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ÑÏÅÊÒ� ÂÎÇÁÓÆÄÅÍÈÉ È ÑÂÅ�ÕÏ�ÎÂÎÄÈÌÎÑÒÜÂ ÑÎÅÄÈÍÅÍÈßÕ ÑÎ ÑÒ�ÓÊÒÓ�ÎÉ ÀËÌÀÇÀ�. O. Çàéöåâ *Ìîñêîâñêèé �èçèêî-òåõíè÷åñêèé èíñòèòóò141700, Äîëãîïðóäíûé, Ìîñêîâñêàÿ îáë., �îññèÿÏîñòóïèëà â ðåäàêöèþ 11 èþíÿ 2013 ã.Èçó÷àåòñÿ ïðîáëåìà âîçíèêíîâåíèÿ ñâåðõïðîâîäèìîñòè â ðåøåòêå òèïà àëìàçà. Äëÿ êàæäîãî öåëî÷èñ-ëåííîãî èíòåðâàëà ýëåêòðîííûõ êîíöåíòðàöèé np îáíàðóæåíû óçêèå îáëàñòè êîíöåíòðàöèé, ãäå èìååòñÿìàêñèìàëüíî âîçìîæíàÿ òåìïåðàòóðà ñâåðõïðîâîäÿùåãî ïåðåõîäà. �àññìîòðåíèå âåäåòñÿ íà îñíîâå ïðåä-ïîëîæåíèÿ î òîì, ÷òî ýíåðãèÿ ñèëüíûõ ýëåêòðîí-ýëåêòðîííûõ êîððåëÿöèé ÿâëÿåòñÿ íàèáîëüøèì ýíåðãå-òè÷åñêèì ïàðàìåòðîì. Ïîëó÷åííûå ðåçóëüòàòû îáíàðóæèâàþò êà÷åñòâåííîå ñîãëàñèå ñ ýêñïåðèìåíòîì.DOI: 10.7868/S004445101312016X1. ÂÂÅÄÅÍÈÅÇàäà÷à èçó÷åíèÿ âîçìîæíîñòè âîçíèêíîâåíèÿñâåðõïðîâîäèìîñòè â ñîåäèíåíèÿõ ñ ÷àñòè÷íî çàïîë�íåííîé p-îáîëî÷êîé íåïîñðåäñòâåííî ñâÿçàíà ñ íàëè�÷èåì ñèëüíîãî êóëîíîâñêîãî âçàèìîäåéñòâèÿ ýëåê�òðîíîâ, ïðèíàäëåæàùèõ îäíîìó è òîìó æå àòîìó.Âû÷èñëåíèÿ ýòîãî âçàèìîäåéñòâèÿ, îòíîñÿùèåñÿ êp-ýëåêòðîíàì, ïðèâîäÿò ê âåëè÷èíàì îò U�p = 8:0 ýÂäî 17 ýÂ [1; 2℄, ÷òî çíà÷èòåëüíî ïðåâûøàåò çíà÷å�íèÿ èíòåãðàëîâ ïåðåñêîêà ê áëèæàéøèì ñîñåäÿì1).Â ñèëó ýòîãî ìîæíî ñ÷èòàòü, ÷òî ìîäåëü Õàááàðäàïðèìåíèìà êî âñåì ñîåäèíåíèÿì, ñîäåðæàùèì íåäî�çàïîëíåííóþ 2p-îáîëî÷êó, à ñîîòâåòñòâóþùèå çíà�÷åíèÿ êóëîíîâñêèõ ìàòðè÷íûõ ýëåìåíòîâ ïîëîæèòüðàâíûìè áåñêîíå÷íîñòè.Õîðîøî èçâåñòíî, ÷òî â ñîåäèíåíèÿõ óãëåðîäàóðîâíè ýíåðãèè 2s-ýëåêòðîíîâ ðàñïîëîæåíû çíà÷è�òåëüíî íèæå, ÷åì óðîâíè 2p-ýëåêòðîíîâ [1℄. Ïî ýòîéïðè÷èíå ìû áóäåì ñ÷èòàòü, ÷òî 2s-ñîñòîÿíèÿ çàïîë�íåíû è áóäåì èçó÷àòü çàïîëíåíèå òðåõêðàòíî âûðî�æäåííîé 2p-îáîëî÷êè â ðåøåòêå òèïà àëìàçà.�àññìîòðåíèå âåäåòñÿ íà îñíîâå îáùèõ ðåçóëü�òàòîâ àâòîðà, ïîëó÷åííûõ â ðàáîòå [3℄. Ïîêàçàíî,÷òî ñâåðõïðîâîäÿùåå ñîñòîÿíèå äëÿ êàæäîãî öåëî�÷èñëåííîãî èíòåðâàëà êîíöåíòðàöèé ñâåðõïðîâîäè�ìîñòü ìîæåò ñóùåñòâîâàòü òîëüêî ïðè çàïîëíåíèè*E-mail: Zaitsev�rogdai�mail.ru1) Ïî ýìïèðè÷åñêèì îöåíêàì [1℄, èíòåãðàë ïåðåñêîêà äëÿàëìàçà ñîñòàâëÿåò jtj � 1:4�2:0 ýÂ.

îäíîé íèçøåé çîíû àíòèñâÿçûâàþùèõ ñîñòîÿíèé,÷òî ñîîòâåòñòâóåò âåñüìà ìàëîìó èíòåðâàëó ýëåê�òðîííûõ êîíöåíòðàöèé. Â ýòîì ñìûñëå ðåçóëüòàòûíàñòîÿùåé ðàáîòû ïîäîáíû òîìó, ÷òî áûëî ïîëó÷åíîäëÿ ïëîñêèõ ñîåäèíåíèé â ðåøåòêå òèïà ¾ï÷åëèíûõñîò¿ [4℄. 2. ÎÁÙÈÅ ÑÎÎÒÍÎØÅÍÈß�àìèëüòîíèàí ñèñòåìû çàïèñûâàåòñÿ ÷åðåç îïå�ðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ è â ïðîñòåéøåìñëó÷àå ïåðåõîäîâ ê áëèæàéøèì ñîñåäÿì èìååò ñëå�äóþùèé âèä:Ĥ = Xi;k;r1;r2;� âyi;�(r1)b̂k;�(r2)tabi;k(r1 � r2) ++ Xi;k;r1;r2;� b̂yi;�(r1)âk;�(r2)tbai;k(r1 � r2)�� �Xk;r;� âyk;�(r)âk;�(r)� �Xk;r;� b̂yk;�(r)b̂k;�(r): (1)Ïîñëå ïåðåõîäà ê àòîìíîìó ïðåäñòàâëåíèþ îïåðàòî�ðû ðîæäåíèÿ è óíè÷òîæåíèÿ âûðàæàþòñÿ â âèäå ëè�íåéíîé êîìáèíàöèè X-îïåðàòîðîâ Õàááàðäà:âyk;�(r) =X� gk;�� X̂�r ; b̂yp;�(r) =X gp;� Ŷ r : (2)Äëÿ íèçøèõ âûñîêîñïèíîâûõ ñîñòîÿíèé êîý��èöè�åíòû gk;�� âûðàæàþòñÿ ÷åðåç ïðîèçâåäåíèÿ ñïèíî�âûõ è îðáèòàëüíûõ êîý��èöèåíòîâ âåêòîðíîãî ñëî�æåíèÿ, ñîîòâåòñòâóþùèå îòäåëåíèþ îäíîé ÷àñòèöû1266
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�èñ. 1. Àíîìàëüíûå îäíîïåòëåâûå ñîáñòâåííî-ýíåðãåòè÷åñêèå ÷àñòè(ñì. íèæå), X�r � X-îïåðàòîðû �åðìè-òèïà, óäîâëå�òâîðÿþùèå íå�åðìèæèäêîñòíûì ïåðåñòàíîâî÷íûìñîîòíîøåíèÿìnX̂nmr ; X̂kpr0 o = Ær;r0 �ÆmkX̂np + ÆpnX̂kmr � : (3)Óðàâíåíèÿ äëÿ íàõîæäåíèÿ ñðåäíèõ ÷èñåë çàïîë�íåíèÿ nm íàõîäèì èç îïðåäåëåíèÿ òåìïåðàòóðíîé�óíêöèè �ðèíà äëÿ êàæäîé ïàðû ñîïðÿæåííûõX-îïåðàòîðîâ:D�;�(r; � ; r; � 0) = ��(� � � 0)hX�r (�)X�r0 (� 0)i++�(� 0 � �)hX�r0 (� 0)X�r (�)i: (4)Äëÿ âû÷èñëåíèÿ îäíî÷àñòè÷íîé �óíêöèè �ðèíàèñïîëüçóåì ïðîñòåéøåå îäíîïåòëåâîå ïðèáëèæåíèåñàìîñîãëàñîâàííîãî ïîëÿ. Â ýòîì ïðèáëèæåíèèêîìïîíåíòû Ôóðüå îäíî÷àñòè÷íîé �óíêöèè �ðèíàD�;�! (p) òîëüêî ìíîæèòåëÿìè f� îòëè÷àþòñÿ îò òàêíàçûâàåìîé âèðòóàëüíîé �óíêöèè �ðèíà G�;�! (p),êîòîðàÿ, â ñâîþ î÷åðåäü, óäîâëåòâîðÿåò óðàâíåíèþòèïà Äàéñîíà:D�;�! (p) = G�;�! (p)f� ;nĜ�1! (p)o�� = fi!��m+�sg Æ(�+�)���;�! (p): (5)Çäåñü �m � �s � ýíåðãèÿ ïåðåõîäà, îòâå÷àþùàÿ íî�ìåðó ïåðåõîäà �, ! = T (2n+ 1)�.Ïðè çàäàííûõ íîìåðàõ îäíî÷àñòè÷íîãî ïåðåõî�äà �(m; s) êàæäûé êîíöåâîé ìíîæèòåëü f� ðàâåíñóììå ñðåäíèõ ÷èñåë çàïîëíåíèÿ íà÷àëüíîãî è êî�íå÷íîãî ñîñòîÿíèÿ. Â íàøåì ïðèáëèæåíèè ñîáñòâåí�íî-ýíåðãåòè÷åñêàÿ ÷àñòü åñòü ñóììà ïðîèçâåäåíèé

