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A NEW EXOTIC STATE IN AN OLD MATERIAL: A TALE OF SmB6M. Dzero a, V. Galitski b*aDepartment of Physi
s, Kent State University, Kent, OH 44242, USAbCondensed Matter Theory Center and Department of Physi
s,University of Maryland, College Park, MD 20742, USARe
eived April 26, 2013Dedi
ated to the memory of Professor Anatoly LarkinWe review 
urrent theoreti
al and experimental e�orts to identify a novel 
lass of intermetalli
 4f and 5f orbitalmaterials in whi
h strong intera
tions between itinerant and predominately lo
alized degrees of freedom givesrise to a bulk insulating state at low temperatures, while the surfa
e remains metalli
. This e�e
t arises due toinversion of even-parity 
ondu
tion bands and odd-parity very narrow f -ele
tron bands. The number of bandinversions is mainly determined by the 
rystal symmetry of a material and the 
orresponding degenera
y ofthe hybridized f -ele
tron bands. For an odd number of band inversions, the metalli
 surfa
e states are 
hiraland therefore remain robust against disorder and time-reversal invariant perturbations. We dis
uss a numberof unresolved theoreti
al issues spe
i�
 to topologi
al Kondo insulators and outline experimental 
hallenges inprobing the 
hiral surfa
e states in these materials.DOI: 10.7868/S00444510130901011. INTRODUCTIONIn the past ten years, resear
hers have been fas-
inated with a pe
uliar kind of materials: topologi
alinsulators [1�6℄. These materials host spin-momentum-lo
ked (i. e., 
hiral) metalli
 surfa
e states, whi
h al-low them to remain robust to time-reversal invari-ant perturbations [7�13℄. In addition, these materi-als, when brought into 
onta
t with s-wave super
on-du
tors, support Majorana fermions that are their ownantiparti
les [14, 15℄. The 
ombination of these prop-erties makes topologi
al insulators promising platformsfor spintroni
s and quantum 
omputing appli
ations.At the same time, these materials, whi
h have beenproved to possess topologi
ally prote
ted metalli
 sur-fa
e states, have signi�
ant bulk 
ondu
tivity [16�19℄.In this sense they are therefore not ideal topologi
alinsulators.One promising route to the dis
overy of ideal topo-logi
al insulators is to examine materials with strongele
tron�ele
tron intera
tions. First, the ele
tron 
or-relations may fully suppress the bulk 
ondu
tivity. Se
-ond, ele
troni
 intera
tions may signi�
antly enhan
e*E-mail: galitski�physi
s.umd.edu

the spin�orbit 
oupling, whi
h is responsible for the in-version of the bands with opposite parity. In weakly
orrelated Bi-based topologi
al insulators, spin�orbit
oupling inverts the s- and p-bands. In 
orrelated topo-logi
al insulators, we expe
t bands with higher orbitalnumbers, either p- and d-orbitals or s-, d-, and f -orbi-tals, to invert. For example, a topologi
al Mott insu-lating state has been theoreti
ally predi
ted for d-orbi-tal pyro
hlore irridates within the extended Hubbardmodel on a honey
omb latti
e [20�24℄, while inversionbetween Os d-bands and Ce f -bands leads to a topolog-i
al insulator in �lled skutterudites [25℄ and the generaltwo-dimensional Kondo system where topologi
al insu-lating state is hidden inside the ferromagneti
 metalli
state [26℄. It is also worth mentioning the theoreti-
al realization of various intera
tion-driven topologi
alphases in ultra
old atom systems and graphene [27�29℄.In this arti
le, we fo
us on re
ent theoreti
al andexperimental breakthroughs in the sear
h for the idealtopologi
al insulator in higher orbital systems. Thespe
ial attention is given to the already existing f -orbi-tal materials [30℄, su
h as CeNiSn, Ce3Bi4Pt3, YbB12,and SmB6. These materials, whi
h are 
alled Kondo in-sulators, have all the ne
essary features needed for real-izing topologi
al behavior: strong spin�orbit 
oupling,strong ele
tron�ele
tron intera
tions, and orbitals with574



ÆÝÒÔ, òîì 144, âûï. 3 (9), 2013 A new exoti
 state in an old material : : :Table. Strength of the Hubbard intera
tion U andspin�orbit 
oupling � depending on the orbital statetype4d 5d 4f 5fU , eV 1.5 1 1.7 2.1�, eV 0:1; : : : ; 0:2 0:4; : : : ; 0:6 0:7; : : : ; 1 1; : : : ; 2opposite parity (see Table). The strong spin�orbit 
ou-pling is inherent in f -ele
tron systems and guaranteesthe inversion of the bands at the high-symmetry pointsin the Brillouin zone. The predominantly lo
alized
hara
ter of the f -ele
trons furnishes a strong Coulombrepulsion between them, while hybridization betweenthe even-parity 
ondu
tion ele
trons and f -ele
tronsleads to the emergen
e of the hybridization gap. In-terestingly enough, the onset of the hybridization gap,observed by Raman spe
tros
opy in some Kondo insu-lators, has 
lear features of a se
ond-order phase transi-tion. In any 
ase, the opening of the hybridization gapdoes not guarantee an insulating gap, of 
ourse. But inKondo insulators, the total number of 
ondu
tion andf -ele
trons per unit 
ell is even and, 
onsequently, itimmediately follows that Kondo insulators are strongly
orrelated analogues of band insulators.This arti
le is organized as follows. In the nextse
tion, we review the theoreti
al models that leadto the original predi
tion [31℄ that Kondo insulatorswith tetragonal or orthorhombi
 
