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Dust structurization is considered to be typical for complex plasmas. Homogeneous dusty plasmas are shown to
be universally unstable. The dusty plasma structurization instability is similar to the gravitational instability and
can results in creation of different compact dust structures. A general approach for investigation of the nonlinear
stage of structurization in dusty plasmas is proposed and master equations for the description of self-organized
structures are formulated in the general form that can be used for any nonlinear model of dust screening. New
effects due to the scattering of ions on the nonlinearly screened grains are calculated: nonlinear ion dust drag
force and nonlinear ion diffusion. The physics of confinement of dust and plasma components in the equilibria
of compact dust structures is presented and is supported by numerical calculations of master equations. The
necessary conditions for the existence of equilibrium structures are found for an arbitrary nonlinearity in dust
screening. Features of compact dust structures observed in recent experiments agree with the numerically
calculated ones. Some proposals for future experiments in spherical chamber are given.

1. INTRODUCTION

Complex-dusty plasmas have been investigated in-
tensively for about 15 years (see reviews [1-7]). The
term “complex plasmas” is used in the case where dust
grains have large charges and interact strongly. This
last effect is of special interest for plasma crystals dis-
covered in 1964 [8-10], for physics of dust clouds lev-
itating above etching samples in the plasma etching
processes [11], and for dust in fusion devices [12-14].

We here consider the systems containing many
grains with large charges (the exact meaning of the
term “large dust charge” is given somewhat later). For
large dust charges, a new physics related to plasma
fluxes on dust grains is important [5]. We briefly ex-
plain the main new features in complex-dusty plas-
mas in the case where the dust charges are large (in
current experiments, the dust charge in the units of
electron charge, Zg4, reaches the value 10*-10° or even
larger). The results obtained previously, for example,
in the approaches in [4,15], using investigations of a
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single dust grain in plasmas, often cannot be trans-
ferred to a collection of many dust grains with large
charges. The dust charges in plasmas are usually cre-
ated by plasma fluxes, which increase with an increase
in the grain charge. Stationary grain charges should be
supported by the presence of continuous electron and
ion fluxes with electron—ion recombination inside or on
the surface of the grains. In stationary conditions, the
process of plasma absorption on grains should be com-
pensated by plasma production by ionization processes.
The ionization process can either exist far from grains
or be homogeneous in space. In the first case (due to
the continuity of fluxes), the flux absorbed on some
grain should be present far from this grain at distances
about Ager/a > 1 times larger than the grain charge
screening length A (a is the grain size). In most
laboratory conditions, many grains are present inside
such large radius and obey the drag forces produced
by plasma fluxes of different grains within this radius.
Thus, the grain interactions are extended to distances
much longer than the screening distance and are de-
termined by fluxes produced by many grains. For an
enhanced concentration of grains in some space region



V. N. Tsytovich, G. E. Morfill

MKITD, Tom 141, Bhmm. 2, 2012

(grain collection), the total flux should have the aver-
aged component directed toward the grain collection
and by its ram pressure can increase the grain den-
sity enhancement. Once the grain density enhancement
appears, it starts to grow and can form a regular dust
structure on the nonlinear stage. For homogeneous ion-
ization, the homogeneous dusty plasma can in princi-
ple exist initially if the ionization is compensated by
plasma absorption on grains. But already in [16] it was
shown that such homogeneous distribution is unstable
with respect to structure formation. This was found
theoretically in the framework of a linear approach. Si-
multaneously, structures of a different kind were ob-
served in the first experiments on board the Interna-
tional Space Station (ISS) in [17]: dust compact struc-
tures, dust voids, and dust vortices were observed. For-
mation of such structures cannot be determined only
by geometry of discharges, by the external voltage con-
figuration or by walls, and so on, and was considered
an important intrinsic property of dusty plasmas. Also
in first observations of dust clouds in etching experi-
ments [11], a complicated vertical dust distribution in
the dust cloud above the sample was observed. It can-
not be explained by configuration of the etched sam-
ple and must be created by self-organized processes
in the dust cloud above the sample. Recently, the la-
boratory experiments in [18] showed the formation of
complicated dust structures with dust density peaks.
This was found in new regimes of devices that have
been previously used for investigation of dust acoustic
waves [19, 20].

