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GENERAL FEATURES AND MASTER EQUATIONS FORSTRUCTURIZATION IN COMPLEX DUSTY PLASMASV. N. Tsytovi
h a*, G. E. Mor�ll b**aGeneral Physi
s Institute, Russian A
ademy of S
ien
e119991, Mos
ow, RussiabMax Plan
k Institute for Extraterrestrial Physi
sG-85740, Gar
hing, GermanyRe
eived February 24, 2011Dust stru
turization is 
onsidered to be typi
al for 
omplex plasmas. Homogeneous dusty plasmas are shown tobe universally unstable. The dusty plasma stru
turization instability is similar to the gravitational instability and
an results in 
reation of di�erent 
ompa
t dust stru
tures. A general approa
h for investigation of the nonlinearstage of stru
turization in dusty plasmas is proposed and master equations for the des
ription of self-organizedstru
tures are formulated in the general form that 
an be used for any nonlinear model of dust s
reening. Newe�e
ts due to the s
attering of ions on the nonlinearly s
reened grains are 
al
ulated: nonlinear ion dust dragfor
e and nonlinear ion di�usion. The physi
s of 
on�nement of dust and plasma 
omponents in the equilibriaof 
ompa
t dust stru
tures is presented and is supported by numeri
al 
al
ulations of master equations. Thene
essary 
onditions for the existen
e of equilibrium stru
tures are found for an arbitrary nonlinearity in dusts
reening. Features of 
ompa
t dust stru
tures observed in re
ent experiments agree with the numeri
ally
al
ulated ones. Some proposals for future experiments in spheri
al 
hamber are given.1. INTRODUCTIONComplex-dusty plasmas have been investigated in-tensively for about 15 years (see reviews [1�7℄). Theterm �
omplex plasmas� is used in the 
ase where dustgrains have large 
harges and intera
t strongly. Thislast e�e
t is of spe
ial interest for plasma 
rystals dis-
overed in 1964 [8�10℄, for physi
s of dust 
louds lev-itating above et
hing samples in the plasma et
hingpro
esses [11℄, and for dust in fusion devi
es [12�14℄.We here 
onsider the systems 
ontaining manygrains with large 
harges (the exa
t meaning of theterm �large dust 
harge� is given somewhat later). Forlarge dust 
harges, a new physi
s related to plasma�uxes on dust grains is important [5℄. We brie�y ex-plain the main new features in 
omplex-dusty plas-mas in the 
ase where the dust 
harges are large (in
urrent experiments, the dust 
harge in the units ofele
tron 
harge, Zd, rea
hes the value 104�105 or evenlarger). The results obtained previously, for example,in the approa
hes in [4; 15℄, using investigations of a*E-mail: tsytov�lpi.ru**E-mail: gem�mpe.mpg.de

single dust grain in plasmas, often 
annot be trans-ferred to a 
olle
tion of many dust grains with large
harges. The dust 
harges in plasmas are usually 
re-ated by plasma �uxes, whi
h in
rease with an in
reasein the grain 
harge. Stationary grain 
harges should besupported by the presen
e of 
ontinuous ele
tron andion �uxes with ele
tron�ion re
ombination inside or onthe surfa
e of the grains. In stationary 
onditions, thepro
ess of plasma absorption on grains should be 
om-pensated by plasma produ
tion by ionization pro
esses.The ionization pro
ess 
an either exist far from grainsor be homogeneous in spa
e. In the �rst 
ase (due tothe 
ontinuity of �uxes), the �ux absorbed on somegrain should be present far from this grain at distan
esabout �s
r=a � 1 times larger than the grain 
harges
reening length �s
r (a is the grain size). In mostlaboratory 
onditions, many grains are present insidesu
h large radius and obey the drag for
es produ
edby plasma �uxes of di�erent grains within this radius.Thus, the grain intera
tions are extended to distan
esmu
h longer than the s
reening distan
e and are de-termined by �uxes produ
ed by many grains. For anenhan
ed 
on
entration of grains in some spa
e region211
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olle
tion), the total �ux should have the aver-aged 
omponent dire
ted toward the grain 
olle
tionand by its ram pressure 
an in
rease the grain den-sity enhan
ement. On
e the grain density enhan
ementappears, it starts to grow and 
an form a regular duststru
ture on the nonlinear stage. For homogeneous ion-ization, the homogeneous dusty plasma 
an in prin
i-ple exist initially if the ionization is 
ompensated byplasma absorption on grains. But already in [16℄ it wasshown that su
h homogeneous distribution is unstablewith respe
t to stru
ture formation. This was foundtheoreti
ally in the framework of a linear approa
h. Si-multaneously, stru
tures of a di�erent kind were ob-served in the �rst experiments on board the Interna-tional Spa
e Station (ISS) in [17℄: dust 
ompa
t stru
-tures, dust voids, and dust vorti
es were observed. For-mation of su
h stru
tures 
annot be determined onlyby geometry of dis
harges, by the external voltage 
on-�guration or by walls, and so on, and was 
onsideredan important intrinsi
 property of dusty plasmas. Alsoin �rst observations of dust 
louds in et
hing experi-ments [11℄, a 
ompli
ated verti
al dust distribution inthe dust 
loud above the sample was observed. It 
an-not be explained by 
on�guration of the et
hed sam-ple and must be 
reated by self-organized pro
essesin the dust 
loud above the sample. Re
ently, the la-boratory experiments in [18℄ showed the formation of
ompli
ated dust stru
tures with dust density peaks.This was found in new regimes of devi
es that havebeen previously used for investigation of dust a
ousti
waves [19; 20℄.The linear dust stru
turization instability has manyfeatures in 
ommon with the known gravitational in-stability. The growth rate for both of them is non-vanishing for zero wave numbers. In this sense, bothinstabilities are universal. The s
ales are quite di�er-ent, however. We re
all that the gravitational instabil-ity leads to an important phenomenon, gravitationalstru
turization of matter. The dust stru
turization in-stability 
an be expe
ted to have similar 
onsequen
esin 
omplex-dusty plasmas. Until present, no theoreti
ale�orts have been made to tra
e how the linear 
omplex-dusty plasma stru
turization instability 
onverts to itsnonlinear stage and whether some stable dust stru
-tures 
an be �nally formed. The main problem is 
ur-rently to des
ribe and s
an the possible stru
tures intheir nonlinear stationary stage be
ause the time re-quired for stru
ture formation in most existing experi-ments is rather short and the observations 
an provideonly the �nal stage of stru
turization, the dust distri-butions in stationary dust stru
tures. The theoreti
alproblem is to �nd the equilibria of nonlinear stru
tures