rystalline symmetries
an naturally be
ome a host to topologi
ally prote
tedmetalli
 surfa
e states. Se
tion 3 is devoted to the re-view of re
ent experimental and theoreti
al e�orts to-ward the understanding of the physi
s of 
ubi
 topo-logi
al Kondo insulators and, spe
i�
ally, SmB6. InSe
. 4, we dis
uss open questions, the answers to whi
hwill deepen our understanding of topologi
al Kondo in-sulators. We summarize the 
urrent status of the �eldand present our 
on
lusions in Se
. 5.2. THEORIES OF TOPOLOGICAL KONDOINSULATORSIn this se
tion, we review the re
ent theories oftopologi
al Kondo insulators. We 
onsider the 
asewhere the f -ion is in tetragonal 
rystalline �eld en-vironment and review the theoreti
al results obtainedfor this 
ase �rst. We then pro
eed with the dis
ussionof the theories for 
ubi
 topologi
al Kondo insulators,whi
h are relevant for SmB6, YbB12, and Ce3Bi4Pt3materials.

2.1. Tetragonal topologi
al Kondo insulatorsThe minimal model of Kondo insulators must in-volve 
ondu
tion and strongly 
orrelated f -ele
tronsas well as hybridization between them. Before we writethe 
orresponding periodi
 Anderson model, we need tospe
ify the f -ele
tron states. Sin
e most of the tetrago-nal systems that are insulating or semi-metalli
 
ontainCe, we 
onsider the model for the Ce ion in a state withthe total angular momentum J = 5=2. The six-fold de-generate multiplet is then split into the three Kramersdoublets with the eigenve
tors written 
onveniently interms of the eigenve
tors of the angular momentumproje
tion operator Ĵz as [32℄j� = �1i = j � 1=2i;j� = �2i = 
os�j � 5=2i � sin�j � 3=2i;j� = �3i = sin�j � 5=2i+ 
os�j � 3=2i; (1)where the angle � determines the degree of mixing be-tween the 
orresponding orbitals. These eigenve
tors
an be 
onveniently expressed in terms of the spin partof the ele
tron wave fun
tion �� asj�i = 5=2XM=�5=2B�Mp4� 3Xm=�3AMlm� jm; li��; (2)where AMlm� are the Clebs
h�Gordan 
oe�
ients andB�M are some known 
onstants determined from the
rystalline ele
tri
 �eld (CEF) potential.The minimal model Hamiltonian for the tetragonalKondo insulator then takes the form [31�33℄Ĥ =Xk� �k
̂yk� 
̂k� ++Xk� "(f)k f̂yk�f̂k� +Xk�� �V �k��f̂yk�
̂k� +H.
.�++ 12Uff Xi;�6=�0 f̂yi�f̂i�f̂yi�0 f̂i�0 ; (3)where 
̂yk� 
reates an ele
tron in the 
ondu
tion band ina plane-wave state with the momentum k, spin � ="; #and energy �k (relative to the 
hemi
al potential of the
ondu
tion band), while f̂yk� 
reates an f -ele
tron ina state with momentum k and the multiplet 
ompo-nent � in (1) and the energy "(f)k . We note that thebandwidth of the f -ele
trons is mu
h smaller than theone for the 
ondu
tion ele
trons. The third term in (3)des
ribes the momentum-dependent hybridization be-tween the 
ondu
tion and f -ele
trons, while the lastterms a

ounts for strong lo
al 
orrelations between thef -ele
trons on site i. This last terms is important be-
ause it leads to the lo
al moment formation.575



