (156)

where
(1) g(l)
=gty o1 = gy €0 =600 = /el 1l

| | (157)
V=hn-1), " =pe+1),  (158)

w1y = | Jo, 1 — 14 2k)[1,1—2k), k=0,1, (159)
while f1(m) and fa(m) are defined by the equations

(21), (22).
In the case of transitions Jy=J — J; = J — 1:
o_[ =D -l+1) 1/2 (160)
0 2J+1)2J(2J-1)]
0 [ WD T g,
! (2J+1)2J(2J -1)]
in the case of transitions Jo = J — J; = J:
g [UEDU—LE )T
0 (J+1)2J2J+1)]
w_ [(T=DU+1+1) 1/2 (163)
! (J+1)2J2J+1)]
in the case of transitions Jo = J — J; = J + 1:
w_ [ +hI+i+1 ]V (164)
0 (2J+3)(2J +2)(2J +1)]
o[ _Uohuoten 3T
! (2J 4 3)(2J +2)(2J + 1) '

For the subspaces with | = +Jy in the case of

transitions Jy :) J = Ji = J—1. NLOH = ¢
0,1,1
NOL) = NOLD —
|dO1ED) = 0o, £(J — D)1, £1), (166)
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in the case of transitions Jo = J — J; = J:

N0 — (0,11 NC(U) =1,

JoOLEDY = 4] Jo, +(J — 1))[1, £1), (167)
[@OEDY = |71, £7)]0, 0, (168)
€0 = ! , (169)
J+1)(2J +1)
in the case of transitions Jy = J — J; = J + 1:
NOOD = NOLD — NOD g

[ OLEDY = | Jy, (] — )1, £1), (170)
O£y = 411y, +J)(0,0), (171)
€ = J (172)

(J+1)(2J +3)°

For the subspaces with [ = (Jp + 1) in the case of
transitions Jy=J - J1=J—-land Jo =J — J; = J:

N0 0, NOLY _ Nso,u) =1,
|dOLETHED)Y = | Jo, £J)[1, £1), (173)
in the case of transitions Jo = J — J; = J + 1:
N(LOD) — NOLD) Nc(l’” =1,
[o@OLETHFDNY — | Jo £7)(1, £1), (174)
O£ — 4.7y, £(J + 1))[0,0), (175)
€0 = ﬁ (176)

Let us consider an example, when initially there is a
single photon with the o™ polarization s; in the cavity,
while the atom is at its ground level, so that the initial
density matrix of the system is as follows:

Jo
p0) = > nlD|Jo,m)[1,1)(1, 1|(Jo, m].

m=—Jy

(177)

The probability to find in the cavity at the instant of
time t the photon with the orthogonal ¢~ polarization
So is given by the formula

w(t) = tri{p(t)[1, —1)(1, —1}. (178)

Then from the equations (55), (65) with an account of
(153)—(176) we obtain

Jo

w(t) = Z ngg)|Fm+1(t)|2,

mszg

(179)
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where

gom)gim)

Fin(t) = £m)2

|:C(7n) (1) — eiAt/ﬂ ’

) +1
Q(TTL) _ A2 + 926(7m)2,

while €™, €™ and £ are defined by (157), (158).
In the case of the exact resonance A = 0 and the atom
initially prepared at the pure state nSi) =0m,—1:
2
)] O =01 (1)V?2,

w(t) = i {1 ~ cos ( "

so that this probability attains the unity value at the
instant of time t = 27/Q(®),

(180)

A Qlmt

—’m) Sin (—

Q 2

Qm)g

C"™ (t) = cos (—

5 ) , (181)

(182)

0Ot

6. SINGLE-PHOTON EMISSION

Now let us consider the emission of the photon by
an atom at excited state into an empty cavity, so that
the initial density matrix of the system is as follows:

J1

>

m,m’=—

p(0) [J1,m)[0,0){0,0(Jy, m/|. (184)

mm’

J1

While considering the photon emission let us take into
account the relaxation processes. Then in the equation
(54) for the system density matrix the relaxation terms
must be added:

W L[0d] +Ee (185)
where the term
. Ve 2
L.= _f ; (ajam + pala; — 26%/3&1) , (186)

describes the relaxation of the cavity field with the rate
e, while the term

(187)
describes the spontaneous emission of the atom at the
transitions J; — Jy into a free-space modes with the
rate v,. In the equation (186) the summation is carried
out over two cavity modes with unit polarization vec-
tors s; (oF) and sg (07), while in the equation (187)
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the summation is carried out over all three unit polar-
ization vectors sy (07), sg (67) and s3 (1),

3
Yalai=n, > 4lgi=

i=1 =1

/(20 +1),  (188)

n and ]51(41) being the photon number operator and the
projector on the subspace of states referring to the ex-
cited atomic level. The presence of thermal photons
in the relaxation terms is neglected since the photon
emission in the optical domain is considered.

The probability w to find the photon in the cavity
and photon polarization matrix ¢ are described by the
2 x 2 Hermitian density matrix of the photon w:

w = Z Weq, Ogqq = Waq' /W, (189)

qg==%1

Wqq' =tr {ﬁ|17q/><17Q|}5 (190)

where p is the system density matrix.

The orthonormal basis of the space of system states,
which contribute to the photon dynamics, consists of
the eigenvectors of the interaction operator:

[uf™) = el @) 4 e Dp0m), - (191)
[ug™) = el ™) — [ Dpom), - (192)
1 A

&F = (1 + Q(m)> (193)

where |v(®1m)) o0y S and QM) are defined by
(154), (156) and (182) correspondingly. The master
equation (185) (187) for the system density matrix ele-

ments pii7" = ( )|p|u(m )Y, (k, k' = 1,2) in the basis
of these states is as follows:
d T 7: m m, mm/ mm,
aPEe T 5 <>‘k - Agr )pkk’ + Ly (194)
12
D (v’ + o'y ), (195)
where
A= QU am = _gm) (196)
T =75 + 70 %, 955 = YaclH? +7ec)?, (197)
Yz = V21 = C(Jr) 5;)(76 —Ya)- (198)

In the case of strong coupling (Q") > 7.,v,) the so-
lution of the equations (194), (195) is easily obtained:

’

pZ?ic'r/n (t) - prlrcnk’ ( )fnbk( )fm/k/( ) (199)
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where

sty = exp{ =3 O+ D] (200

Then we obtain the following expression for the photon
density matrix (190) in this approximation:

wyg =€ Z nfrt')m/h:nqhm/qlém/*qu/*(]? (201)
hgm = b‘(lm)W (P + iGm) , (202)

A(T}'L)t Q(T}'L)t
Pm = sh ( ) Ccos ( D) ) ) (203)

Al Qmg
Gm = ch <—) sin <—) ; (204)

(Ye + 7a) A (Ve —7a)
_0etr) A B Oe=va) g

7 om 2 (20

where b{™ = ¢{™, b = ™ while ™, ™ and
Q0™ are defined by (158) and (182) correspondingly.

For example, in the case of transitions
Jo =0 — J; = 1 we obtain from (201)—(205) the
following expressions for the photon polarization ma-
trix 6 and the probability to find the photon into the
cavity w(t) (189):

(1) 1)

Oqq" = nt(;z)r/noa no = n111 +nii 1 (206)
02¢(1)2 1 1

w(t) = 052 F(t), ¢W = 3 (207)
O AW

F(t) = sin® < ) + sh? < ) : (208)

where Q1) and AM are defined by (182) and (205).

7. CONCLUSIONS

The problem of diagonalization of the Hamilto-
nian of the Jaynes— Cummings model with degenerate
atomic levels and polarization-degenerate field mode
may be reduced to the diagonalization of Hermitian
matrix which dimension does not exceed the degree
of degeneracy of atomic levels. Such diagonalization
may be easily performed analytically for low values
(Jo,J1 < 3/2) of atomic angular momentum or nu-
merically otherwise. The evolution operator of the sys-
tem is decomposed into blocks determined by the pho-
ton number n and the projection [ of the system an-
gular momentum on the cavity axis, such blocks be-
ing expressed through the corresponding eigenvalues
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and eigenvectors of the system Hamiltonian. The ob-
tained expressions may be used for analytical or numer-
ical studies of the atom-field dynamics in micro-cavities
with arbitrary angular momenta of atomic levels and
arbitrary polarization of the field mode.
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