êîíöåâîãî ìíîæèòåëÿ íà îáîáùåííóþ ìàòðèöó ïå�ðåñêîêîâ, à òàêæå îäíîïåòëåâîé ïîïðàâêè:f�(s;m) = ns + nm; ��;�(p) = f�t��(p) + ��;� ;t��(p) = gk;�� tks (p)gs;�� : (6)Àìïëèòóäû äâóõ÷àñòè÷íîãî ðàññåÿíèÿ�0�;�;�;�(p) îïðåäåëÿþòñÿ êàê êîý��èöèåíòûïðè ïðîèçâåäåíèÿõ îïåðàòîðîâ X̂�X̂� , ïîëó÷åííûõâ ðåçóëüòàòå âû÷èñëåíèÿ äâîéíûõ êîììóòàòîðîânX̂�; hX̂�; Ĥio, ãäå Ĥ � îïåðàòîð �àìèëüòîíà (8),âûðàæåííûé ÷åðåç X-îïåðàòîðû.Â ðàáîòå àâòîðà [3℄ áûëî ïîêàçàíî, ÷òî ïðè çàäàí�íîì çíà÷åíèè ïðîåêöèè ñïèíà è ïðîåêöèè ìîìåíòàäåëî ñâîäèòñÿ ê íàõîæäåíèþ ÷åòûðåõ íåçàâèñèìûõâåðøèí. Â ñîîòâåòñòâèè ñ ýòèì â îäíîïåòëåâîì ïðè�áëèæåíèè äîñòàòî÷íî âû÷èñëèòü ÷åòûðå ñîáñòâåí�íî-ýíåðãåòè÷åñêèå ÷àñòè, èçîáðàæåííûå íà ðèñ. 1.3. ÑÂÅ�ÕÏ�ÎÂÎÄÈÌÎÑÒÜ Â ÎÁËÀÑÒÈ0 < np < 13.1. Ñïåêòð îäíî÷àñòè÷íûõ âîçáóæäåíèéÓ÷èòûâàÿ ïåðåõîäû ìåæäó ïóñòûìè è îäíî÷àñ-òè÷íûìè ñîñòîÿíèÿìè, ìîæíî âûðàçèòü îïåðàòîðûóíè÷òîæåíèÿ è ðîæäåíèÿ ÷åðåç X-îïåðàòîðû Õàá�áàðäà: âk�;r = X̂(0jk�)r ; âyk�;r = X̂(k�j0)r ;b̂k�;r = Ŷ (0jk�)r ; b̂yk�;r = Ŷ (k�j0)r ; (7)ãäå k� � îäíî÷àñòè÷íûå k-ñîñòîÿíèÿ  ïðîåêöèåéñïèíà (Sz = �=2), îïåðàòîðû X̂, Ŷ îòíîñÿòñÿ ê ðàç�ëè÷íûì ïîäðåøåòêàì.1267



�. O. Çàéöåâ ÆÝÒÔ, òîì 144, âûï. 6 (12), 2013Ñïåêòð âîçáóæäåíèé íàõîäèì íà îñíîâå óðàâ�íåíèé ñèëüíîé ñâÿçè, ãäå ó÷èòûâàþòñÿ ïåðåñêîêèìåæäó áëèæàéøèìè ñîñåäÿìè â ðåøåòêå òèïà ZnS(ðèñ. 2). Ýíåðãåòè÷åñêèé ñïåêòð îïðåäåëÿåòñÿ ÷åðåç óñëî�âèå ðàâåíñòâà íóëþ îïðåäåëèòåëÿ îáðàòíîé ãðèíîâ�ñêîé �óíêöèè, ñîîòâåòñòâóþùåé ðåøåòêå àëìàçà(ñì. ðèñ. 3):
�Ĝ(0)E (p)��1 = 0BBBBBBBBB�

E + � 0 0 �ftP �ftPxy �ftPxz0 E + � 0 �ftPxy �ftP �ftPyz0 0 E + � �ftPxz �ftPyz �ftP�ftQ �ftQxy �ftQxz E + � 0 0�ftQxy �ftQ �ftQyz 0 E + � 0�ftQxz �ftQyz �ftQ 0 0 E + �
1CCCCCCCCCA : (8)

Çäåñü t� èíòåãðàë ïåðåñêîêà ê áëèæàéøèì ñîñåäÿì,äëÿ îáëàñòè 0 < np < 1 êîíöåâîé ìíîæèòåëü çàâè�ñèò îò ýëåêòðîííîé ïëîòíîñòè np êàê fp = 1�5np=6;P = Q� = 1 + eipx + eipy + eipz ;Pxy = Q�xy = 1� eipx � eipy + eipz ;Pxz = Q�xz = 1� eipx + eipy � eipz ;Pyz = Q�yz = 1 + eipx � eipy � eipz : (9)Äëÿ íîðìàëüíîé �àçû èìååì òðè ïàðû âåòâåé ñïåê�òðà:E(�)1 (p) = �ftp4+2�p��; E�2;3 = �4ft��; (10a)ãäå�p = os px + os py + os pz ++ os(px � py) + os(py � pz) + os(pz � py): (10b)Íèæå áóäåì èñïîëüçîâàòü ïðåîáðàçîâàíèå px = v ++ w, py = w + u, pz = u + v. Â ðåçóëüòàòå ñïåêòðêîëëåêòèâèçîâàííûõ âîçáóæäåíèé (10b) ïðåîáðàçó�åòñÿ ê áîëåå ïðîñòîìó âèäó:E�1 (q) = �2ftp1 + �(q)� �;�(q) = osu os v + os v osw + osw osu: (10)3.2. Óðàâíåíèÿ �îðüêîâàÄëÿ ïîñòðîåíèÿ àíîìàëüíîé ñîáñòâåííî-ýíåðãå-òè÷åñêîé ÷àñòè êàæäîìó ïåðåõîäó íåîáõîäèìî ïî�ñòàâèòü â ñîîòâåòñòâèå îáðàòíûé ïåðåõîä ñî âñåìèèçìåíåííûìè çíàêàìè ïðîåêöèé ñïèíîâ [5℄:Si;k(�; �) = i " k # �i (k # j0)(0ji ") �1 : (11)

Çäåñü âûïèñàíû ìàòðè÷íûå ýëåìåíòû, âîçíèêàþùèåîò àíîìàëüíûõ ñðåäíèõ hâi"âk#i.Àìïëèòóäà ðàññåÿíèÿ äâóõ âîçáóæäåíèé ñ ïðîòè�âîïîëîæíûìè çíàêàìè ïðîåêöèè ñïèíîâ îïðåäåëÿåò�ñÿ ñëåäóþùèì îáðàçîì:8<:X̂(0jk#)r ;24X̂(0ji")r ; Xk1;m;r1;r2;� X̂(k1�j;0)r1 tabk1;m(r1 � r2)Ŷ (0jm�)r2 359=; :Èñïîëüçóÿ àíòèêîììóòàòèâíîñòü X̂(0ji")r è Ŷ (0jm�)r2 ,ïåðåïèñûâàåì ýòî âûðàæåíèå ÷åðåç äâà àíòèêîììó�òàòîðà:8<:X̂(0jk#)r ; Xk1;m;r1;r2;�nX̂(0ji")r ; X̂(k1�j;0)r1 o �� tabk1;m(r1 � r2)Ŷ (0jm�)r2 9=; == (X̂(0jk#)r ;Xmr2 X̂(0j;0)r tabi;m(r� r2)Ŷ (0jm")r2 )++8<:X̂(0jk#)r ; Xk1;m;r2;� X̂(k1�ji")r �� tabk1;m(r1 � r2)Ŷ (0jm�)r2 9=; :Äàëåå èñïîëüçóåì àíòèêîììóòàòèâíîñòü X̂(0jk#)r èŶ (0jm#)r2 , ïîñëå ÷åãî äåëî ñâîäèòñÿ ê âû÷èñëåíèþ ñóì�ìû äâóõ êîììóòàòîðîâ:1268
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�èñ. 2. �àñøèðåííûé áàçèñ ðåøåòêè ñî ñòðóêòóðîéZnS: A = Zn, B = S. Äëÿ óãëåðîäà A = B = C
(0jk #) (0jm ") (0jm #)(0jk #)(0jk #)(" ij0) (0ji ")(0ji ") à á(0ji ") (# kj0)�èñ. 3. Âåðøèííûå ÷àñòè êèíåìàòè÷åñêîãî âçàèìî-äåéñòâèÿ (i "; k #)Xmr2 hX̂(0jk#)r ; X̂(0j;0)r i tabi;m(r� r2)Ŷ (0jm")r2 ++ Xk1;m;r2;� hX̂(0jk#)r ; X̂(k1�ji")r i tabk1;m(r1�r2)Ŷ (0jm�)r2 == �X̂(0jk#)r Xmr2 tabi;m(r� r2)Ŷ (0jm")r2 ++ X̂(0j;i")r Xm;r2 tabk;m(r� r2)Ŷ (0jm#)r2 : (12)Òàêèì îáðàçîì, ìîæíî çàïèñàòü ñëåäóþùåå îáîá�ùåííîå óðàâíåíèå �îðüêîâà:(Ĝi!(p))�1 ==  (Ĝ(0)i! (p))�1 ���an���yan �(Ĝ(0)�i!(�p))�1 ! ; (13)ãäå ��an = Æa;b �1 �1�1 �1 ! ;à ñèìâîë Æa;b îçíà÷àåò ðàâåíñòâî íóëþ äëÿ ðàçëè÷�íûõ ïîäðåøåòîê, îòíîñÿùèõñÿ ê ñòðóêòóðå àëìàçà.Óðàâíåíèÿ äëÿ �an ñóùåñòâåííî óïðîùàþòñÿ,ïîñêîëüêó ïðè ñóììèðîâàíèè ïî âñåì èìïóëüñàì

(↓ k|0)

(0|i ↑) (↓ k|0)(↓ k|0) (0|i ↑)

(0|i ↑)

(↑ i|0) (0|k ↓)

(0|m ↑) (↓ m|0)