M. Dzero, V. Galitski ÆÝÒÔ, òîì 144, âûï. 3 (9), 2013It is very intuitive that the momentum depen-den
e of the hybridization amplitude determines theanisotropy of the hybridization gap, whi
h be
omes aninsulating gap if the total number of ele
trons per unit
ell is even. Formally, the momentum dependen
e ofVk�� 
an be written in terms of the spheri
al harmoni
fun
tions [32, 34℄:Vk�� = 5=2XM=�5=2B�Mp4�Vkl 3Xm=�3AMlm� ~Y ml (k); (4)where Vkl are the matrix elements, whi
h 
an be ex-pressed in terms of the 
orresponding Slater�Kostermatrix elements [35℄. We note that the values of themomentum in (4) are de�ned everywhere in the Bril-louin zone and~Y ml (k) = 1Z XR6=0Y ml (R̂)eik�R (5)is a tight-binding generalization of the spheri
al Har-moni
s that preserves the translational symmetry ofthe hybridization, Vk = Vk+G, where G is a re
ipro
allatti
e ve
tor [31, 34℄. Here, R are the positions of theZ nearest-neighbor sites around the magneti
 ion.The low-energy properties of the model in (3) 
anbe analyzed by the using the following 
onje
ture: thee�e
t of the lo
al 
orrelations between the f -ele
tronsleads to the renormalization of the hybridization am-plitude and a shift of the f -energy level:"(f)k� ! ~"(f)k� = Zk� �"(f)k� +���(k; ! = 0)� ;jVk�� j ! jeVk�� j =pZk�jVk�� j; (6)where the renormalization fa
tor Zk� is determined bythe f -ele
tron self-energy part ���(k; !):Zk� = �1� ����(k; !)�! ��1!=0 : (7)Then the low-energy model 
an be diagonalized, yield-ing a band stru
ture that 
onsists of two doubly de-generate bands separated by the momentum-dependentenergy gap �k given by�2k = 12Tr[V ykVk℄; (8)where we suppressed the spin and orbital indi
es forbrevity. Sin
e the total number of ele
trons per unit
ell is even, the lowest two bands are guaranteed tobe fully o

upied, and we have a band insulator if �kdoes not have nodes anywhere in the Brillouin zone

apart from the high-symmetry points, where it van-ishes be
ause V�k;�� = �Vk;�;�. Analysis of the mo-mentum dependen
e of �k shows that for � = �2;�3,the fun
tion �k vanishes at kz = �k, i. e., the gaphas two point nodes [32℄. Therefore, hybridization andinsulating gap always open for � = �1=2, 
orrespond-ing to a ground-state multiplet with Jz = �1=2. Wenote in passing that for systems with lower symmetry(i. e., orthorhombi
), the ground-state Kramers doubletis given by a linear 
ombination of states (1). In this
ase, although Jz = �1=2 is nodeless, it 
an be shownthat the hybridization gap a
quires nodes at some �-nite values of the momentum k (see the dis
ussion inRef. [32℄ for the details).The parity at a high-symmetry point 
an be deter-mined by Æm = sign(�k�m � ~"(f)k�m) [1; 6; 31; 34℄. Four in-dependent Z2 topologi
al indi
es (�0; �1�2�3) [36℄, onestrong (a = 0) and three weak indi
es (a = 1; 2; 3) 
anbe 
onstru
ted from Æm as follows.(i) The strong topologi
al index is the produ
t ofall eight Æms:ISTI = (�1)�0 = 8Ym=1 Æm = �1:(ii) By setting kj = 0 (where j = x; y, z), threehigh-symmetry planes Pj = fk : kj = 0g are formedthat 
ontain four high-symmetry points ea
h. Theprodu
t of the parities at these four points de�nes the
orresponding weak topologi
al indexIaWTI = (�1)�a = Ykm2Pj Æm = �1; a = 1; 2; 3;with integers 
orresponding to the axes x; y, and z. Theexisten
e of the three weak topologi
al indi
es in 3D isrelated to a Z2 topologi
al index for 2D systems (a weak3D topologi
al insulator is similar to a sta
k of 2D Z2topologi
al insulators). Be
ause there are three inde-pendent ways to sta
k 2D layers to form a 3D system,the number of independent weak topologi
al indi
es isalso three. A 
onventional band insulator (BI) has allof the four indi
es, ISTI = IxWTI = IyWTI = IzWTI = +1or equivalently (0;000). An index I = (�1) (�a = 1)indi
ates a Z2 topologi
al state with an odd number ofsurfa
e Dira
 modes. In a tetragonal Kondo insulatorthe inversion index Æm of a parti
ular high-symmetrypoint m is negative if the 
ondu
tion band is belowthe f -band: �k�m < ~"(f)k�m . Hen
e, if �k�m=0 < ~"(f)k�m=0 atthe � point, while the remaining high-symmetry pointsremain inert, �k�m 6=0 > ~"(f)k�m , then ISTI = �1, and there-fore the tetragonal Kondo insulator is a strong topolog-i
al insulator (STI), robust against disorder (Fig. 1a).576
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Fig. 1. Two topologi
ally distin
t states 
an be realizedin our model of tetragonal topologi
al Kondo insulators.The �rst one has the topologi
al invariant � = (1; 000)and 
orresponds to a strong topologi
al insulator. These
ond one has the topologi
al invariant � = (0; 111)Weak topologi
al insulators (WTIs) and topologi
allytrivial insulators 
an in prin
iple be found for di�erentband stru
tures and di�erent values of ~"(f)k�m=0 (Fig. 1b ).We 
an go beyond the phenomenologi
al des
riptiondes
ribed above and resort to a more mi
ros
opi
 ap-proa
h. Spe
i�
ally, we 
an 
onsider the limit Uff !1and work in the restri
ted phase spa
e by proje
tingout the doubly o