and to s
an possible types of equilibrium dust stru
-tures. Here, we explain the physi
s of equilibrium that
an be established in stationary nonlinear dust stru
-tures and present their general mathemati
al des
rip-tion by formulating of a set of nonlinear master equa-tions. The theoreti
al predi
tions 
an have appli
a-tions for three most important issues in 
omplex-dustyplasmas: plasma 
rystal formation [8�10℄, plasma et
h-ing pro
esses [11℄, and dust in modern fusion devi
es[12�14℄.Several pro
esses are important for the nonlinearstru
ture formation with large grain 
harges. The non-linearity in grain 
harge s
reening determines the dragfor
e for dust sizes larger than (0.1�0.2)�m. This isthe 
ase for typi
al plasma 
rystal experiments, wherethe grain size is about 10�m. The nonlinearity in grain
harge s
reening was partly investigated in [21�23℄ onlyat a relatively small distan
e from the grain, althoughthe role of the nonlinearly at larger distan
es may notbe negligibly small. The di�usion due to ion s
atter-ing on nonlinearly s
reened highly 
harged grains havebeen 
ompletely negle
ted so far.Also some simplifying assumptions have been usedin previous investigations, su
h as quasineutrality [24℄,whi
h 
an be violated inside the stru
tures in presen
eof large drag for
es. Di�erent types of nonlinearities ins
reening 
ould be important [25℄ and are still waitingto be investigated. It is therefore desirable to formu-late the problems for an arbitrary nonlinearity in dust
harge s
reening and investigate the in�uen
e of thenonlinearity on both the drag for
e and the di�usion
oe�
ient and formulate the master equations takingthe nonlinearity into a

ount in both the ion drag pro-
ess and the di�usion pro
ess. This is one of the aimsof this paper.We show here that some general results for therange of existen
e of stru
ture equilibria and their prop-erties 
an be obtained independently of the model ofthe nonlinearity. We ex
lude the gravity for
es from
onsideration, having in mind possible appli
ations tomi
rogravity experiments. The for
es maintaining thegrains and plasma 
omponents in a 
ompa
t region inspa
e in
lude the plasma 
olle
tive �uxes dire
ted to-ward the stru
tures due to absorption of the plasma�uxes on grains. In the distant past, the model of grav-ity as shadowing of the ether �ux absorption was pro-posed by Le Sage (see [4℄). The real �uxes of ele
tronsand ions on the grains in dusty plasmas have an e�e
tsimilar to the Le Sage gravity, but they are produ
ed
olle
tively by the whole dust density enhan
ement.From a general theoreti
al standpoint, the plasma�uxes in the stru
ture 
an have regular and random212
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hange the grain intera
tion as dis-
ussed in [3℄. In this paper, we deal only with the regu-lar part of the �uxes using an average hydrodynami
-type approa
h, i. e., the balan
e 
ontinuity equation inwhi
h the binary grain intera
tions 
an
el. For sim-pli
ity, we 
onsider stru
tures of spheri
al shape, as-suming that they are in a stationary equilibrium. Wedes
ribe the possible range of parameters that deter-mine the existen
e of the equilibrium. After a dis
us-sion of some general stru
ture features, we derive themaster equation that 
an des
ribe distributions insidethe equilibrium dust stru
tures for any model of nonlin-ear dust 
harge s
reening. Next, we 
onsider a spe
ialmodel of nonlinearity in s
reening [21; 22℄ and use ex-a
t solutions for dust 
harge s
reening in this model.With this type of nonlinear s
reening, we �nd a newdes
ription of the ion dust drag for
e and ion di�usion,both pre
esses being determined by ion 
ollisions withnonlinearly s
reened dust 
harges. A new e�e
t for-mulated in this paper is a suppression of di�usion inregions of high dust density that are formed in duststru
turization pro
ess. The role of dust in the di�u-sion pro
ess was previously not 
onsidered for eitherlinear or nonlinear dust s
reening, and is investigatedhere for the �rst time. We present some examples ofnumeri
al solutions of the master equations for spher-i
al stru
tures using numeri
ally 
al
ulated drag anddi�usion 
oe�
ients. We 
ompare the results with re-
ent experiments [18; 26℄ and 
on
lude with dis
ussionsand re
ommendations for future experiments in spher-i
al plasma 
hambers.2. PHYSICS AND GENERAL FEATURES OF ADUST STATIONARY COMPACTSTRUCTURE WITH HIGHLY CHARGEDGRAINSSome general stru
ture features 
an be expe
tedfrom physi
s of plasma �uxes in dusty plasmas. Wegive preliminary hand-waving arguments for generalfeatures of dust stru
tures, whi
h are in agreement withpresent investigations of the exa
t solutions of the mas-ter equations. We 
onsider the limit of highly 
hargeddust grainsZd = jQd=ej � 1, whi
h is rather importantfor stru
ture formation in typi
al modern experiments.The large 
harges 
an 
ause not only strong grain inter-a
tions. Among new e�e
ts are the nonlinear s
reen-ing of grain �elds, ex
itation of regular ele
tri
 �elds,
hanges of dust ion drag for
es, and dust suppressionof ion di�usion. We start with a qualitative des
riptionof possible equilibria of dust stru
tures.