The linear dust structurization instability has many
features in common with the known gravitational in-
stability. The growth rate for both of them is non-
vanishing for zero wave numbers. In this sense, both
instabilities are universal. The scales are quite differ-
ent, however. We recall that the gravitational instabil-
ity leads to an important phenomenon, gravitational
structurization of matter. The dust structurization in-
stability can be expected to have similar consequences
in complex-dusty plasmas. Until present, no theoretical
efforts have been made to trace how the linear complex-
dusty plasma structurization instability converts to its
nonlinear stage and whether some stable dust struc-
tures can be finally formed. The main problem is cur-
rently to describe and scan the possible structures in
their nonlinear stationary stage because the time re-
quired for structure formation in most existing experi-
ments is rather short and the observations can provide
only the final stage of structurization, the dust distri-
butions in stationary dust structures. The theoretical
problem is to find the equilibria of nonlinear structures
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and to scan possible types of equilibrium dust struc-
tures. Here, we explain the physics of equilibrium that
can be established in stationary nonlinear dust struc-
tures and present their general mathematical descrip-
tion by formulating of a set of nonlinear master equa-
tions. The theoretical predictions can have applica-
tions for three most important issues in complex-dusty
plasmas: plasma crystal formation [8-10], plasma etch-
ing processes [11], and dust in modern fusion devices
[12-14].

Several processes are important for the nonlinear
structure formation with large grain charges. The non-
linearity in grain charge screening determines the drag
force for dust sizes larger than (0.1-0.2)um. This is
the case for typical plasma crystal experiments, where
the grain size is about 10um. The nonlinearity in grain
charge screening was partly investigated in [21-23] only
at a relatively small distance from the grain, although
the role of the nonlinearly at larger distances may not
be negligibly small. The diffusion due to ion scatter-
ing on nonlinearly screened highly charged grains have
been completely neglected so far.

Also some simplifying assumptions have been used
in previous investigations, such as quasineutrality [24],
which can be violated inside the structures in presence
of large drag forces. Different types of nonlinearities in
screening could be important [25] and are still waiting
to be investigated. It is therefore desirable to formu-
late the problems for an arbitrary nonlinearity in dust
charge screening and investigate the influence of the
nonlinearity on both the drag force and the diffusion
coefficient and formulate the master equations taking
the nonlinearity into account in both the ion drag pro-
cess and the diffusion process. This is one of the aims
of this paper.

We show here that some general results for the
range of existence of structure equilibria and their prop-
erties can be obtained independently of the model of
the nonlinearity. We exclude the gravity forces from
consideration, having in mind possible applications to
microgravity experiments. The forces maintaining the
grains and plasma components in a compact region in
space include the plasma collective fluxes directed to-
ward the structures due to absorption of the plasma
fluxes on grains. In the distant past, the model of grav-
ity as shadowing of the ether flux absorption was pro-
posed by Le Sage (see [4]). The real fluxes of electrons
and ions on the grains in dusty plasmas have an effect
similar to the Le Sage gravity, but they are produced
collectively by the whole dust density enhancement.

From a general theoretical standpoint, the plasma
fluxes in the structure can have regular and random
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parts. The latter change the grain interaction as dis-
cussed in [3]. In this paper, we deal only with the regu-
lar part of the fluxes using an average hydrodynamic-
type approach, i.e., the balance continuity equation in
which the binary grain interactions cancel. For sim-
plicity, we consider structures of spherical shape, as-
suming that they are in a stationary equilibrium. We
describe the possible range of parameters that deter-
mine the existence of the equilibrium. After a discus-
sion of some general structure features, we derive the
master equation that can describe distributions inside
the equilibrium dust structures for any model of nonlin-
ear dust charge screening. Next, we consider a special
model of nonlinearity in screening [21,22] and use ex-
act solutions for dust charge screening in this model.
With this type of nonlinear screening, we find a new
description of the ion dust drag force and ion diffusion,
both precesses being determined by ion collisions with
nonlinearly screened dust charges. A new effect for-
mulated in this paper is a suppression of diffusion in
regions of high dust density that are formed in dust
structurization process. The role of dust in the diffu-
sion process was previously not considered for either
linear or nonlinear dust screening, and is investigated
here for the first time. We present some examples of
numerical solutions of the master equations for spher-
ical structures using numerically calculated drag and
diffusion coefficients. We compare the results with re-
cent experiments [18,26] and conclude with discussions
and recommendations for future experiments in spher-
ical plasma chambers.