upied f -states. Formally, this is a
-
omplished by introdu
ing the slave boson operators[37�41℄. Then the mean-�eld analysis of the resultingmodel 
an be made by repla
ing the slave boson op-erators by a number, whi
h must be determined self-
onsistently. The mean-�eld theory is 
ontrolled bythe degenera
y of the f -orbital multiplet. The large-Nmean-�eld for analysis the tetragonal Kondo insulatorhas been done in [42℄ and also in [43℄. The results ofthe slave-boson mean-�eld theory generally agree withthe phenomenologi
al approa
h for N = 2 (Fig. 2a).In Ref. [43℄, the mean-�eld diagram has also been ob-tained for N > 2 (Fig. 2b,
). Interestingly, it was foundthat the WTI state is suppressed as the degenera
yof the f -multiplet in
reases, and only the STI state ispresent for N = 6. This result indi
ates that the STIstate should be preferred for higher-symmetry, i. e., 
u-bi
, systems. We return to this observation when wedis
uss the 
ubi
 topologi
al Kondo insulators below.The phenomenologi
al and mean-�eld models dis-
ussed so far assume that the intera
tion between f -ele
trons is in�nitely large. How do the results 
hangeif we 
onsider �nite values of Uff? Can we study theevolution of the topologi
al state as a fun
tion of Uff ?In other words, 
an a Kondo insulator be adiabati
ally
onne
ted to a non-intera
tion band insulator? Thisand related questions have been re
ently addressed byWerner and Assaad [44℄ by using the dynami
al mean-

ab
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nfnf
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Fig. 2. Large-N mean-�eld theory results for the topo-logi
al Kondo insulator [43℄. (a) Phase diagram 
al
u-lated for a doubly degenerate f -ion multiplet, N = 2,as a fun
tion of the average ele
troni
 o

upation ofthe f -level, 0 � nf � 1. In the lo
al moment regime,nf � 1, the weak topologi
al insulator (WTI) with thetopologi
al invariant � = (0; 111) is realized. In themixed-valen
e regime, nf � 1, the Kondo insulator is astrong topologi
al insulator (STI) with the topologi
alinvariant given by � = (1; 111). When the hybridiza-tion between the 
ondu
tion and f -ele
trons be
omeseven stronger, the material is a trivial or band insula-tor (BI), � = (0; 000). (b ) and (
) Phase diagram forN = 4 and N = 6 
orrespondingly. Note that the WTIstate disappears as the degenera
y of the f -multipletin
reases�eld theory (DMFT) to analyze the 2D Kondo insula-tors.The physi
al properties of the model des
ribed bythe Anderson latti
e Hamiltonian in (3) 
an be 
ap-tured, in parti
ular, by the single-parti
le propagators.The self-energy 
orre
tions in the single-parti
le 
or-relation fun
tions are governed by the Hubbard repul-sion between the f -ele
trons. Generally, the f -ele
tronself-energy part depends on both momentum and fre-quen
y. Within the DMFT, however, a single f -ele
t-ron site version of the latti
e model in (3) is 
onsidered,whi
h allows 
omputing the single-parti
le and higher-order 
orrelation fun
tions exa
tly [45℄. Consequently,the self-energy parts, whi
h en
ode the 
orrelation be-tween the f -ele
trons, are all momentum independent.Then the self-energy parts for the 
ondu
tion and f -ele
trons 
orresponding to the latti
e problem 
an bedetermined self-
onsistently from the solution of theimpurity problem.Interestingly, Werner and Assaad have found [44℄that in
reasing the strength of the Hubbard intera
tionleads to a series of transitions from the normal insulator9 ÆÝÒÔ, âûï. 3 (9) 577
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Fig. 3. Dynami
al mean �eld theory phase diagram forthe 2D Kondo insulator (adopted from Ref. [44℄). Asthe strength of the Hubbard intera
tion Uff betweenthe f -ele
trons in
reases, there are three topologi
allydistin
t insulating states. A band insulator (BI) is re-alized for small (
ompared to the 
ondu
tion ele
tronbandwidth) values of Uff . A topologi
al insulator (TI)with band inversion at the � point sets in for interme-diate values of Uff . When the intera
tion strength Uffin
reases further, this state is superseded by a topolog-i
ally nontrivial �-TI state: in this state, bands of theopposite parity invert at the X points of the 2D Bril-louin zone. At the boundaries between topologi
allydistin
t states, the system is semimetalli
(small Uff ) into a STI with the in-gap state 
rossingthe Fermi level at the � point, and then into anotherSTI, in whi
h the in-gap states 
ross the Fermi level atthe X point (Fig. 3). These results 
learly indi
ate thatthe previously developed 
on
ept of adiabati
 