2.1. Regular ele
tri
 �elds generated in duststru
tures by a plasma �uxWe 
onsider systems with sizes mu
h larger thanthe nonlinear s
reening length of an individual grain.We explain why the presen
e of an averaged 
olle
tive�eld is inevitable outside the s
reening length. Themain reason is the presen
e of regular plasma �uxesprodu
ing dust drag for
es Fdr that are usually pro-portional to the plasma �ux nu, Fdr / nu (u is the di-re
ted �ux velo
ity and n is the ion density). For highly
harged grains, Fdr is proportional to Zd � 1. We
larify this point. For linear s
reening, the drag for
eis proportional to Z2d sin
e the 
ross se
tion of s
atter-ing of ions on grains is usually estimated as �r2eff withreff = Zde2=Ti. But one fa
tor Zd enters the 
ondi-tion for the s
reening to be linear Zde2=�DTi � � � 1,where �D is the ion s
reening length, and �D / 1=pnfor � = Ti=Te � 1. This shows that Fdr / Zd�pnu.With an in
rease in Zd, the nonlinearity in s
reeningstarts to be important for � > 1, 
hanging the depen-den
e of Fdr on �. It is more useful to de�ne Fdr withone fa
tor Zd and write Fdr = Zdfdrpnu with the 
o-e�
ient fdr depending on both � and juj (it in fa
tin
reases with � for � � 1 and de
reases with � for� � 1). We say that gains are large 
harged grains if� > 1.In the balan
e of for
es on grains, apart from thedrag for
e, the ele
tri
 �eld for
e Fel / ZdE shouldbe �rst of all taken into a

ount (E being the 
olle
-tive ele
tri
 �eld strength), sin
e this for
e also 
on-tains a large fa
tor Zd for highly 
harged grains. Thebalan
e of the drag for
e and the ele
tri
 �eld for
eresults in some kind of Ohm's �law� u / E, showingthat the ion drift velo
ity is proportional to the ele
-tri
 �eld strength (with a 
oe�
ient depending on jujand �). This law 
an be read in both dire
tions: theele
tri
 �eld ex
ites the ion drift or the ion drag for
eex
ites the ele
tri
 �eld. The se
ond option is impor-tant for stru
ture investigation be
ause the ion �ux isinevitably 
reated by grain 
harging. The other for
esa
ting on grains 
annot 
ontribute mu
h to the balan
eof for
es 
omparable with the 
ontribution of drag andele
tri
 �eld for
es even for strongly intera
ting grains.The main point is that the drag for
e ex
ites regularele
tri
 �elds, whi
h 
an often be present in the 
om-plex plasma stru
tures. Although the 
olle
tive �eldstrength 
an be moderate, the for
e that it produ
eson a grain with Zd � 1 is large. An interpretation ofthe re
ent observations in [26℄ gives eviden
e that su
h
olle
tive �elds are indeed exited in the stru
tures.213
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s of dust and plasma 
on�nement ina single stru
tureWe 
onsider an example of a single spheri
al stru
-ture. Inside the stru
tures, the dust and ion densityare enhan
ed. In the absen
e of dust and for suddenionization of a spheri
al volume, the ele
trons (as thelightest parti
les) leave the surfa
e and 
reate a polari-zation �eld a
ting on ions, whi
h results in the known�Coulomb explosion�. In the presen
e of dust, the pi
-ture is quite di�erent if the drag for
es ex
eed the po-larization for
es. The drag is dire
ted inwards to the
enter and 
reates an ele
tri
 �eld that balan
es it. The�eld is dire
ted inwards due to negative 
harges of thedust grains. For ions, this for
e is an inwards for
e (notoutwards as in the 
ase of Coulomb explosion). Thismeans that the ions have an ele
trostati
 potential wellinside the stru
ture. The ele
trons adiabati
ally followthe ele
tri
 �eld distribution. This e�e
t o

urs be-
ause of the large dust 
harges Zd � 1 and also be
ausethese 
harges have to be supported by plasma �uxes.This qualitative pi
ture of dust and plasma parti
le
on�nement in the stru
ture is supported by numeri
al
al
ulations of balan
e equations.2.3. NormalizationTo expli
itly formulate the balan
e, whi
h we haveexplained qualitatively, we introdu
e the dimensionlessvariables that are useful in low-temperature plasma ex-periments in the 
ase of a high neutral atom density.The neutrals rapidly equalize the ion and neutral atomtemperature denoted here by Ti, and the ion tempera-ture 
an be assumed to be 
onstant inside the stru
turevolume. We introdu
e the ion mean free path � for in-tera
tion of ions with neutrals and 
onsider it 
onstantin the volume of the stru
ture (for a 
onstant 
ross se
-tion �in of ion�neutral 
ollisions � = 1=nn�in, with nnbeing the neutral density). In modern 
omplex plasmaexperiments, Ti and � are often 
onstant. It is thereforeuseful to normalize all values with respe
t to quantities
ontaining only these 
onstant values. We use the fol-lowing normalization of the densities of ions ni and ele
-trons ne and the dust 
harge density Zdnd (we 
all thenormalized value of the latter the Havnes parameter P ,although an other de�nition of the Havnes parameterwith an other normalization exists in the literature):n! nineff ; ne ! neneff ; P � ndZdneff ;where