а б�èñ. 4. Àíîìàëüíûå ñîáñòâåííî-ýíåðãåòè÷åñêèå ÷à-ñòè �i;kan . Âîëíèñòàÿ ëèíèÿ èçîáðàæàåò ìàòðèöó èí-òåãðàëîâ ïåðåñêîêà, (i; k) = x; y; zñòàíîâÿòñÿ ðàâíûìè íóëþ íåäèàãîíàëüíûå ïî êðè�ñòàëëè÷åñêèì èíäåêñàì êîìïîíåíòû ìàòðèöû àíî�ìàëüíîé ñîáñòâåííî-ýíåðãåòè÷åñêîé ÷àñòè. Åñëè æåñèñòåìà èìååò êóáè÷åñêóþ ñèììåòðèþ, òî ìàòðèöà��abim = ÆimÆa;b�, ò. å. àíîìàëüíàÿ ñîáñòâåííî-ýíåðãå-òè÷åñêàÿ ÷àñòü ïðîïîðöèîíàëüíà ïðîèçâåäåíèþ åäè�íè÷íîé ìàòðèöû íà âåëè÷èíó �.Òàêèì îáðàçîì, â íàøåì ñëó÷àå ïîëíàÿ îáðàòíàÿ�óíêöèÿ �ðèíà çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:(Ĝi!(p))�1 ==  (Ĝ(0)i! (p))�1 �Î�� Î (�Ĝ(0)�i!(�p))�1 ! : (14)Óðàâíåíèå äëÿ îïðåäåëåíèÿ � âûðàçèì ÷åðåç êè�íåìàòè÷åñêóþ àìïëèòóäó ðàññåÿíèÿ, çàïèñàííóþ âñîãëàñèè ñ ðèñ. 4a è �îðìóëîé (12):� = TX!;p �tQ(p)G4;7! (p) + tQxy(p)G5;7! (p) ++ tQxz(p)G6;7! (p)	 : (15)3.3. Âû÷èñëåíèå òåìïåðàòóðûñâåðõïðîâîäÿùåãî ïåðåõîäà�àçëîæåíèå ïðàâîé ÷àñòè óðàâíåíèÿ (15) ïî ñòå�ïåíÿì � ïîçâîëÿåò ïîëó÷èòü óðàâíåíèå äëÿ íàõîæ-äåíèÿ òåìïåðàòóðû ñâåðõïðîâîäÿùåãî ïåðåõîäà:1 = 2�f3 TX!;p R!(�;p)�� �!2n + (�(�))2� : (16)1269



�. O. Çàéöåâ ÆÝÒÔ, òîì 144, âûï. 6 (12), 2013Âûðàæåíèå R!(�;p) èìååò âèä ïîëèíîìà ïî ñòåïå�íÿì !n è �, îäíàêî â êâàçèêëàññè÷åñêîì ïðèáëè�æåíèè äîñòàòî÷íî èñïîëüçîâàòü åãî çíà÷åíèå ïðè!n = 0.Â ðåçóëüòàòå óðàâíåíèå äëÿ îïðåäåëåíèÿ òåìïå�ðàòóðû ñâåðõïðîâîäÿùåãî ïåðåõîäà èìååò âèä1 = 2�f5t63 TX!;p ~R0(�;p)det!n(p) : (17a)Çäåñü ëèøíÿÿ äâîéêà ñîîòâåòñòâóåò äâóì äèàãðàì�ìàì íà ðèñ. 3 è 4,det!n(p) = h!2n + (E(+)2 )2i h!2n + (E(�)2 )2i�� h!2n + (E(+)p )2i h!2n + (E(�)p )2i : (17b)Âûðàæåíèå ~R0(�;p) åñòü êâàäðàòè÷íàÿ �óíê�öèÿ áåçðàçìåðíîãî õèìè÷åñêîãî ïîòåíöèàëà z == (�=(ft))2 ñ êîý��èöèåíòàìè, êîòîðûå çàâèñÿò îòòðåõ ïåðåìåííûõ p = (px; py; pz).Áóäåò ïîêàçàíî, ÷òî óñðåäíåíèå ~R0(�;p) ïî èì�ïóëüñàì äàåò ïîëîæèòåëüíûé ðåçóëüòàò, îòêóäà ñëå�äóåò, ÷òî ñâåðõïðîâîäèìîñòü ìîæåò ñóùåñòâîâàòüòîëüêî äëÿ ïîëîæèòåëüíûõ çíà÷åíèé õèìè÷åñêîãîïîòåíöèàëà �. Ïî ýòîé ïðè÷èíå áóäåì ðàññìàòðè�âàòü çàïîëíåíèå âåðõíåé êîëëåêòèâèçîâàííîé ïîäçî�íû.Ïîñëå ïåðåõîäà ê ïåðåìåííûì px = v + w, py == w + u, pz = u+ v ââåäåì áåçðàçìåðíûé ïàðàìåòð� = (�=ft)2, òàê ÷òî íà ïîâåðõíîñòè Ôåðìè � == 4(1 + �).Çàïèøåì ~R0(�;p) â ïåðåìåííûõ (u; v; w):~R0(q; �) = �2V44(q) + �V22(q) + V00(q); (18)ãäå q = (u; v; w).Âåëè÷èíû Vnn âûðàæàþòñÿ ÷åðåç 16 ëèíåéíîíåçàâèñèìûõ �óíêöèé:V00(q) = 323 [72 + 54A1(q) + 54A2(q) + 14A3(q) ++ 18A4(q) + 14A5(q) + 7A6(q) + 7A7(q) + 9A8(q) ++6A9(q)+11A10(q)+6A11(q)+2A12(q)+4A13(q)++ A14(q) +A15(q) + 2A16(q)℄ ; (19a)V22(u; v; w) = �163 [36 + 14A1(q) + 14A2(q) ++ 5A3(q) + 5A4(q) + 2A6(q) + 2A7(q) ++ A8(q)�A9(q) + 3A10(q)℄ ; (19b)

V44(u; v; w) = 15 + 43A1(q) + 23A2(q) ++ 3A3(q) + 23A4(q): (19)Êàæäàÿ �óíêöèÿ èíâàðèàíòíà îòíîñèòåëüíî ïðåîá�ðàçîâàíèÿ �ÖÊ-ñèììåòðèè:A1(q) = os(u+ v) + :t:;A2(q) = os(u� v) + :t:;A3(q) = os(2u+ 2v) + :t:;A4(q) = os(u+ v + 2w) + :t:;A5(q) = os(2u) + :t:;A6(q) = os(2u+ 3v + w) ++ os(2v + 3u+ w) + :t:;A7(q) = os(u+ 3v) + os(v + 3u) + :t:;A8(q) = os(u+ v � 2w) + :t:;A9(q) = os(2u� 2v) + :t:;A10(q) = os(2u+ v � w) ++ os(2v + u� w) + :t:;A11(q) = os(2u+ 2v + 2w);A12(q) = os(4u) + :t:;A13(q) = os(u+ v + 4w) + :t:;A14(q) = os(3u+ 3v + 2w) + :t:;A15(q) = os(3u� v) + os(3v � u) + :t:;A16(q) = os(2u+ 2v + 4w) + :t:;
(20)

ãäå ñèìâîë :t: îáîçíà÷àåò îïåðàöèþ öèêëè÷åñêîé ïå�ðåñòàíîâêè ïåðåìåííûõ (u; v; w). Óñðåäíåíèå ïðîâî�äèòñÿ ñ ïîìîùüþ èíòåãðèðîâàíèÿ ïðè çàäàííîì �:hAk(q)i = Ak(�) == �Z�� �Z�� �Z�� Ak(q)Æ(� � �(q)) dq(2�)3 : (21)Èñõîäÿ èç îïðåäåëåíèÿ �óíêöèè �(q) (ì. (10), íà�õîäèì os(w) = �� os(u) os(v)os(u) + os(v) ;dwd� = �(os(u) + os(v))2 �� (�� os(u) os(v))2	�1=2 : (22)Â ðåçóëüòàòå âñå âåëè÷èíû Ak(u; v; w) îêàçûâà�þòñÿ çàâèñÿùèìè îò �, à òàêæå îò u è v. Òàêèì îá�ðàçîì, äåëî ñâîäèòñÿ ê âû÷èñëåíèþ ñóììû äâîéíûõèíòåãðàëîâ:1270
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�èñ. 5. Àìïëèòóäà ðàññåÿíèÿ, óñðåäíåííàÿ íà ïî-âåðõíîñòè ÔåðìèhR(u; v; w)i=3 = g(�) = 643�3 �� �Z0 �Z0 (os(u) + os(v))�4 �� �(os(u) + os(v))2 � (�� os(u) os(v))2	�1=2 �� 4Xk=0 �kCk(u; v) du dv: (23)Çäåñü Ck(u; v) � òðèãîíîìåòðè÷åñêèå ïîëèíîìû, çà�âèñÿùèå îò ïðîèçâåäåíèé osn(u) osm(v) ñ êîý��è�öèåíòàìè, êîòîðûå âû÷èñëåíû â Ïðèëîæåíèè A. Èí�òåãðèðîâàíèå ïðîâîäèòñÿ ïî òåì çíà÷åíèÿì (u; v),äëÿ êîòîðûõ âûðàæåíèå â ñòåïåíè ¾�1=2¿ ïðèíèìà�åò ïîëîæèòåëüíûå çíà÷åíèÿ. Îêîí÷àòåëüíàÿ êðèâàÿïðèâåäåíà íà ðèñ. 5.Â ïðåäåëå �! �1 �óíêöèÿ g(�) ëèíåéíî çàâèñèòîò �+1, â òî âðåìÿ êàê ïðè �! 3 îíà îáðàùàåòñÿ âíóëü ïî çàêîíó (3��)5=2. Ïðèâåäåì òàêæå îòäåëüíûåçíà÷åíèÿ �óíêöèè g(�): g(0) = 70:84, g(1) = 14:7,g(2) = 5:13.Â çíàìåíàòåëå âûðàæåíèÿ (17a) íàõîäÿòñÿ ïðî�èçâåäåíèÿ âèäà: !2n + (�(�))2, îäíî èç êîòîðûõ ñîîò�âåòñòâóåò ïîâåðõíîñòè Ôåðìè ïðè � > 0: E(+)q == 2ftp1 + �q � � = 0.Âûäåëèì ïîëþñíîå ñëàãàåìîå, ñîîòâåòñòâóþùååèíòåãðèðîâàíèþ âáëèçè ïîâåðõíîñòè Ôåðìè. Äëÿýòîé öåëè ðàçëàãàåì âûðàæåíèå 1=det!n(�) íà ïðî�ñòûå äðîáè è âûäåëÿåì ïîëþñíîå ñëàãàåìîå, ñîîò�âåòñòâóþùåå 1=[!2n + (E(+)q )2℄:1det!n(�) == 128f6t6(3� �)2(1 + �) 1!2n + (E(+)q )2 + : : : (24)