onne
-tion between un
orrelated band insulators and strongly
orrelated Kondo insulators [46℄ does not hold at leastfor the two-dimensional Kondo latti
e. It remains tobe veri�ed, of 
ourse, whether this 
on
lusion holds fora 3D Kondo insulator. In 
on
lusion, we note thattrue tetragonal Kondo insulators are still to be exper-imentally dis
overed, be
ause until now, the Ce-basedtetragonal �Kondo insulators�, su
h as CeNiSn [47℄ andCeRuSn6 [48℄, be
ome semimetals upon improving thesample quality.2.2. Cubi
 topologi
al Kondo insulatorsKondo insulators 
onsistently show insulating be-havior in transport measurements � most notably,SmB6, YbB12, and Ce3Bi4Pt3 � are all 
ubi
. In this

Sm

B

Fig. 4. Crystal stru
ture of SmB6. The Sm ions are atthe 
enter of the unit 
ell and are surrounded by o
ta-hedrons of boron ions lo
ated at the 
orners of the unit
ellse
tion, we review the re
ent theories of 
ubi
 topo-logi
al Kondo insulators, using samarium hexaborideas a spe
i�
 example [49�51℄. We note, however, thatthe model that we dis
uss below should also hold forCe3Bi4Pt3, although some parameters 
an be di�erent.The magneti
 valen
e 
on�guration of the Sm ion
orresponds to the state with the total angular momen-tum J = 5=2. The six-fold degenerate Sm multiplet issplit by 
ubi
 
rystal �elds into the �7 Kramers doubletand a �8 quartet. Consequently, the eigenstates of the
ubi
 
rystalline �eld Hamiltonian are given byj�7;�i =r16 j � 5=2i �r56 j � 3=2i;j�(1)8 ;�i =r56 j � 5=2i+r16 j � 3=2i;j�(2)8 ;�i = j � 1=2i: (9)If �7 is the ground-state multiplet, the system is asemimetal be
ause the hybridization gap has nodes inthe Brillouin zone [32℄. Thus, for an insulating state,we ne
essarily need �8 to be the ground-state multi-plet. This appears to be indeed the 
ase for SmB6 (aswell as for Ce3Bi4Pt3), as is eviden
ed by inelasti
 neu-tron s
attering experiments and Raman spe
tros
opy[52�55℄.SmB6 has a 
ubi
 CsCl-like 
rystal stru
ture(Fig. 4), with the B6 
lusters lo
ated at the 
enter ofthe unit 
ell. From band-theory 
al
ulations [50, 56℄,the B6 
lusters a
t as spa
ers that mediate ele
tron578
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 state in an old material : : :hopping between Sm sites, but are otherwise inert.In addition to the band stru
ture results, X-rayphotoemission spe
tros
opy (XPS) of SmB6 [54℄ indi-
ates that the 
ondu
tion bands that hybridize withthe lo
alized 4f -orbitals are 5d-states, whi
h formele
tron po
kets around the X points. In parti
ular,the physi
s of the 4f -orbitals is governed by valen
e�u
tuations involving ele
trons of the �8 quartet andthe 
ondu
tion eg-hole states, 4f5 
 4f6 + h. The
ondu
tion states must be dx2�y2 and d3z2�r2 orbitalsof the eg symmetry. Sin
e the lowest-lying state mustbe a quartet, we immediately 
on
lude that the bandinversion o

urs an odd number of times and the 
ubi
Kondo insulator must be a strong topologi
al insulatorfor a moderate value of the hybridization [51℄. Indeed,at the � point, both d and f -bands remain four-folddegenerate, su
h that the � point remains topologi
allyinert.Re
ently, Takimoto [49℄ performed the low-energyanalysis of the Anderson Kondo latti
e model in (3)properly generalized to take the realisti
 band stru
-ture of SmB6 into a

ount. Spe
i�
ally, the 
ondu
-tion and f -ele
tron spe
trum have been derived usingthe tight-binding approximation to the next-nearest-neighbor approximation. We emphasize that the next-nearest-neighbor hopping is needed in order to ob-tain the minimum of the 
ondu
tion bands at the Xpoints of the Brillouin zone. The hybridization partof the Hamiltonian has also been derived using thetight-binding approximation restri
ted to the nearestneighbors only. This approximation 
an be justi�ed bynoting that the orbital momentum �l = �1 is trans-ferred from the 
ondu
tion d-states to the f -states inthe pro
ess of hybridization. The phenomenologi
alanalysis similar to the one in Ref. [31℄ of the resultingmodel shows that SmB6 is a strong topologi
al insula-tor. An important 
on
lusion drawn from the results inRef. [49℄ is that as a 
onsequen
e of the band inversionat the X points, there are three Dira
 