neff � Ti�24�e2 = 107
m�3 � � nn1016 
m�3�2 �� � �in3 � 10�15 
m�2 �2 Ti0:02 eV : (1)We use the following normalization of for
es F , ele
tri
�eld strength E, and plasma �ux �: F ! F�=Ti, E !! eE�=Ti, and �! �=p2neffu, where u! ui=p2vTiand vTi = pTi=mi, while ui is the a
tual ion driftvelo
ity and vTi is the ion thermal velo
ity. The de�-nition of fdr(u; �) follows fromFdr � fdr(juj; �)Zdupn;where � 
hara
terizes the ratio of the ion�grain ele
tro-stati
 energy at the linear s
reening length Zde2=�s
rto the ion average kineti
 energy Ti. It 
an be writtenas � = Zde2=�DTi = zapn=� , where z = Zde2=aTe� isthe normalized dust 
harge and � = Ti=Te is the ion-to-ele
tron temperature ratio (Te is also assumed to be
onstant inside the volume of the stru
ture). We nor-malize the distan
es r from the stru
ture 
enter andthe grain sizes with respe
t to the ion�neutral meanfree path r ! r=� and a! a=�.2.4. Balan
e 
onditionsWith the above notation, the dust balan
e equa-tion (after 
an
elation of the 
ommon fa
tor Zd) hasthe form E = fdr(u; �)pnu: (2)The ion balan
e equation des
ribes the balan
e of thethermal ion pressure for
e, the ele
tri
 �eld for
e, andthe fri
tion for
es on neutrals and ele
trons:2ududr + 1n dndr = E � ffr;idu� uffr:The left-hand side 
ontains the standard expressions ofion hydrodynami
s, the normalized term (vi �r)vi andthe ion pressure term (1=n)(dn=dr). The right-handside 
ontains three terms: �uffr;id is the ion fri
tionfor
e due to dust drag and �uffr is the ion fri
tionfor
e due to ion�neutral 
ollisions. The ffr;id term 
anbe found from the ion drag for
e using the momentum
onservation law. Taking expression (2) into a

ount,we haveE � ffr;idu = fdr(juj; �)pn(1� P=n)u:The ion neutral fri
tion for
e uffr(u) 
an be found us-ing the assumption of a 
onstant 
ross se
tion of ion�neutral 
ollisions in the BGK approa
h and averagingwith respe
t to the drifting thermal distributionffr(u) =s� 83p��2 + u2: (3)214
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al 
oe�
ient in the radi
and in (3) hasbeen found analyti
ally and the u dependen
e is foundusing a best �t with the numeri
al results. This de-penden
e of the fri
tion on the drift velo
ity is in a
-
ordan
e with most measurements of ion mobility inlow-temperature plasmas [27℄. The equation obtainedabove 
an serve as a �rst balan
e equation for du=drdes
ribing the 
hanges in ion drift velo
ity. The �ux� 
an be divided into the 
onve
tive �ux nu and thedi�usion �ux �Ddn=dr, with D being the di�usion 
o-e�
ient: � = nu�Ddndr :The di�usion 
oe�
ient should take both the ion�neutral 
ollisions and ion dust 
ollisions into a

ountand is inversely proportional to the sum of frequen
iesfor these 
ollisions. Then the Havnes parameter en-ters D only in the 
ombination P=2pn. The 
oe�
ientD = D(u; �; P=2pn ) 
an be 
al
ulated from ion dust
ross se
tions for any model of nonlinear dust s
reen-ing. Formula (3) 
an be used as an equation for thedust density derivative dn=dr. The balan
e of �uxes
an be obtained if we a

ount for the ionization (as-suming that it is proportional to the ele
tron densityne) and the rate of absorption of ions on dust:1r2 d(r2�)dr = �ine � anP�
h(u); (4)where �i is the ionization 
oe�
ient depending on thepower of ionization and �
h(u) = 1=2p� + 4u2 is the
harging 
oe�
ient obtained from the balan
e of ele
-tron and ion 
urrents on the grain surfa
e. To 
lose thesystem of balan
e equations, we use the Poisson equa-tion for the average ele
tri
 regular ele
tri
 �eld in thestru
ture: 1r2 dEr2dr = n� ne � P: (5)A

ording to (2), the value of the �eld strength E inthe left-hand side of (5) depends only on n; u, and z.The derivatives dn=dr and du=dr in (5) 
an be foundfrom the above equations and are fun
tions of n; u; P;�,and r, while the value of dz=dr 
an be found from the
harging equationexp(�z) = zn�
h(u)nepm� ; m = mime ;whi
h des
ribes the equality of ele
tron and ion �uxeson the individual grain. Thus all derivatives in the left-hand side of (5) 
an be found as algebrai
 fun
tions ofn; ne; u;�; r, and P . Equation (5) is then an algebrai
equation for P , giving P as a fun
tion of n; ne; u;�,and r. Taking into a