Äàëåå ìû ñóììèðóåì ïî !n è ïåðåõîäèì ê èíòåãðè�ðîâàíèþ ïî ïåðåìåííîé � = 2ftp1 + ���, ïîñëå ÷åãîóðàâíåíèå (17a) ïåðåõîäèò â óðàâíåíèå äëÿ îïðåäå�ëåíèÿ òåìïåðàòóðû ïåðåõîäà, çàïèñàííîå ñ ëîãàðè��ìè÷åñêîé òî÷íîñòüþ:1 = �(�) ~�Z0 th (�=(2T))� d�; (25)ãäå âåëè÷èíà �(�) èìååò ñëåäóþùèé âèä:�(�) = g(�)27fp(3� �)2 : (26)Òàêèì îáðàçîì, êîíñòàíòà ÁÊØ �(�) îïðåäåëÿåò�ñÿ íå òîëüêî îòíîñèòåëüíûì ðàñïîëîæåíèåì óðîâíÿÔåðìè, íî çàâèñèò òàêæå îò êîíöåâîãî ìíîæèòåëÿfp, êîòîðûé âûðàæàåòñÿ ÷åðåç êîíöåíòðàöèþ ýëåê�òðîíîâ np, íàõîäÿùèõñÿ íà p-îáîëî÷êå.3.4. Óðàâíåíèå ñîñòîÿíèÿÄëÿ îáëàñòè np < 1 óðàâíåíèå ñîñòîÿíèÿ, çàïè�ñàííîå â íóëü-ïåòëåâîì ïðèáëèæåíèè (ïðèáëèæåíèå¾Õàááàðä I¿), èìååò âèänp = fp " Xq;�=�nF (E(�)q ) + 2X�=�nF (E(�))# : (27)Êîíöåâîé ìíîæèòåëü f åñòü ëèíåéíàÿ �óíêöèÿ ýëåê�òðîííîé êîíöåíòðàöèè np: f = a+ bnp, ãäå êîý��è�öèåíòû a è b ïîäáèðàþòñÿ òàêèì îáðàçîì, ÷òîáû äëÿöåëûõ çíà÷åíèé np âåëè÷èíà f áûëà ðàâíîé îáðàò�íîé êðàòíîñòè âûðîæäåíèÿ.Òàêèì îáðàçîì, â íàøåì ñëó÷àåfp = 6� 5np6 ; E(�)q = �2tfp1 + �q � �;E(�) = �4ft� �: (28)Åñëè ïðåäïîëîæèòü, ÷òî òðè íèæíèå ïîäçîíû çàïîë�íåíû, òî �îðìóëà (28) ïåðåïèñûâàåòñÿ ñëåäóþùèìîáðàçîì:np = 67 + 27fp "Xq nF (E(+)q ) + 2nF (E(+))# : (29)Åñëè ââåñòè îáîçíà÷åíèåK(�) = "Xq nF (E(+)q ) + 2nF (E(+))# ;òî �îðìóëà (29) ïðåäñòàâèòñÿ â âèäånp = 6 3 +K(�)21 + 5K(�) ; fp = 621 + 5K(�) : (30)1271
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�èñ. 6. Êîíöåíòðàöèîííàÿ çàâèñèìîñòü êîíñòàíòûÁÊØ �(np) â îáëàñòè 0 < np < 1Êðàéíèì òî÷êàì, êîòîðûå îïðåäåëÿþòñÿ íà÷àëîì(K = 0) è êîíöîì (K = 1) çàïîëíåíèÿ íèæíåéàíòèñâÿçûâàþùåé äåëîêàëèçîâàííîé ïîäçîíû, ñîîò�âåòñòâóþò êîíöåíòðàöèè:np1 = 67 ; np2 = 1213 : (31)Îòñþäà ñëåäóåò, ÷òî ñâåðõïðîâîäèìîñòü ñóùåñòâóåòâ óçêîé îáëàñòè êîíöåíòðàöèé: �np � 0:0659 (ñì.ðèñ. 6).Ïðè çàïîëíåíèè íèæíåé àíòèñâÿçûâàþùåé êîë�ëåêòèâèçîâàííîé ïîäçîíû âåëè÷èíà K(�) âûðàæàåò�ñÿ ÷åðåç èíòåãðàë îò ïëîòíîñòè ñîñòîÿíèé �ÖÊ-ðå-øåòêè:�f(�) = 1�3 �Z0 �Z0 �Z0 Æ(�� osu os v � os v osw �� osw osu) du dv dw == 1�3 �Z0 �Z0 �(os(u) + os(v))2 �� (�� os(u) os(v))2	�1=2 du dv: (32)Â ïðåäåëå T = 0 íàõîäèì �óíêöèþ2) K(�):2) Âû÷èñëåíèå èíòåãðàëà K(�) óäîáíî ïðîâîäèòü ñ ïî�ìîùüþ àíàëèòè÷åñêîãî ïðåäñòàâëåíèÿ ïëîòíîñòè ñîñòîÿíèé�ÖÊ-ðåøåòêè, ïîëó÷åííîãî â ðàáîòàõ Èâàòû, Ìîðèòû è Õî�ðèãóòè [6; 7℄.

K(�) = �Z�1 �f(�0) d�0 = 1�3 �� �Z0 �Z0 arsin� �� os(u) os(v)j os(u) + os(v)j� du dv + C; (33a)ãäåC = 1�3 �Z0 �Z0 arsin�1 + os(u) os(v)j os(u) + os(v)j� du dv: (33b)Â ðåçóëüòàòå ÷èñëåííîãî èíòåãðèðîâàíèÿ â (33a)è (33b) ïîëó÷àåì âîçìîæíîñòü ñ ïîìîùüþ ñîîòíîøå�íèé (30) è (26) îïðåäåëèòü êîíñòàíòó ÁÊØ â çàâè�ñèìîñòè îò êîíöåíòðàöèè p-ýëåêòðîíîâ (ñì. ðèñ. 6).Êàê ñëåäóåò èç ðèñóíêà, êðèâàÿ çàâèñèìîñòè�(np) èìååò äâà ìàêñèìóìà. Îäèí èç íèõ ñâÿçàí ñîñîáåííîñòüþ àìïëèòóäû ðàññåÿíèÿ ïðè � = 0. Äðó�ãîé ìàêñèìóì âîçíèêàåò èç-çà ìíîæèòåëÿ (3 � �)2,ñòîÿùåãî â çíàìåíàòåëå (26). Â ïðåäåëå � ! 3 ýòàîñîáåííîñòü êîìïåíñèðóåòñÿ ðåçêèì îáðàùåíèåì âíóëü àìïëèòóäû ðàññåÿíèÿ, òàê ÷òî â ýòîì ïðåäå�ëå êîíñòàíòà ÁÊØ îáðàùàåòñÿ â íóëü ïî êîðíåâîìóçàêîíó � /p12=13� np.4. ÑÂÅ�ÕÏ�ÎÂÎÄÈÌÎÑÒÜ Â ÎÁËÀÑÒÈ1 < np < 2Â ðåøåòêå òèïà àëìàçà îäíî÷àñòè÷íûå 2p-ñîñ-òîÿíèÿ èìåþò øåñòèêðàòíîå âûðîæäåíèå ây�;kj0i, ãäå� = �1, à êðèñòàëëè÷åñêèé èíäåêñ ïðîáåãàåò òðèçíà÷åíèÿ: k = x; y; z (ñì. (7)).Íèçøèå äâóõ÷àñòè÷íûå ñîñòîÿíèÿ èìåþò ñïèíS = 1:âyx�âyy�j0i; âyy� âyz�j0i; âyz� âyx�j0i (Sz = ��);1p2 �âyx"âyy# + âyy"âyx#� j0i;1p2 �âyy"âyz# + âyz"âyy#� j0i;1p2 �âyz"âyx# + âyx"âyz#� j0i; (34)ãäå òðè ïîñëåäíèõ ñîñòîÿíèÿ èìåþò íóëåâóþ ïðîåê�öèþ ïîëíîãî ñïèíà.Ó÷èòûâàÿ ïåðåõîäû ìåæäó îäíî÷àñòè÷íûìèè âñåâîçìîæíûìè äâóõ÷àñòè÷íûìè ñîñòîÿíèÿìè,ìîæíî íàïèñàòü ðàçëîæåíèå îïåðàòîðîâ óíè÷òîæå�íèÿ ïî X-îïåðàòîðàì Õàááàðäà.1272



ÆÝÒÔ, òîì 144, âûï. 6 (12), 2013 Ñïåêòð âîçáóæäåíèé è ñâåðõïðîâîäèìîñòü : : :Â ñîîòâåòñòâèè ñ ýòèì, äëÿ êàæäîãî çàäàííîãîêðèñòàëëè÷åñêîãî èíäåêñà è çàäàííîé ïðîåêöèè ñïè�íà ñóùåñòâóþò äâà ïåðåõîäà èç ñîñòîÿíèé ñ ïðîåê�öèåé ñïèíà � è äâà ïåðåõîäà èç ñîñòîÿíèé ñ íóëå�âîé ïðîåêöèåé ïîëíîãî ñïèíà. Â ðåçóëüòàòå, ìû ìî�æåì çàïèñàòü ðàçëîæåíèå îïåðàòîðîâ óíè÷òîæåíèÿïî X-îïåðàòîðàì Õàááàðäà:âx� = X̂(Iy;�jIIxy;�) + 1p2X̂(Iy;��jIIxy;0) �� X̂(Iz;�jIIzx;�) � 1p2X̂(Iz;��jIIzx;0); (35a)ây� = X̂(Iz;�jIIyz;�) + 1p2X̂(Iz;��jIIyz;0) �� X̂(Ix;�jIIxy;�) � 1p2X̂(Ix;��jIIxy;0); (35b)âz� = X̂(Ix;�jIIzx;�) + 1p2X̂(Ix;��jIIzx;0) �� X̂(Iy;�jIIyz;�) � 1p2X̂(Iy;��jIIyz;0): (35)Çäåñü Ik; �) � îäíî÷àñòè÷íûå ñîñòîÿíèÿ (S = 1=2,Sz = ��=2); IIik; �) � äâóõ÷àñòè÷íîå ñîñòîÿíèå ñîñïèíîì åäèíèöà è ñ ïðîåêöèåé Sz = �; IIik; 0) �äâóõ÷àñòè÷íîå ñîñòîÿíèå ñî ñïèíîì åäèíèöà è íóëå�âîé ïðîåêöèåé ñïèíà.Òàêèì îáðàçîì, ìû ïîëó÷àåì ÷åòûðå ñïèíîâûõêîý��èöèåíòà âåêòîðíîãî ñëîæåíèÿ:b1 = 1; b2 = 1p2 ; b3 = �1; b4 = � 1p2 : (36)Ïðè ýòîì b2 = 4P�=1 b2� = 3 è íå çàâèñèò îò âåêòîðíîãîèíäåêñà.Ìàòðèöà êîý��èöèåíòîâ íîðìàëüíîé ÷àñòèîáðàòíîé �óíêöèè �ðèíà èìååò âèä(Ĝ(0)E (p))�1�;� = (E + �)Æ�;� � fpTi;k(p)b(i)� b(k)� ; (37)ãäå èíäåêñû (�; �) íóìåðóþò âñåâîçìîæíûå îäíî�ýëåêòðîííûå ïåðåõîäû ìåæäó âûñîêîñïèíîâûìè îä�íî- è äâóõ÷àñòè÷íûìè ñîñòîÿíèÿìè (34).