ones on the sur-fa
es perpendi
ular to the main symmetry axes. A sub-sequent �rst-prin
iple study based on the lo
al densityapproximation (LDA) plus the Gutzwiller method [50℄has 
on�rmed the results of the phenomenologi
al the-ory [49℄.Most re
ently, Alexandrov, Dzero, and Coleman(ADC) formulated a general model for the 
ubi
 topo-logi
al Kondo insulators [51℄. The ADC model for thethree-dimensional Kondo insulator 
an be derived froman e�e
tive (Uff ! 1) model for the one-dimensionalKondo insulator by applying a series of unitary trans-formations. Spe
i�
ally, we 
onsider the quartet off - and d-holes des
ribed by an orbital and a spin in-

dex, denoted by the 
ombination � � (a; �) (a = 1; 2,� = �1). Consequently, the d- and f -states are thendes
ribed by the eight-
omponent spinor	j =  d�(j)X0�(j)! ; (10)where d�(j) destroys a d-hole at site j, while X0�(j) == j4f6ih4f5; �j is the Hubbard operator that destroysan f -hole at site j. The tight-binding Hamiltonian de-s
ribing the hybridized f�d system is thenH =Xi;j 	y�(i)h��0(Ri �Rj)	�0(j); (11)where the nearest hopping matrix has the stru
tureh(R) =  hd(R) V (R)V y(R) hf (R)! : (12)Here, the diagonal elements des
ribe hopping withinthe d- and f -quartets and the o�-diagonal parts de-s
ribe the hybridization between them, and R 22 (�x̂;�ŷ;�ẑ) is the ve
tor linking nearest neighbors.The various matrix elements simplify for hopping alongthe z axis, where they be
ome orbitally and spin diag-onal:hl(z) = tl 1 �l! ; V (z) = iV  0 �z! : (13)Here, l = d; f and �l is the ratio of orbital hoppingelements. In the foregoing, the overlap between the�(1)8 orbitals that extend perpendi
ular to the z axis isnegle
ted, sin
e the hybridization is dominated by theoverlap of the the �(2)8 orbitals that extend out alongthe z axis. The hopping matrix elements in the x andy dire
tions are then obtained by rotations in the or-bital/spin spa
e. Su
h thath(x) = Uyh(z)U yy ; h(y) = U�xh(z)U y�x;where Uy and U�x respe
tively denote 90Æ rotationsabout the y and negative x axes. By 
onstru
tion,the hopping terms hd;f (k) in Hamiltonian (11) 
ouldhave been alternatively obtained from the tight-bindingapproximation within the nearest-neighbor approxima-tion. But it is important to keep in mind that the
orre
t band stru
ture for SmB6 is still re
overed byproperly 
hoosing the ratio between the 
orrespondinghopping amplitudes [51℄.Furthermore, the Fourier-transformed hopping ma-tri
es h(k) =XR h(R)e�ik�R579 9*
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an be written in the 
ompa
t formhl(k) == tl �1(k)+�l�2(k) (1��l)�3(k)(1� �l)�3(k) �2(k)+�l�1(k)!+�l; (14)where l = d; f . Here, �l are the bare energies of theisolated d- and f -quartets, and�1(k) = 
x + 
y + 4
z; �2(k) = 3(
x + 
y);�3(k) = p3(
x � 
y) (
� = 
os k�; � = x; y; z):The hybridization is given byV (k) = V6  3(��x + i��y) p3(��x � i��y)p3(��x � i��y) ��x + i��y + 4��z! ; (15)where we set ��� = �� sin k�. Naturally, the hybridiza-tion between the even-parity d-states and odd-parityf -states is an odd-parity fun
tion of the momentum,V (k) = �V (�k).The model in (11) has been analyzed using the sla-ve-boson mean-�eld approximation and it was shownthat the 
ubi
 Kondo insulator is an STI, in 
ompleteagreement with previous works [49, 50℄. Furthermore,ADC have shown that the STI state extends well intothe lo
al moment regime, similarly to the results formthe large-N theory for tetragonal Kondo insulators (seeFig. 2
). Lastly, we emphasize that the pro
edure forobtaining the e�e
tive model for a 
ubi
 Kondo insu-lator [51℄ 
an be easily generalized to various types of
ondu
tion orbitals and 
an therefore be used to an-alyze the topologi
al properties of the band stru
turefor other 
ubi
 Kondo insulators su
h as YbB12 andCe3Bi4Pt3.3. EXPERIMENT: SAMARIUM HEXABORIDEIn this se
tion, we present a brief overview of ex-periments on the 
anoni
al Kondo insulator SmB6 [57℄.There exists a vast amount of experimental literatureon this material, whi
h merits a separate review paper.Here, we fo
us on dis
ussing the experimental proper-ties of importan
e for possible realization of topologi-
ally prote
ted 
hiral surfa
e states.SmB6 is the �rst known and most experimentallystudied heavy-fermion semi
ondu
tor [57℄. At hightemperatures, SmB6 is a metal with the magneti
sus
eptibility showing the Curie�Weiss-like behavior,� � 1=T , signaling the existen
e of lo
al magneti
 mo-ments originating from the Sm f -ele
trons. At low tem-peratures T � T
oh � 50 K, SmB6 is a narrow-gap