ount that both ele
trons and

ions are 
reated in pairs by the ionization sour
e andare also absorbed in pairs by the dust and using thestandard ele
tron di�usion and fri
tion on neutrals, we�nd the balan
e equation for ele
tronsE = �
� 1ne dnedr ; 
 = 11 + 9=4� ;whi
h di�ers from the simple balan
e of the ele
-tron ele
tri
 �eld for
e and the ele
tron pressure for
e(where 
 = 1) and is valid in the 
ase where the 
olle
-tive ele
tri
 �elds of the stru
ture substantially ex
eedthe ambi-polar �eld (the ambi-polar di�usion is thusviolated in dust stru
tures).It is important to explain on a qualitative level whythe value fdr(juj; �) in fa
t also determines the possi-ble equilibria and the degree of quasineutrality in thestru
tures.2.5. Nonlinear drag for
e and the range ofexisten
e of equilibria of dust stru
turesTo �nd the general 
onditions for the existen
e ofequilibrium stru
tures, we use the balan
e relation atthe 
enter of the stru
ture. As r ! 0, we have u! u00r,ne = ne(0), P = P (0), E ! E00r, � ! �00r, and �00 == n(0)u00, fdr ! fdr;0(�), fdr;0(�) = fdr(0; �0), �0 == z0pn(0)a=� , where n(0); ne(0); P (0), and z(0) arethe normalized ion density, ele
tron density, Havnes pa-rameter, and dust 
harge at the 
enter of the stru
ture.The equilibrium equation gives the following ne
essaryrelations for the existen
e of equilibrium in the duststru
ture:u00 = fdr;0(�)2pn(0) (n(0)� P (0))� 43p� ;3fdr;0(�)pn(0)u00 = n(0)� ne(0)� P (0);3u00 = �ine(0)n(0) � 12p�aP (0): (6)These equations 
an be used for the analysis of pos-sible equilibria independently of the models for nonlin-ear s
reening if fdr;0(�) is known. The equilibrium isdetermined only by two parameters, n(0) and the ion-ization rate �i, whi
h are related to the two parametersthat 
an be regulated in experiments, the total �ux onthe surfa
e of the stru
ture and the power of volumeionization. In the simplest 
ase �i = 0, the external�ux is a single parameter that determines the stru
-ture. The balan
e 
an o

ur only in a restri
ted rangeof this parameter determined by (6). There is a one-to-one dependen
e of the ion density at the 
enter of thestru
ture and the external plasma �ux. We 
an use (6)215
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ity u00 at the 
enter, the ele
tron density ne(0) atthe 
enter, and the Havnes parameter P (0) at the 
en-ter as fun
tions of this single parameter n(0). We �ndu00 = � 23p� n(0)� nminnmax � nmin ;P (0) = nmax n(0)� nminnmax � nmin ;ne(0) = nmax�n(0)+(3=2)(fdr;0)2(n(0)�nmin)nmax=nmin � 1 : (7)In these relations, the minimum and maximum ion den-sities are nmin = 8pn(0)3fdr;0p� ; nmax = 8a:It follows that for nmin < n(0) < nmax, the Havnesparameter and the ele
tron density are always positiveand the �ux drift velo
ity is dire
ted to the 
enter ofthe stru
ture. We note that the requirement P (0) > 0(the existen
e of dust at the 
enter) automati
ally im-plies that the ion �ux 
lose to the 
enter is dire
tedto the 
enter and that ne(0) > 0. The range in whi
hthe equilibrium exists is 
ompletely determined by thedrag for
e at the 
enter fdr;0(�) and the ratio of thegrain size to the mean free path a for ion�neutral gas
ollisions. A generalization of relations (7) to the 
asewhere the volume ionization is not zero, �i 6= 0, 
anbe found from (7). It shows that the range of existen
eof equilibria is narrowed if the ionization rate in
reases.The 
on
lusion is that the ionization rate should not ex-
eed a 
riti
al value, otherwise equilibrium is not pos-sible. The nonlinearity in s
reening 
an qualitatively
hange the dependen
e of fdr;0 on � (for linear s
reen-ing, i. e., � � 1, the standard expression shows thatfdr;0 = � ln(1=�) / a , while for nonlinear s
reening,i. e., � � 1, fdr;0 is a de
reasing fun
tion of a and �in most 
ases). All these relations are ne
essary butnot su�
ient requirements for the existen
e of equilib-rium and they imply the absen
e of dust void in the
enter of the stru
ture (P (0) 6= 0; u00 < 0 ). If they arenot satis�ed at the 
enter, the balan
e 
onditions 
anstart to be satis�ed at some distan
e from the 
enter,whi
h means that a void is present at the 
enter. Animportant general statement is that in the absen
e ofvolume ionization, the equilibrium is determined by asingle parameter that 
an vary only in a limited range.With an in
rease in the ionization 
oe�
ient �i, thisrange narrows and only stru
tures with a void in the
enter 
an satisfy the 
onditions for the equilibrium.