Âû÷èñëåíèå îïðåäåëèòåëÿ ìàòðèöû (37) äàåòïðîèçâåäåíèå 24-õ ìíîæèòåëåé(E�E(+)p )(E�E(�)p )(E�E(+))2(E�E(�))2(E+�)18;ãäå äâà ïåðâûõ ìíîæèòåëÿ ñîîòâåòñòâóþò êîëëåêòè�âèçîâàííûì ñîñòîÿíèÿìE(�)(p) = �b2tfpp4 + 2�(p)� � == �2b2tfpq1 + �f(q) � �; (38a)äâå ïàðû äðóãèõ ìíîæèòåëåé ñîîòâåòñòâóþò ëîêàëè�çîâàííûì ñîñòîÿíèÿìE(�) = �4b2tfp � �; (38b)îñòàëüíûå 18 ìíîæèòåëåé (E + �) íå ñîîòâåòñòâóþòíèêàêèì ñîñòîÿíèÿì è âûïàäàþò èç îêîí÷àòåëüíûõîòâåòîâ.Êîíöåâîé ìíîæèòåëü fp åñòü ëèíåéíàÿ �óíêöèÿýëåêòðîííîé êîíöåíòðàöèè np: f = a + bnp, ãäå êî�ý��èöèåíòû a è b ïîäáèðàþòñÿ òàêèì îáðàçîì, ÷òî�áû äëÿ öåëûõ çíà÷åíèé np âåëè÷èíà f áûëà ðàâíîéîáðàòíîé êðàòíîñòè âûðîæäåíèÿ.Â íàøåì ñëó÷àå, êîãäà 1 < np < 2, ñîãëàñíî ýòî�ìó îïðåäåëåíèþ,f = np � 19 + 2� np6 = 4� np18 : (39)Ìîæíî çàìåòèòü, ÷òî â èçó÷àåìîé îáëàñòè ñïåêò-ðû âîçáóæäåíèé (38a) è (38b) òîëüêî ìíîæèòåëåìb2 îòëè÷àþòñÿ îò ñîîòâåòñòâóþùèõ ñïåêòðîâ (10a),(10b), îòíîñÿùèõñÿ ê îáëàñòè 0 < np < 1.Äëÿ ïîñòðîåíèÿ àíîìàëüíîé ñîáñòâåííî-ýíåðãå-òè÷åñêîé ÷àñòè êàæäîìó ïåðåõîäó íåîáõîäèìî ïî�ñòàâèòü â ñîîòâåòñòâèå îáðàòíûé ïåðåõîä ñî âñåìèèçìåíåííûìè çíàêàìè ïðîåêöèé ñïèíîâ. Ïðèíöèïïîñòðîåíèÿ ìàòðèöû àíîìàëüíîé ñîáñòâåííî-ýíåðãå-òè÷åñêîé ÷àñòè îïðåäåëÿåòñÿ çíàêàìè îòëè÷íûõ îòíóëÿ âåðøèííûõ ÷àñòåé, èçîáðàæåííûõ íà ðèñ. 2à:
Sx;x(�; �) = 1 " 1 # �i (x�; y � jy�) (xy; 0jy+) (x�; z � jz�) (xz; 0jz+)(y + jx+; y+) 0 � 0 0(y � j(xy; 0) � + 0 0(z + jx+; z+) 0 0 0 �(z � jxz; 0) 0 0 � + : (40)
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�. O. Çàéöåâ ÆÝÒÔ, òîì 144, âûï. 6 (12), 2013Çäåñü âûïèñàíû ìàòðè÷íûå ýëåìåíòû, âîçíèêàþùèåîò àíîìàëüíûõ ñðåäíèõ hâ1"â1#i. Îòìå÷åííûå çíà�êîì ìèíóñ çíà÷åíèÿ ìàòðè÷íûõ ýëåìåíòîâ âîçíèêà�þò â ñëó÷àå, êîãäà ñîâïàäàþò èíäåêñû îäíî÷àñòè÷�íûõ ñîñòîÿíèé, îòíîñÿùèõñÿ ê íîìåðó ñòðîêè è êíîìåðó ñòîëáöà. Îòìå÷åííûå çíàêîì ïëþñ çíà÷å�íèÿ ìàòðè÷íûõ ýëåìåíòîâ âîçíèêàþò â ñëó÷àå, êî�ãäà ñîâïàäàþò èíäåêñû äâóõ÷àñòè÷íûõ ñîñòîÿíèé.Â ñëó÷àå îòñóòñòâèÿ ñîâïàäåíèé ñîîòâåòñòâóþùàÿâåðøèííàÿ ÷àñòü îáðàùàåòñÿ â íóëü è ïîýòîìó ìàò�ðè÷íûé ýëåìåíò ñëåäóåò ñ÷èòàòü ðàâíûì íóëþ.Îñòàëüíûå òðè ìàòðèöû hâk"ân#i ïðè k = n, äèà�ãîíàëüíûå ïî íèæíèì êðèñòàëëè÷åñêèì èíäåêñàì,èìåþò àíàëîãè÷íûé âèä.Ìîæíî çàìåòèòü, ÷òî îòäåëüíûå êîìïîíåíòû,îòíîñÿùèåñÿ ê äèàãîíàëüíîé àíîìàëüíîé ñîáñòâåí�íî-ýíåðãåòè÷åñêîé ÷àñòè, îòëè÷àþòñÿ òîëüêî ìíîæè�òåëÿìè, ïðîïîðöèîíàëüíûìè ïðîèçâåäåíèÿì ñïèíî�âûõ êîý��èöèåíòîâ âåêòîðíîãî ñëîæåíèÿ bibk. Ïîýòîé ïðè÷èíå ìîæíî íàïèñàòü:�ani;k(�; �) == Æi;k�0BBBB� 0 �b1b2 0 0�b1b2 b22 0 00 0 0 �b1b20 0 �b2b1 b22 1CCCCA : (41)Ïðè ýòîì ìû ó÷ëè, ÷òî b3b4 = b1b2 = 1=p2 è b24 == b22 = 1=2.Åñëè îòáðîñèòü àíîìàëüíûå ñîáñòâåííî-ýíåðãå-òè÷åñêèå ÷àñòè, êîòîðûå íåäèàãîíàëüíû ïî êðèñòàë�ëè÷åñêîìó èíäåêñó, òî ìû ïîëó÷èì òå æå ñîîòíîøå�íèÿ, ÷òî è äëÿ îáëàñòè 0 < np < 1 (ñì. (25)).Òåìïåðàòóðà ïåðåõîäà îïðåäåëÿåòñÿ ñ ïîìîùüþ�îðìóëû ÁÊØ:1 = �(�) ~�Z0 th (�=(2T))� d�; (42)ãäå â ñëó÷àå çàïîëíåíèÿ âåðõíåé àíòèñâÿçûâàþùåéêîëëåêòèâèçîâàííîé ïîäçîíû�(�) = g(�)27b2fp(3� �)2 : (43)Çäåñü fp � êîíöåâîé ìíîæèòåëü (39), b2 = 3, à �óíê�öèÿ g(�) îïðåäåëÿåòñÿ â (23).Óðàâíåíèå ñîñòîÿíèÿ, çàïèñàííîãî äëÿ èíòåðâà�ëà 1 < np < 2, èìååò ñëåäóþùèé âèä:np = 1+32fp " Xq;�=�nF (E(�)q )+2X�=�nF (E(�))# ; (44)