semi
ondu
tor with a weakly temperature-dependentmagneti
 sus
eptibility [30, 33℄. Furthermore, the av-erage ele
troni
 o

upation of the Sm f states is non-integer and varies between the Sm2+ (4f6) and Sm3+(4f55d) 
on�gurations. This mixed-valen
e state ap-pears as a result of strong hybridization between the5d and 4f Sm ele
trons [56℄, whi
h also leads to for-mation of the hybridization gap Eh � 10 meV and themany-body insulating gap at Eg � 5 meV.Most importantly, the saturation of resistivity attemperatures below T � � 5 K was 
onsistently ob-served independently by many groups [46℄. Resistivi-ty saturation was initially interpreted as an extrinsi
e�e
t due to formation of the impurity band. Howe-ver, almost ten years after the initial dis
overy [57℄,Allen, Batlogg and Wa
hter [58℄ argued based on theHall 
oe�
ient data that the observed values of 
on-du
tivity were too small for a metalli
-like system.Moreover, with subsequent a

umulation of the exper-imental data, it be
ame 
lear that this is an intrin-si
 ele
troni
 e�e
t, although the 
ontroversy regard-ing the intrinsi
 or extrinsi
 origin of the e�e
t re-mained. This 
ontroversy was mainly resolved withpressure experiments [59; 60℄, whi
h have shown thatfor the pressure above p� � 45 kbar, the SmB6 re-
overs its metalli
 properties. Interestingly, it was ob-served in [59℄ that the states 
ontributing to low-T
ondu
tivity dominate the transport up to su�
ientlyhigh temperatures when the transport gap be
omesfully suppressed, whi
h means that these states mustbe an intrinsi
 property of the system. Transportmeasurements under pressure and the applied mag-neti
 �eld as large as 18 T have shown the negativemagnetoresistan
e [��(H)=�(H = 0)℄p<p� / �H2at small pressure, while for pressures above p�, themagnetoresistan
e be
omes positive and in
reases as[��(H)=�(H = 0)℄p>p� / H3=2. The a
tivation gap,on the other hand, is very weakly dependent on themagneti
 �eld, whi
h indi
ates, albeit indire
tly, thatthe �8 quartet is the ground-state multiplet for Sm3+ions, sin
e it has the smallest value of the g-fa
tor,g�8 = 2=7 [61℄.Sin
e the seminal paper [58℄, the puzzle of tempe-rature-independent resistivity below T � be
ame 
learlyre
ognized and its origin remained mysterious for al-most thirty years. It was nevertheless widely believedthat the low-temperature 
ondu
tivity in SmB6 orig-inates primarily from the bulk [62�66℄ and the sur-fa
e provides a signi�
antly smaller, if any, 
ontributionto 
ondu
tivity. From our 
urrent perspe
tive, this isquite remarkable, be
ause the �rst topologi
al insula-tor 
ould have been dis
overed almost 30 years ago, well580
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 state in an old material : : :before the dis
overy of the integer quantum Hall e�e
t!Nevertheless, it took many years until very re
ently toask the question whether the saturation of resistivitybelow 5 K in SmB6 is a purely surfa
e e�e
t. Motivatedby theoreti
al work [31℄, several groups [67�69℄ haveindependently addressed the issue of bulk vs surfa
e
ondu
tivity. The transport [67℄, Hall e�e
t [68℄, andtunneling [69℄ measurements and the angular-resolvedphotoemission spe
tros
opy (ARPES) [70℄ unambigu-ously showed that only the surfa
e of SmB6 is 
on-du
ting below T �. Furthermore, the surfa
e metalli
states remain surprisingly robust against variations inthe surfa
e quality.Thus, the results of the most re
ent experiments aremanifestly in support of the initial predi
tion [31℄ thatKondo insulators host topologi
ally prote
ted surfa
estates. Indeed, the robustness of the surfa
e states andthe fa
t that their appearan
e is 
orrelated with theemergen
e of the hybridization gap indi
ate that SmB6is a strong topologi
al insulator [49�51℄. However, a
ombination of high-resolution ARPES and tunnelingdata are needed to dire
tly 
on�rm the 
hirality of themetalli
 surfa
e states in SmB6.4. OPEN QUESTIONSThe theoreti
al and experimental results reviewedby us so far bring up a number of issues that need tobe understood. For example, the Raman spe
tros
opydata [54, 55℄ seem to indi
ate that opening of the hy-bridization gap in SmB6 happens in a way very similarto a se
ond-order phase transition, i. e., the hybridiza-tion gap plays a role of the mean-�eld order param-eter. Typi
ally, mean-�eld-like transitions assume awell-de�ned separation of energy s
ales, just like in 
on-ventional super
ondu
tors, for example, when the smallratio of the Debye frequen
y to the Fermi energy ren-ders the mean-�eld BCS theory extremely reliable. Inaddition, the mean-�eld-like onset of hybridization im-plies that the �u
tuations in Kondo insulators are mu
hweaker 
ompared with the metalli
 heavy-fermion sys-tems, whi
h 
alls for a better understanding of the �u
-tuations in heavy-fermion systems.Theoreti
ally, there is still an open problem of thestrong-
oupling des
ription of the topologi
al Kondoinsulators, similar to the Nozières Fermi-liquid pi
tureof the Kondo ground state [71℄. The progress towardsthe solution of that problem will signi�
antly deepenour understanding of the mi
ros
opi
 stru
ture of the
hiral states on the surfa
e of topologi
al Kondo insu-lators.