2.6. Drag for
e determines the degree ofquasineutrality in the dust stru
turesIn the absen
e of dust on s
ales larger than thes
reening length, the plasma is usually quasineutral.The presen
e of highly 
harged grains and their dragby plasma �uxes 
hanges the usual quasineutrality bydrag ex
itation of ele
tri
 �elds. But the approximatequasineutrality, in
luding not only ele
trons and ionsbut also the dust parti
les, 
an still be present beingregulated by the drag for
e. The quasineutrality meansthat n � P � ne � n in dusty plasmas. This relation
an be 
he
ked in the whole stru
ture if we 
al
ulatethe whole distributions of ele
tron, ions, and grains inthe stru
ture. But its validity 
an be 
he
ked using theasymptoti
 expressions at the 
enter of the stru
turegiven above. We �ndÆ� = n(0)� ne(0)� P (0)n(0) == �34f2dr;0 1� nmin=n(0)nmax=nmin � 1 : (8)Sin
e fdr;0 � 1 for the existing models, the system in-side the stru
tures is almost neutral but the deviationsfrom quasineutrality are determined by the drag for
e.For the density n(0) 
lose to its maximum value andfor nmax � nmin, the ele
tron density at the 
enter issmall, whi
h means that in this limit, the negative dust
harges at the 
enter are almost 
ompensated by thevolume positive ion 
harges. At the periphery, wherethe dust density vanishes, the ele
tron and ion densitiesare 
lose to ea
h other, but are not exa
tly equal. Theele
tri
 �eld 
an be left at the surfa
e of the stru
ture,whi
h means that the stru
tures 
an be 
harged.2.7. Finite size of the 
ompa
t dust stru
turesIf the external plasma �ux is �nite and the volumeionization is absent, the size of the stru
ture shouldalso be �nite. This is due to �nite value of the Havnesparameter at the 
enter, whi
h 
annot stay 
onstantin the stru
ture. The Havnes parameter 
annot in-
rease inde�nitely or os
illate inde�nitely sin
e in that
ase, the external �ux 
annot support the dust 
harges.Therefore, the Havnes parameter should typi
ally van-ish at a 
ertain distan
e, whi
h 
an be de�ned as thestru
ture size Rstr. This means that any equilibriumstru
ture 
an 
on�ne only a �nite number of grains.This does not mean that in the presen
e of ionizationoutside the stru
ture, the 
onditions for equilibria 
anbe again satis�ed. Thus, being surrounded by a dustvoid, the stru
ture 
an have several shells. It 
an hap-216
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tures inside them have a voidand an other void 
an surround the stru
ture, but thenumber of grains between the voids in the stru
ture is�nite.2.8. Charges of dust stru
tures and formationof dust 
lustersSin
e the ions dominate in dust drag, we 
anroughly estimate the total 
harge of the dust stru
tureto have a potential of the order Ti. Letting Es denotethe dimensionless ele
tri
 �eld at the dust stru
turesurfa
e, Rs denote the size (in units of the mean freepath of ions in neutral gas), and �Zse the total stru
-ture 
harge (the individual grain 
harge is �Zde), we�nd the estimate Zs = Zd az� EsR2s :The numeri
al models often give jEsj > 1 and Rs � 1.Therefore, the stru
tures 
an be highly 
harged withthe total 
harges ex
eeding the individual grain 
harge.In this 
ase, the stru
tures may be regarded as �super-grains� that 
an form 
lusters of dust stru
tures. Mul-tiple stru
ture formation is expe
ted for large volumeswith a 
onstant volume ionization sour
e, be
ause the
ondition of the overall balan
e means that the plasmaprodu
ed by the sour
e should be absorbed by thestru
tures, while ea
h stru
ture is able to absorb onlya �nite plasma �ux. The possibility of formation ofsuper-
rystals in 
omplex plasmas (where an elementof the super-
rystal is a single dust stru
ture) was men-tioned in [27℄. This situation is in some sense similarto gravitational 
luster formation.3. MASTER EQUATIONS FOR STRUCTURES3.1. General form of the master equationsAs the master equations, we use the balan
e equa-tions among whi
h are the equation for ion density bal-an
eI dndr = 1D (u; �; P=2pn ) (nu� �); (9)the ele
tron density equationII dnedr = � �
 fdr(u; �)unepn; (10)the equation for ion drift velo
ityIII dudr = 12 �fdr(u; �)pnu�1� Pn� �� ffr(u)� 1nu dndr� ; (11)

where dn=dr 
an be substituted from (9), and the equa-tion for plasma �uxIV d�dr = �2�r + �ine � anP�
h(u) (12)obtained from (4). Two more equations are algebrai
equations.1) The equation for the individual dust 
harge z, ex-pli
itly given above in the simplest form and referred toas the master equation V in what follows, with its so-lution denoted by zs(u; n; ne). The 
orresponding dragfor
e is denoted byfdr;s(u; n; ne) = fdr �u; zs(u; n; ne)apn=�� :2) The equation for the Havnes parameter P whoseexpli
it expression 
an be obtained by di�erentiatingPoisson equation (4):Ia dndr = nuC (n� ne �A� PB); (13)or, using (9),VI D �u; �; P=2pn �u(n� ne �A+BP ) == C(nu� �); (14)whereA(u; n; ne; r) = f2dr;s(u; n; ne)n2 �� fdr;s(u; n; ne)Ffr(u)pn2 + 2fdr;s(u; n; ne)pnur �� nu2�
(zs(u; n; ne) + 1)fdr;s(u; n; ne)��� dfdr(u; �)d� �����=zs(n;ne;u)pna=� +pnS(u; n; ne; r)�� �Fdr(u; n; ne; r)pn� Ffr(u)� ; (15)B(u; n; ne) = f2dr;s(u; n; ne)2 ++ fdr;s(u; n; ne)S(u; n; ne); (16)C(u; n; ne) = �fdr;s(u; n; ne)pn2 ++ fdr;s(u; n; ne)u2pn2 ++ zs(u; n; ne)� 12(zs(u; n; ne) + 1)pnu2 �� � dfdr(u; �)d� �����=zs(n;ne;u)pna=� ��pnS(u; n; ne); (17)217
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h(u)u2zs(u; n; ne) + 1 �� � dfdr(u; �)d� �����=zs(n;ne;u)pna=� ++ u2 dfdr(u; �)du �����=zs(n;ne;u)pna=� : (18)3.2. Master equations for small di�usionIf the di�usion 
oe�
ient is zero, D = 0, then � == nu and Eq. (9) 
annot be used as a master equationfor the ion density be
ause it requires resolving the un-
ertainty 0=0, but we 
an use Eq. (13) instead (alsodenoted by Ia sin
e it is independent of whether dif-fusion �ux is taken into a