ãäå â íàøåì ñëó÷àåE(�)q = �2b2tfpq1 + �f(q) � �;E(�) = �4fpb2t� �; b2 =Xk b2k = 3: (45)Åñëè ïðåäïîëîæèòü, ÷òî òðè íèæíèå ïîäçîíû çàïîë�íåíû, òîãäà óðàâíåíèå (44) ïåðåïèñûâàåòñÿ ñëåäóþ�ùèì îáðàçîì:np = 85 + 65fp "Xq nF (E(+)q ) + 2nF (E(+))# : (46)Èñïîëüçóÿ îïðåäåëåíèå êîíöåâîãî ìíîæèòåëÿ (39) èââîäÿ îáîçíà÷åíèåK(�) = "Xp nF (E(+)q ) + 2nF (E(+))# ;ïåðåïèøåì �îðìóëó (46) ñëåäóþùèì îáðàçîì:np = 4 6 +K(�)15 +K(�) : (47)Êðàéíèì òî÷êàì, êîòîðûå ñîîòâåòñòâóþò çàïîë�íåíèþ íèæíåé àíòèñâÿçûâàþùåé äåëîêàëèçîâàííîéïîäçîíû, ñîîòâåòñòâóþò êîíöåíòðàöèènp1 = 85 = 1:6; np2 = 74 = 1:75; (48)òàê ÷òî ñâåðõïðîâîäèìîñòü ñóùåñòâóåò â óçêîé îá-ëàñòè êîíöåíòðàöèé: �np = 0:15.Â íèçêîòåìïåðàòóðíîì ïðåäåëå, êîãäà ïðîèñõî�äèò çàïîëíåíèå êîëëåêòèâèçîâàííîé ïîäçîíû E(+)qâåëè÷èíà K(�) âûðàæàåòñÿ ÷åðåç èíòåãðàë îò ïëîò�íîñòè ñîñòîÿíèé ñîãëàñíî �îðìóëå (33) ïðåäûäóùå�ãî ðàçäåëà.Êîíöåâîé ìíîæèòåëü (39) òàêæå âûðàæàåòñÿ ÷å�ðåç K(�): fp = 215 +K(�) : (49)Â ðåçóëüòàòå, ñ ïîìîùüþ �îðìóë (43), (47) è (49),ìû ïîëó÷àåì âîçìîæíîñòü ïîëó÷èòü êîíöåíòðàöè�îííóþ çàâèñèìîñòü êîíñòàíòû ÁÊØ, êîòîðàÿ ïðåä�ñòàâëåíà íà ðèñ. 7.5. ÑÂÅ�ÕÏ�ÎÂÎÄÈÌÎÑÒÜ Â ÎÁËÀÑÒÈ2 < np < 3Â ñëó÷àå 2 < np < 3 íåîáõîäèìî ðàññìîòðåòü ïå�ðåõîäû ìåæäó äâóõ÷àñòè÷íûìè ñîñòîÿíèÿìè ñî ñïè�íîì 1 è òðåõ÷àñòè÷íûìè ñîñòîÿíèÿìè ñî ñïèíîì 3=2.1274
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�èñ. 7. Êîíöåíòðàöèîííàÿ çàâèñèìîñòü êîíñòàíòûÁÊØ �(np) â îáëàñòè 1 < np < 2�àññìîòðèì äåâÿòü íèçøèõ äâóõ÷àñòè÷íûõ âû�ñîêîñïèíîâûõ ñîñòîÿíèé ñî ñïèíîì S = 1, çàïèñàí�íûõ â âèäå (34). Ýòè ñîñòîÿíèÿ âõîäÿò â ðåçîíàíññ ÷åòûðüìÿ òðåõ÷àñòè÷íûìè ñîñòîÿíèÿìè ñ ïîëíûìñïèíîì 3/2: âyx�âyy� âyz�j0i �Sz = 32�� ; (50a)1p3 �âyx"âyy"âyz# + âyx"âyy#âyz" + âyx#âyy"âyz"� j0i�Sz = 12� ; (50b)1p3 �âyx#âyy#âyz" + âyx#âyy"âyz# + âyx"âyy#âyz#� j0i�Sz = �12� : (50)Â ñîîòâåòñòâèè ñ ýòèì, çàïèøåì ðàçëîæåíèå îïå�ðàòîðîâ óíè÷òîæåíèÿ ïî X-îïåðàòîðàì Õàááàðäà:âx� = X̂(IIyz;�jIII;3=2�) +r23X̂(IIyz;0jIII;�=2) ++r13X̂(IIyz;��jIII;��=2); (51a)ây� = �X̂(IIxz;�jIII;3=2�) �r23X̂(IIxz;0jIII;�=2) ��r13X̂(IIxz;��jIII;��=2); (51b)

âz� = X̂(IIxy;�jIII;3=2�) +r23X̂(IIxy;0jIII;�=2) ++r13X̂(IIxy;��jIII;��=2): (51)Òàêèì îáðàçîì, ñóììà êâàäðàòîâ ñïèíîâûõ êîý��è�öèåíòîâ âåêòîðíîãî ñëîæåíèÿ íå çàâèñèò îò âåêòîð�íîãî èíäåêñà:b1 = �1; b2 = �r23 ; b3 = �r13 ;b2 = 3X�=1 b2� = 2: (52)Ìàòðèöà êîý��èöèåíòîâ íîðìàëüíîé ÷àñòèîáðàòíîé �óíêöèè �ðèíà èìååò âèä(E + �)Æ�;� � fpTi;k(p)b(i)� b(k)� ; (53)ãäå èíäåêñû (�; �) íóìåðóþò âñåâîçìîæíûå îäíî÷à�ñòè÷íûå ïåðåõîäû ìåæäó âûñîêîñïèíîâûìè äâóõ- èòðåõ÷àñòè÷íûìè ïåðåõîäàìè, êîý��èöèåíòû ìàòðè�öû ïåðåñêîêîâ Ti;k(p) ê ðåøåòêå òèïà àëìàçà îïðå�äåëåíû â (9).Êîíöåâîé ìíîæèòåëü fp åñòü ëèíåéíàÿ �óíêöèÿýëåêòðîííîé êîíöåíòðàöèè np: fp = a + bnp, ãäå êî�ý��èöèåíòû a è b ïîäáèðàþòñÿ òàêèì îáðàçîì, ÷òî�áû äëÿ öåëûõ çíà÷åíèé np âåëè÷èíà fp áûëà ðàâíîéîáðàòíîé êðàòíîñòè âûðîæäåíèÿ.Â íàøåì ñëó÷àå, êîãäà 2 < np < 3, ñîãëàñíî ýòî�ìó îïðåäåëåíèþ,fp = np � 24 + 3� np9 = 5np � 636 : (54)Âû÷èñëåíèå îïðåäåëèòåëÿ ìàòðèöû (67) äàåòïðîèçâåäåíèå 18 ìíîæèòåëåé(E �E(+)p )(E �E(�)p )(E �E(+))2 �� (E �E(�))2(E + �)12; (55)ãäå äâà ïåðâûõ ìíîæèòåëÿ ñîîòâåòñòâóþò êîëëåêòè�âèçîâàííûì ñîñòîÿíèÿìE(�)p = �b2tfpp4 + 2�(p)� � == �2b2tfpq1 + �f(q) � �; (56a)äâà äðóãèõ ìíîæèòåëÿ ñîîòâåòñòâóþò ëîêàëèçîâàí�íûì ñîñòîÿíèÿìE(�) = �b24tfp � �; (56b)îñòàëüíûå ìíîæèòåëè (E + �) íå ñîîòâåòñòâóþò êà�êèì-ëèáî �èçè÷åñêèì ñîñòîÿíèÿì.1275 11*



�. O. Çàéöåâ ÆÝÒÔ, òîì 144, âûï. 6 (12), 2013Äëÿ ïîñòðîåíèÿ àíîìàëüíîé ñîáñòâåííî-ýíåðãå-òè÷åñêîé ÷àñòè êàæäîìó ïåðåõîäó íåîáõîäèìî ïî�ñòàâèòü â ñîîòâåòñòâèå îáðàòíûé ïåðåõîä ñî âñåìèèçìåíåííûìè çíàêàìè ïðîåêöèé ñïèíîâ. Îòëè÷íûåîò íóëÿ êîìïîíåíòû ìàòðèöû àíîìàëüíîé ñîáñòâåí�íî-ýíåðãåòè÷åñêîé ÷àñòè è èõ çíàêè îïðåäåëÿþòñÿ ñïîìîùüþ ñëåäóþùåé ìàòðèöû:
Ŝx;x�;� = 1 " 1 # �i (xyzjyz)(yzjxyz) Ŵ : (57)Çäåñü íà äèàãîíàëè ðàñïîëîæåíà åäèíñòâåííàÿ ìàò�ðèöà Ŵ :

Ŵ = 0BBBBBBBBBB�
1 " 1 # �i ��32(xyz)j � 1� ��12(xyz)j0� �12(xyz)j1�(1(yz)j32(xyz) 0 0 �(0(yz)j12(xyz) 0 � +(�1(yz)j � 12(xyz) � + 0

1CCCCCCCCCCA : (58)
Îòìå÷åííûå çíàêîì ìèíóñ çíà÷åíèÿ ìàòðè÷íûõ ýëå�ìåíòîâ âîçíèêàþò â ñëó÷àå, êîãäà ñîâïàäàþò èíäåê�ñû äâóõ÷àñòè÷íûõ ñîñòîÿíèé, îòíîñÿùèåñÿ ê íîìå�ðó ñòðîêè è íîìåðó ñòîëáöà. Îòìå÷åííûå çíàêîìïëþñ çíà÷åíèÿ ìàòðè÷íûõ ýëåìåíòîâ âîçíèêàþò âñëó÷àå, êîãäà ñîâïàäàþò èíäåêñû òðåõ÷àñòè÷íûõ ñî�ñòîÿíèé. Â ñëó÷àå îòñóòñòâèÿ ñîâïàäåíèé ñîîòâåò�ñòâóþùàÿ âåðøèííàÿ ÷àñòü îáðàùàåòñÿ â íóëü è ïî�ýòîìó ìàòðè÷íûé ýëåìåíò ñëåäóåò ñ÷èòàòü ðàâíûìíóëþ.Â êîíå÷íîì ñ÷åòå äèàãîíàëüíûå êîìïîíåíòû ïîêðèñòàëëè÷åñêèì èíäåêñàì ìàòðèöû àíîìàëüíîéñîáñòâåííî-ýíåðãåòè÷åñêîé ÷àñòè çàïèñûâàþòñÿ âñëåäóþùåì âèäå:�ani;k(�; �) = Æi;k�0B� 0 0 �b1b30 �b22 b2b3�b3b1 b3b2 0 1CA : (59)Ïðè ýòîì ìû ïðåíåáðåãàåì íåäèàãîíàëüíûìè êîìïî�íåíòàìè êàê ïî êðèñòàëëè÷åñêîìó èíäåêñó, òàê è ïîíîìåðó àòîìà â ÿ÷åéêå.Â ðåçóëüòàòå íàõîäèì îáùåå âûðàæåíèå äëÿ êîí�ñòàíòû ÁÊØ: �(�) = g(�)b227fp(3� �)2 : (60)Çäåñü b2 = 2, à êîíöåâîé ìíîæèòåëü fp îïðåäåëåíâ (54).Óðàâíåíèå ñîñòîÿíèÿ, çàïèñàííîå äëÿ èíòåðâàëà2 < np < 3, èìååò ñëåäóþùèé âèä:np = 2+ 23fp " Xp;�=�nF (�(�)p ) + 2X�=�nF (�(�))# ; (61)