Finally, another set of questions 
on
erns Ce-basedheavy-fermion semi
ondu
tors that order antiferromag-neti
ally. These materials have a tetragonal 
rystalstru
ture, and it remains to be seen whether antiferro-magneti
 intera
tions promote the strong topologi
alinsulating state. The same applies to the possibilityof the o

uren
e of topologi
al states in heavy-fermionsuper
ondu
tors.5. CONCLUSIONS AND AN OUTLOOKAs the sear
h for an ideal topologi
al insulator 
on-tinues, we have 
ome to realizion that at least one idealtopologi
al insulator � samarium hexaboride � hasbeen dis
overed almost 30 years ago. Current theoriesof topologi
al Kondo insulators all show that the exis-ten
e of the 
hiral surfa
e states in f -orbital semi
on-du
tors is one of its fundamental signatures. Moreover,these states exist for the broad range of the system pa-rameters, su
h as the position of the f -ele
tron 
hem-i
al potential and the strength of the Hubbard inter-a
tion between the f -ele
trons. For 
ubi
 topologi
alKondo insulators, the only requirement is that the hy-bridization between the 
ondu
tion and the f -ele
tronsis strongest at the X orM high-symmetry points in theBrillouin zone. This guarantees an odd number of theband inversions and hen
e a strong topologi
al insula-tor.In re
ent years, we have witnessed a resurgen
eof theoreti
al and experimental a
tivity in the �eldof heavy-fermion semi
ondu
tors, and there remainslittle doubt that SmB6 is only the �rst topologi
alKondo insulator. The new potential 
andidates areYbB12 and Ce3Bi4Pt3 � materials with the physi
alpropeties very similar to those of SmB6. Topologi
alKondo insulators would present an ideal platform forin-depth transport studies of 
hiral surfa
e states. Inaddition, an interplay between the strong spin�orbit
oupling and ele
tron�ele
tron 
orrelations may opena way to study the broader range of e�e
ts related tothe nontrivial topologi
al stru
ture of the ele
troni
states in these materials. One possible dire
tion isthe sear
h for topologi
ally nontrivial states in Kondosemimetals. But the most important 
hallenge liesin developing new ways to probe the 
hirality of thesurfa
e metalli
 states, whether by spin-polarizedtunneling spe
tros
opy, by Kerr e�e
t measurements,or by radio-frequen
y and mi
rowave spe
tros
opy.We are grateful to V. Alexandrov, P. Coleman,J. P. Paglione, and K. Sun for the dis
ussions and581
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ollaborations on the problems dis
ussed in this pa-per. This work was �nan
ially supported by the OhioBoard of Regents Resear
h In
entive Program grantOBR-RIP-220573, Kent State University, and the U.S.National S
ien
e Foundation I2CAM International Ma-terials Institute Award, Grant DMR-0844115 (M. D.)and by DOE-BES DESC000191 (V. G.).Note added in proofs. When we have submittedthis paper, several important experimental works onSmB6 be
ame available. Neupane el al. [72℄ and Jianget al. [73℄ report high-resolution photoemission data.The results of these experiments are in agreementwith the theoreti
al 
al
ulations for the surfa
e states[49�51℄. What is more, Kim, Xia and Fisk have demon-strated [75℄ that doping of 3% of magneti
 impuritieson the surfa
e of SmB6 leads to a dramati
 in
reasein resistivity � quite 
ontrary to what is observed forthe same amount of doping with non-magneti
 ions.This result 
learly indi
ates that surfa
e states re-main robust agains the time-reversal invariant pertur-bations. Most re
ently, Xia group from UC Irvine haveshown [76℄ the weak antilo
alization features in trans-port properties of the surfa
e states in SmB6 imply-ing the presen
e of the strong spin-orbit 
oupling and,therefore, indire
t probe of the surfa
e ele
trons heli
i-ty. Combination of 
urrent theoreti
al and experimen-tal results unambiguously demonstrate that samariumhexaboride is indeed the �rst ideal topologi
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