ount). As equations IIaand IIIa, we use (10) and (11), while in the balan
e of�uxes in (12), we substitute � = nu and both deriva-tives dn=dr and du=dr taken from Ia and IIIa. Thisleads to an analyti
 expression for the Havnes param-eter P : P (u; n; ne; r) = M(u; n; ne; r)N(u; n; ne) ; (19)whereM(u; n; ne; r) = �fdr;s(u; n; ne)pn�Ffr(u)+4ur ���C(u; n; ne)+(2u2�1) (n�ne�A(u; n; ne; r)) ; (20)N(u; n; ne) = (1�B(u; n; ne))(2u2 � 1) ++�fdr;s(u; n; ne)pn � 2a�
h(u)�C(u; n; ne): (21)The master equations that we have derived are sim-ilar to those used for des
ribing self-organization pro-
esses [28�30℄. The solutions of the master equation
an 
orrespond to dissipative self-organized stru
tures.4. EXAMPLES OF SOLUTIONS OF THEMASTER EQUATIONS. A NEW TYPE OFDUST SELF-ORGANIZED STRUCTURESThe obtained master equations 
an be used in nu-meri
al investigations of a broad range of di�erentstru
tures, with di�erent nonlinearities in s
reening,drag for
es, and di�usion. They 
an also be used forsome anomalous pro
esses. The equations are also validfor standard linear s
reening, linear drag, and di�usionon neutrals (they are valid for rather small grains).The nonlinearity 
an introdu
e new e�e
ts and 
anbe responsible for a new type of dust stru
tures. Wehere present only several examples of solutions of the
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Fig. 1. Dependen
es of the parameter P in the stru
-tures on the distan
e from their 
enter for three types(1 (a), 2 (b), 3 (
)) of stru
tures, a = 0:01, � = 0:01,gas Argonmaster equations with a qualitative des
ription of themain new features obtained in numeri
al investigationof dust stru
tures. All our numeri
al results supportthe general features of stru
tures des
ribed above.Spe
i�
ally, we present here the results of numer-i
al 
al
ulations for the model of nonlinear s
reeningin [21; 22℄, used to �nd fdr(u; �) and D(u; �; P=2pn)218
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ally for a = 0:01 and � = 0:01 (Argon gas)as 
ontinuous fun
tions of their arguments that 
anbe used in the master equations. For �i = 0, z(0)was 
al
ulated numeri
ally and was used to �nd therange 2:5 < n(0) < 800 of the existen
e of stru
-ture equilibrium. This range was divided into 3 sub-ranges: 1) small ion and dust density at the 
enter,2:5 < n(0) < n(1)
r , 2) medium ion density at the 
en-ter, n(1)
r < n(0) < n(2)
r , and 3) large ion density atthe 
enter, n(2)
r < n(0) < 800. The 
al
ulations given(2)
r � 40 and n(2)
r � 300. In the �rst subrange, P hasa maximum at the 
enter and de
reases slowly to thestru
ture edge r = Rstr, where it vanishes. The lowern(0) is, the larger Rstr, whi
h 
an rea
h the values 30�50; in this subrange, the stru
ture with the largest n(0)has the smallest size about 10. The stru
ture has a �-nite number of grains 
on�ned in it, and this numberin
reases with the stru
ture size. In the se
ond sub-range, P smoothly de
reases from the 
enter, rea
hingthe distan
e where it sharply de
reases to zero. In thethird subrange, the dust density in
reases from the 
en-ter, forming one or several peaks and then de
reases tozero, also mostly sharply at the stru
ture edge. Figu-re 1 illustrates the results of numeri
al 
omputations inthe three subranges for n(0) = 10; 150, and 750. The
al
ulated stru
ture types 
an be used to �nd in whi
hpart of the stru
ture the dust 
rystallization starts andfrom where the 
rystallization fronts 
an propagate.Any 
rystallization model provides with a 
riterion of
rystallization for the 
oupling 
onstant �
oupl > �
r,where the 
oupling 
onstat �
oupl is proportional to thedimensionless 
oupling 
onstant � � z5=3P 1=3, whi
his 
al
ulated using the obtained results for the stru
-tures. The 
oe�
ient between �
oupl and � is found tobe of the order of 3000 and the 
rystallization 
riterion
an be �tted with the existing experiments. The depen-den
e of � on the distan
e from the 
enter 
al
ulated for�rst type of stru
tures is shown in Fig. 2 for n(0) = 10(
lose to nmin) and n(0) = 40 (
lose to n(1)
r ). In the�rst subrange for the smallest n(0), the 
rystallizationstarts at the 
enter, but for larger n(0) = 40, the 
rys-tallization already starts at distan
es 
lose to the pe-riphery, although not exa
tly at the edges of the stru
-ture (Fig. 2). For the se
ond type of stru
tures, the
rystallization starts almost at the 
enter, but soon 
ov-ers the whole stru
ture, whi
h 
orresponds to a ratherhigh speed of the 
rystallization front. For the thirdtype of stru
tures, the 
rystallization is 
ompli
ateddue to the presen
e of dust density peaks, whi
h are thepositions where 
rystallization starts. The 
al
ulationshave been performed negle
ting the di�usion �ux, and