ãäå â îáùåì ñëó÷àåE(�)p = �b2tfpp4 + 2�(p)� � == �2b2tfpq1 + �f(q) � �; (62a)äâå ïàðû äðóãèõ ìíîæèòåëåé ñîîòâåòñòâóþò ëîêàëè�çîâàííûì ñîñòîÿíèÿìE(�) = �4b2tfp � �; (62b)ãäå b2 = 2.Åñëè ïðåäïîëîæèòü, ÷òî òðè íèæíèå ïîäçîíû çà�ïîëíåíû, òî óðàâíåíèå (56) ïåðåïèñûâàåòñÿ ñëåäóþ�ùèì îáðàçîì:np = 3013 + 1213fp "Xp nF (E(+)p ) + 2nF (E(+))# : (63)Ñ ïîìîùüþ îïðåäåëåíèÿ êîíöåâîãî ìíîæèòåëÿ (53)è èñïîëüçóÿ îáîçíà÷åíèåK = "Xp nF (E(+)p ) + 2nF (E(+))# ;ïåðåïèøåì �îðìóëó (57) ñëåäóþùèì îáðàçîì:np = 6 15�K39� 5K : (64)Â ñëó÷àå çàïîëíåíèÿ êîëëåêòèâèçîâàííîé ïîäçîíûE(+)p âåëè÷èíà K âûðàæàåòñÿ ÷åðåç èíòåãðàë îòïëîòíîñòè ñîñòîÿíèé ñîãëàñíî (33).1276
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2.32 2.34 2.36 2.38 2.40 2.42 2.44 2.46�èñ. 8. Êîíöåíòðàöèîííàÿ çàâèñèìîñòü êîíñòàíòûÁÊØ �(np) â îáëàñòè 2 < np < 3Äëÿ êðàéíèõ òî÷åê, ãäåK = 0 èK = 1, ïîëó÷àåìêðèòè÷åñêèå êîíöåíòðàöèènp1 = 3013 � 2:31; np2 = 4217 � 2:47: (65)Òàêèì îáðàçîì, ñâåðõïðîâîäèìîñòü ñóùåñòâóåò â äî�ñòàòî÷íî óçêîé îáëàñòè êîíöåíòðàöèé: �np = 0:163.Èñïîëüçóÿ âûðàæåíèå äëÿ êîíöåâîãî ìíîæèòåëÿ(53), îïðåäåëÿåì ñ ïîìîùüþ �îðìóë (64) è (60) êîí�öåíòðàöèîííóþ çàâèñèìîñòü êîíñòàíòû ÁÊØ �(np),ïðåäñòàâëåííóþ íà ðèñ. 8.6. ÎÁÑÓÆÄÅÍÈÅ �ÅÇÓËÜÒÀÒÎÂ ÈÂÛÂÎÄÛÒàêèì îáðàçîì, ìû ïðèõîäèì ê îáùåìó âûâîäóî òîì, ÷òî äëÿ êàæäîãî öåëî÷èñëåííîãî èíòåðâàëàêîíöåíòðàöèè p-ýëåêòðîíîâ ñâåðõïðîâîäèìîñòü ñó�ùåñòâóåò âíóòðè óçêîãî èíòåðâàëà êîíöåíòðàöèé. Âðåøåòêå ñ äâóìÿ àòîìàìè â ÿ÷åéêå (êàê â ðåøåòêåòèïà àëìàçà, òàê è â ðåøåòêå òèïà ï÷åëèíûõ ñîò)ñâåðõïðîâîäÿùàÿ íåóñòîé÷èâîñòü âîçíèêàåò òîëüêîïðè çàïîëíåíèè íèçøåé àíòèñâÿçûâàþùåé êîëëåêòè�âèçîâàííîé ïîäçîíû.Òåìïåðàòóðà ñâåðõïðîâîäÿùåãî ïåðåõîäàîïðåäåëÿåòñÿ îáû÷íîé �îðìóëîé ÁÊØ: T == �� exp(�1=�(np)). Ïðè ýòîì êîíöåíòðàöèîííàÿ

çàâèñèìîñòü âåëè÷èíû �(np) îáíàðóæèâàåò äâàðåçêèõ ìàêñèìóìà, îäèí èç êîòîðûõ ñâÿçàí ñîñîáåííîñòüþ ïîâåðõíîñòè Ôåðìè, à äðóãîé îáó�ñëîâëåí íàëè÷èåì êðàåâîé îñîáåííîñòè ïëîòíîñòèñîñòîÿíèé, êîòîðàÿ êîìïåíñèðóåòñÿ ðåçêèì óìåíü�øåíèåì àìïëèòóäû ðàññåÿíèÿ íà êðàþ âûäåëåííîéïîäçîíû.Â îáëàñòè êîíöåíòðàöèé ïîðÿäêà åäèíèöû êîí�ñòàíòà � äîñòàòî÷íî âåëèêà, ÷òîáû îáíàðóæèòü ý���åêò âîçíèêíîâåíèÿ íå�îíîííîé ñâåðõïðîâîäèìî�ñòè äàæå ïðè �� � 102 K.Òàêèì îáðàçîì, ìîæíî óòâåðæäàòü, ÷òî ïðèíàëè÷èè ñèëüíîãî ýëåêòðîí-ýëåêòðîííîãî âçàèìî�äåéñòâèÿ â óãëåðîäíîé ñèñòåìå ñëåäóåò îæèäàòüíàëè÷èÿ óçêèõ îáëàñòåé ýëåêòðîííîé êîíöåíòðà�öèè, ãäå ìîæíî îæèäàòü âîçðàñòàíèÿ òåìïåðàòóðûñâåðõïðîâîäÿùåãî ïåðåõîäà. Ýòîò ý��åêò áûëîáíàðóæåí â ðàáîòå [8℄, ãäå äîïèðîâàíèå óãëåðîäàáîðîì ïðèâåëî ê âîçíèêíîâåíèþ ñâåðõïðîâîäèìî�ñòè (T � 4 K) â ïðåäåëàõ âåñüìà óçêîé îáëàñòèêîíöåíòðàöèé äîïèðóþùåé ïðèìåñè áîðà îò 0:086äî 0:13. Êàê óêàçàíî â ðàáîòå [8℄, ïðè äîïèðîâàíèèáîðîì àòîìû àëìàçà ÿâëÿþòñÿ äîíîðàìè, ïîýòîìóìîæíî óòâåðæäàòü, ÷òî â ýòèõ ýêñïåðèìåíòàõíàáëþäàåìàÿ îáëàñòü ñóùåñòâîâàíèÿ ñâåðõïðîâî�äèìîñòè ñîîòâåòñòâóåò èíòåðâàëó îò np = 1:87äî np = 1:914. Ñðàâíåíèå ñ �îðìóëàìè (47), (48)îáíàðóæèâàåò òîëüêî êà÷åñòâåííîå ñîãëàñèå ïðåä�ëàãàåìîé òåîðèè ñ ýêñïåðèìåíòîì.Àâòîð áëàãîäàðèò B. Ï. Êðàéíîâà, Í. Â. Òåðåõè�íó è È. Â. ×åðíîóñîâà çà ïîìîùü ïðè ïðîâåäåíèè÷èñëåííûõ ðàñ÷åòîâ.�àáîòà âûïîëíåíà â ðàìêàõ ãîñ. çàäàíèÿ�2.1947.2011 ïî òåìå ÍÈ� �306.Ï�ÈËÎÆÅÍÈÅ AÏðåîáðàçîâàíèå ïîäûíòåãðàëüíîé �óíêöèèÏîñêîëüêó êàæäîå ñëàãàåìîå âûðàæåíèé(19a), (19b) è (19) óñðåäíÿåòñÿ ñ �óíêöèåéÆ(� � os(u) os(v) � os(v) os(w) � os(w) os(u)),êîòîðàÿ ñèììåòðè÷íà ïî êàæäîé ïåðåìåííîé u,v è w, ïðè èíòåãðèðîâàíèè êàæäóþ �óíêöèþAk(u; v; w) ñëåäóåò çàìåíèòü åå ÷åòíîé ÷àñòüþ ïîâñåì òðåì ïåðåìåííûì. Èíûìè ñëîâàìè, âìåñòîêàæäîé èç øåñòíàäöàòè �óíêöèé Ak(u; v; w) áóäåìèñïîëüçîâàòü ñëåäóþùèå Bk(u; v; w):1277



�. O. Çàéöåâ ÆÝÒÔ, òîì 144, âûï. 6 (12), 2013B1(u; v;w) = os(w) (os(u)+ os(v))+ os(u) os(v);B2(u; v; w) = B1(u; v; w);B3(u; v;w) = os(2w) (os(2u) + os(2v)) ++ os(2u) os(2v);B4(u; v;w) = os(2w) os(u) os(v) ++ os(w) (os(2u) os(v) + os(2v) os(u)) ;B5(u; v;w) = A5(u; v;w) = os(2u) ++ os(2v) + os(2w);B6(u; v;w) = os(3w) (os(2u) os(v) + os(2v) os(u)) ++ os(2w) (os(3u) os(v) + os(u) os(3v)) ++ os(w) (os(3u) os(2v) + os(2u) os(3v)) ;B7(u; v;w) = os(3w) (os(u) + os(v)) + os(w) (os(3u) + os(3v)) + os(u) os(3v) + os(3u) os(v);B8(u; v;w) = os(2w) (os(u) os(v)) + os(w) (os(2u) os(v) + os(u) os(2v)) ;B9(u; v;w) = os(2w) (os(2u) + os(2v)) + os(2u) os(2v);B10(u; v;w) = 2 os(2w) os(u) os(v) + 2 os(w) (os(2u) os(v) + os(2v) os(u)) ;B11(u; v;w) = os(2w) os(2u) os(2v);B12(u; v;w) = A12(u; v; w) = os(4u) + os(4v) + os(4w);B13(u; v;w) = os(4w) os(u) os(v) + os(w) (os(u) os(4v) + os(v) os(4u)) ;B14(u; v;w) = os(2w) os(3u) os(3v) + os(3w) (os(3u) os(2v) + os(2u) os(3v)) ;B15(u; v;w) = os(3w) (os(u) + os(v)) + os(w) (os(3u) + os(3v)) + os(3u) os(v) + os(3v) os(u);B16(u; v;w) = os(4w) os(2u) os(2v) + os(2w) (os(2u) os(4v) + os(2v) os(4u)) :

(A.1)

Ïîñêîëüêó êàæäàÿ èç �óíêöèé Bk(u; v;w) ÿâëÿåò�ñÿ ÷åòíîé, óñðåäíåíèå ïðîâîäèòñÿ â îáëàñòè ïîëî�æèòåëüíûõ çíà÷åíèé (u; v; w):hBk(q)i = Bk(�) == �Z0 �Z0 �Z0 Ak(q)Æ(� � �(q))dq�3 : (A.2)Äàëåå èñêëþ÷àåì ïåðåìåííóþ w ñ ïîìîùüþ ñëå�äóþùèõ ñîîòíîøåíèé:os(2w) = 2 os(w)2 � 1;os(3w) = os(w) �4 os(w)2 � 3� ;os(4w) = 8 os(w)4 � 8 os(w)2 + 1;os(w) = �� os(u) os(v)os(u) + os(v) : (A.3)

Â ðåçóëüòàòå âûðàæåíèå (18) ïðåîáðàçóåòñÿ ê ñëåäó�þùåìó âèäó:~R0(q; �) = �2V44(q)+�V22(q)+V00(q)! L�(u; v) == 64 4Xk=0 �kCk(u; v)(os(u) + os(v))4 : (A.4)Çäåñü âûðàæåíèÿ Ck(u; v) èìåþò âèä ÷åòíûõ òðèãî�íîìåòðè÷åñêèõ ïîëèíîìîâCk(u; v) = Xm�0Xn�0Bn;mk os(u)n os(v)m; (A.5)ãäå B0;00 = B0;01 = B0;02 = B0;03 = 0, à îñòàëüíûå÷èñëîâûå ìàòðèöû Bn;mk ñèììåòðè÷íû è ïðåäñòàâ�ëÿþòñÿ â âèäå ñëåäóþùèõ òàáëèö:1278
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B̂0 =

0BBBBBBBBBBBBBBBB�
0 0 0 0 18 0 �33 0 160 0 0 72 0 �132 0 64 00 0 108 0 �264 0 217 0 �480 72 0 �330 0 427 0 �144 018 0 �264 0 532 0 �288 0 320 �132 0 427 0 �336 0 64 0�33 0 217 0 �288 0 96 0 00 64 0 �144 0 64 0 0 016 0 �48 0 32 0 0 0 0

1CCCCCCCCCCCCCCCCA ; (A.6)
B̂1 =

0BBBBBBBBBBBBBB�
0 0 0 0 �3 0 6 00 0 0 54 0 �97 0 480 0 114 0 �194 0 90 00 54 0 �246 0 270 0 �64�3 0 194 0 264 0 �64 00 �97 0 270 0 �128 0 06 0 90 0 �64 0 0 00 48 0 �64 0 0 0 0

1CCCCCCCCCCCCCCA ; (A.7)
B̂2 = 0BBBBBBBBBBB�

0 0 �33 0 61 0 �250 �66 0 111 0 �46 0�33 0 196 0 �236 0 650 111 0 �142 0 35 061 0 �236 0 132 0 00 �46 0 35 0 0 0�25 0 65 0 0 0 0
1CCCCCCCCCCCA ; (A.8)

B̂3 = 0BBBBBBBBB�
0 0 6 0 �5 00 �52 0 84 0 �336 0 �14 0 �2 00 84 0 �66 0 0�5 0 �2 0 0 00 �33 0 0 0 0

1CCCCCCCCCA ; B̂4 = 0BBBBBB� 16 0 �25 0 90 �2 0 3 0�25 0 20 0 00 3 0 0 09 0 0 0 0
1CCCCCCA : (A.9)

Â ðåçóëüòàòå ìû ïîëó÷èì âîçìîæíîñòü âû÷èñ�ëèòü g(�):g(�) = 643�3 �Z0 �Z0 (os(u) + os(v))�4 ���(os(u)+ os(v))2�(�� os(u) os(v))2	�1=2 �� 4Xk=0 �k Xm�0Xn�0Bn;mk os(u)n os(v)mdu dv: (A.10)
Ï�ÈËÎÆÅÍÈÅ BÂû÷èñëåíèå èíòåãðàëîâÍàøåé çàäà÷åé ÿâëÿåòñÿ âû÷èñëåíèå èíòåãðàëàîáùåãî âèäà:J(�) == �Z0 �Z0 W (u; �; �) du dvp(os(u)+ os(v))2�(�� os(u) os(v))2 ;(B.1)1279



�. O. Çàéöåâ ÆÝÒÔ, òîì 144, âûï. 6 (12), 2013ãäå èíòåãðèðîâàíèå âåäåòñÿ ïî òåì îáëàñòÿì, äëÿ êî�òîðûõ âûðàæåíèå, ñòîÿùåå ïîä ðàäèêàëîì, ÿâëÿåòñÿïîëîæèòåëüíûì.Òàêèì îáðàçîì, îáëàñòè èíòåãðèðîâàíèÿ îïðåäå�ëÿþòñÿ ñ ïîìîùüþ óðàâíåíèéos(u) + os(�) = � [�� os(u) os(�)℄ : (B.2)Äëÿ ïîëîæèòåëüíûõ ýíåðãèé, ò. å. ïðè 0 < � < 3,îäíîé èç òàêèõ êðèâûõ ÿâëÿåòñÿ ñëåäóþùàÿ:� = f(u) = � � aros� os(u)� �1 + os(u)� : (B.3)Äðóãóþ êðèâóþ íàõîäèì ñ ïîìîùüþ ïðåîáðàçîâà�íèÿ u ! � � u, � ! � � �. Ó÷èòûâàÿ, ÷òî ïîäûíòå�ãðàëüíàÿ �óíêöèÿ îêàçûâàåòñÿ èíâàðèàíòíîé îòíî�ñèòåëüíî ýòîãî ïðåîáðàçîâàíèÿ, ìîæíî îãðàíè÷èòü�ñÿ âû÷èñëåíèåì èíòåãðàëà ïî îáëàñòè, îãðàíè÷åí�íîé êðèâîé (OAC), à îêîí÷àòåëüíûé ðåçóëüòàò óäâî�èòü (ñì. ðèñ. 9).Àíàëîãè÷íûì îáðàçîì, ìîæíî îáíàðóæèòü, ÷òîïîäûíòåãðàëüíàÿ �óíêöèÿ îêàçûâàåòñÿ ñèììåòðè÷�íîé îòíîñèòåëüíî çàìåíû u ! v, v ! u. Ïî ýòîéïðè÷èíå ìîæíî ïðîâåñòè èíòåãðèðîâàíèÿ ïî îáëà�ñòè u > �, à îêîí÷àòåëüíûé ðåçóëüòàò óìíîæèòü íà÷åòûðå.Èñõîäÿ èç ýòèõ ñîîáðàæåíèé, ìû ïîëó÷àåì äâàèíòåãðàëà. Ïåðâûé èíòåãðàë áåðåòñÿ ïî òðåóãîëüíîéîáëàñòè:J1(�) == '1(�)Z0 8<: uZ0 W (u; v; �) d�p(os(u)+ os(�))2�(�� os(u) os(�))29=;�� du; (B.4)ãäå '1(�) = aros �p1 + �� 1�.Âòîðîé èíòåãðàë áåðåòñÿ ïî îáëàñòè, îãðàíè÷åí�íîé êðèâîé f(u), êîòîðàÿ îïðåäåëåíà â (B.3):J2(�) == '2(�)Z'1(�) 8><>: f(u)Z0 W (u; v; �) dvp(os(u)+ os(v))2�(�� os(u) os(v))29>=>;�� du; (B.5)ãäå '2(�) = � � aros ((1� �)=2). Îáëàñòü èíòåãðè�ðîâàíèÿ ïðåäñòàâëåíà íà ðèñ. 9a.Â îáùåì ñëó÷àå ïðè 0 < � < 3: òî÷êå A ñîîòâåò�ñòâóþò êîîðäèíàòû u = v = aros �p1 + �� 1�, òî÷�êå B � êîîðäèíàòû (u = aros �p1 + �� 1�, v = 0),

òî÷êå C � êîîðäèíàòû (u = � � aros ((1� �)=2),v = 0).Â ñëó÷àå îòðèöàòåëüíûõ ��1 < � < 0, â êà÷åñòâåãðàíè÷íûõ êðèâûõ ìû èñïîëüçóåì îáëàñòè, îãðàíè�÷åííûå äâóìÿ êðèâûìè (ñì. ðèñ. 9á ):v = f3(u) = aros� os(u) + ��1 + os(u)� ;v = f4(u) = � + aros� os(u)� �1 + os(u)� ; (B.6)êîòîðûå ïåðåñåêàþòñÿ â ñèììåòðè÷íûõ òî÷êàõ�aros(p��; � � aros(p�� � è �� � aros(p�� ,aros(p�� �.Åñëè ó÷åñòü èíâàðèàíòíîñòü ïîäûíòåãðàëüíîé�óíêöèè îòíîñèòåëüíî ïðåîáðàçîâàíèé u ! � � u,v ! ��v, à òàêæå îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ñèì�ìåòðèè u! v, v ! u, òî äîñòàòî÷íî âû÷èñëèòü òðèèíòåãðàëà. Ïåðâûé èíòåãðàë áåðåòñÿ ïî òðåóãîëüíîéîáëàñòè:R1(�) ==  1(�)Z0 8<: uZ0 W (u; v; �) dvp(os(u)+ os(v))2�(�� os(u) os(v))29=;�� du; (B.7)ãäå  1(�) = � � aros �p1 + �� 1�.Âòîðîé èíòåãðàë áåðåòñÿ ïî îáëàñòè, îãðàíè�÷åííîé ïåðâîé êðèâîé f3(u), êîòîðàÿ îïðåäåëåíàâ (B.6):R2(�) ==  2(�)Z 1(�) 8><>: f3(u)Z0 W (u; v; �) dvp(os(u)+ os(v))2�(�� os(u) os(v))29>=>;�� du; (B.8)ãäå  2(�) = � � arosp��.Òðåòèé èíòåãðàë áåðåòñÿ ïî îáëàñòè, îãðàíè�÷åííîé âòîðîé êðèâîé f4(u), êîòîðàÿ îïðåäåëåíàâ (B.6):R3(�) ==  3(�)Z 2(�) 8><>: f4(u)Z0 W (u; v; �) dvp(os(u)+ os(v))2�(�� os(u) os(v))29>=>;�� du; (B.9)ãäå  3(�) = ��aros [(1� �)=2℄. Îáëàñòü èíòåãðèðî�âàíèÿ ïðåäñòàâëåíà íà ðèñ. 9á.1280
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