the latter was 
al
ulated by perturbation using an exa
texpression for di�usion found in the model in [21; 22℄ bytaking both ion�neutral and ion�dust 
ollisions on non-linearly s
reened grains into a

ount. It is found thatthe ion grain 
ollisions strongly suppress the di�usion,espe
ially in the ranges of medium and large dust den-sity stru
tures and that in all subranges, the di�usion�uxes are small 
ompared to the 
onve
tive �uxes takeninto a

ount in �rst-order 
al
ulations (the 
al
ulationsshow that the estimated ratio of di�usion-to-
onve
tive�uxes is not larger than (1�2)%). An ex
eption is thenarrow region 
lose to the edges of the stru
ture, wheredue to the absen
e of di�usion, suppression of the di�u-sion �uxes by dust 
an rea
h the value about 0:5 of the
onve
tive �uxes. Therefore, for the stru
ture edges,the present results 
an give only a rough estimate ofthe edge shape (a thin layer at the edge), be
ause theyare on the limits of the appli
ability of the approxima-tion used in the 
al
ulations. The ratio of the di�usion-to-
onve
tion �ux 
al
ulated for �rst type of stru
turesis demonstrated in Fig. 2. The stru
tures are 
hargedand the 
olle
tive ele
tri
 �eld at the edge Es deter-mines the total stru
ture 
harge Zs, whi
h is shown inFig. 2 together with zs (zstr = Zse2=aTe). In Fig. 2, zsis the individual dust 
harge at the surfa
e of the stru
-ture. For all stru
tures, the ele
tron density ne and theindividual dust 
harge z in
rease to the periphery of thestru
tures. 5. DISCUSSION1. All the obtained master equations are the�rst-order equations in derivatives and 
an be solvednumeri
ally starting with the asymptoti
 solutions atthe 
enter des
ribed here. The di�
ulties that 
an ap-pear are due to a new type of �singularities� that 
ano

ur inside the stru
tures. Indeed, a

ording to re-lation (19), the denominator of the expression for theHavnes parameter,N(u; n; ne), 
an have zeros in its de-penden
e on the 
enter of the stru
ture. In parti
ular,the peaks shown in Fig. 1 are related to these �singular-ities�. At these points, the values of P are �nite but itsderivatives 
hange sharply, whi
h indi
ates that self-
onsistent solutions always des
ribe the simultaneouszeros of both N(u; n; ne) and M(u; n; ne). That is aremarkable feature showing that the master equationsdo not allow any in�nite values of P . Physi
ally, this isreasonable, but the mathemati
al aspe
t requires fur-ther analyzes.2. The 
al
ulated di�usion �ux is found to be smalleven at peaks of the dust density inside the stru
tures.219
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Fig. 2. Dependen
es of the parameters �, the ratio of di�usion to 
onve
tion �ux, and the ele
tri
 �eld in the �rst type ofstru
tures on the distan
e r from their 
enter, a = 0:01, � = 0:01, gas ArgonThis is explained by the suppression of di�usion in theregions of high dust density.3. The appli
ability of hydrodynami
 des
ription(the 
hara
teristi
 length of inhomogeneity is less thanthe mean free path) has been 
he
ked inside the wholestru
tures even at the dust density peaks, whi
h havebeen spe
ially analyzed with a two-order higher a

u-ra
y. This is explained by the shortening of the meanfree path in ion dust 
ollisions that dominate at highdust densities, where the peaks appear.4. The appli
ability of a 
ontinuous des
ription ofdust (the 
hara
teristi
 length of inhomogeneities ismu
h larger than the inter-grain distan
e) is 
he
kedto be ful�lled inside all stru
tures.5. Stru
tures of the �rst type with a smooth 
hangeof dust density up to the edge 
orrespond to the stru
-tures re
ently observed in mi
ro-gravity experiments onboard the International Spa
e Station [26℄.6. The stru
tures of the third type with severalpeaks inside them have been observed in re
ent labora-

tory experiments [19℄. The detailed 
omparison of thetheory and experiments requires additionally taking thespe
i�
 geometry of experiments into a

ount [19℄ to-gether with the presen
e of gravity for
es, negle
ted inpresent 
al
ulations.7. The master equations take any arbitrary nonlin-earity in s
reening into a

ount and are appli
able notonly to the models in [21; 22℄ but also to the nonlinear-ity related to trapped parti
les [25℄.8. Due to the founded restri
ted range for the exis-ten
e of equilibrium of 
ompa
t stru
tures, it is possibleto s
an all types of dust stru
tures as a fun
tion of onlytwo parameters, the external plasma �ux (determiningthe value n(0)) and the ionization rate �i. Both param-eters vary only in restri
ted ranges and su
h s
anningis pra
ti
ally quite possible in the future, although itrequires a large amount of numeri
al 
al
ulations.9. The two parameters in the 
al
ulation 
orre-spond to the two existing global parameters that 
anbe 
hanged in experiments, the value of the external220
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orresponden
e between thesetwo sets of parameters be
ause experimentally 
hang-ing the ionization power also 
hanges the ion densityand therefore the �ux on the stru
ture surfa
e.10. For future experiments in spheri
al 
hamber,we 
an re
ommend to start with rather not large exter-nal �uxes be
ause the stru
tures of the �rst type havethe largest size and 
an 
on�ne the largest numbers ofgrains.11. Investigations of dust dissipative stru
tures
an be one of the best tools for understanding spe
i�
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