2. PHYSICS AND GENERAL FEATURES OF A
DUST STATIONARY COMPACT
STRUCTURE WITH HIGHLY CHARGED
GRAINS

Some general structure features can be expected
from physics of plasma fluxes in dusty plasmas. We
give preliminary hand-waving arguments for general
features of dust structures, which are in agreement with
present investigations of the exact solutions of the mas-
ter equations. We consider the limit of highly charged
dust grains Z; = |Q4/e| > 1, which is rather important
for structure formation in typical modern experiments.
The large charges can cause not only strong grain inter-
actions. Among new effects are the nonlinear screen-
ing of grain fields, excitation of regular electric fields,
changes of dust ion drag forces, and dust suppression
of ion diffusion. We start with a qualitative description
of possible equilibria of dust structures.
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2.1. Regular electric fields generated in dust
structures by a plasma flux

We consider systems with sizes much larger than
the nonlinear screening length of an individual grain.
We explain why the presence of an averaged collective
field is inevitable outside the screening length. The
main reason is the presence of regular plasma fluxes
producing dust drag forces Fy, that are usually pro-
portional to the plasma flux nu, Fy. o« nu (u is the di-
rected flux velocity and n is the ion density). For highly
charged grains, Fj,. is proportional to Z; > 1. We
clarify this point. For linear screening, the drag force
is proportional to Z3 since the cross section of scatter-
ing of ions on grains is usually estimated as Wrsz with
Terf = Za€®/T;. But one factor Z, enters the condi-
tion for the screening to be linear Zgze?/A\pT; = 8 < 1,
where Ap is the ion screening length, and Ap o< 1/y/n
for 7 = T;/T, < 1. This shows that Fy,. o< Zg8+y/nu.
With an increase in Zg4, the nonlinearity in screening
starts to be important for 5 > 1, changing the depen-
dence of Fy. on 3. It is more useful to define Fy,. with
one factor Z4 and write Fy. = Zgfqr/nu with the co-
efficient fy4. depending on both  and |u| (it in fact
increases with 3 for # <« 1 and decreases with 3 for
B > 1). We say that gains are large charged grains if
g >1.

In the balance of forces on grains, apart from the
drag force, the electric field force F,; «x ZyzFE should
be first of all taken into account (E being the collec-
tive electric field strength), since this force also con-
tains a large factor Z; for highly charged grains. The
balance of the drag force and the electric field force
results in some kind of Ohm’s “law” u x E, showing
that the ion drift velocity is proportional to the elec-
tric field strength (with a coefficient depending on |ul
and 3). This law can be read in both directions: the
electric field excites the ion drift or the ion drag force
excites the electric field. The second option is impor-
tant for structure investigation because the ion flux is
inevitably created by grain charging. The other forces
acting on grains cannot contribute much to the balance
of forces comparable with the contribution of drag and
electric field forces even for strongly interacting grains.
The main point is that the drag force excites regular
electric fields, which can often be present in the com-
plex plasma structures. Although the collective field
strength can be moderate, the force that it produces
on a grain with Z; > 1 is large. An interpretation of
the recent observations in [26] gives evidence that such
collective fields are indeed exited in the structures.
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2.2. Physics of dust and plasma confinement in
a single structure

We consider an example of a single spherical struc-
ture. Inside the structures, the dust and ion density
are enhanced. In the absence of dust and for sudden
ionization of a spherical volume, the electrons (as the
lightest particles) leave the surface and create a polari-
zation field acting on ions, which results in the known
“Coulomb explosion”. In the presence of dust, the pic-
ture is quite different if the drag forces exceed the po-
larization forces. The drag is directed inwards to the
center and creates an electric field that balances it. The
field is directed inwards due to negative charges of the
dust grains. For ions, this force is an inwards force (not
outwards as in the case of Coulomb explosion). This
means that the ions have an electrostatic potential well
inside the structure. The electrons adiabatically follow
the electric field distribution. This effect occurs be-
cause of the large dust charges Z; > 1 and also because
these charges have to be supported by plasma fluxes.
This qualitative picture of dust and plasma particle
confinement in the structure is supported by numerical
calculations of balance equations.

2.3. Normalization

To explicitly formulate the balance, which we have
explained qualitatively, we introduce the dimensionless
variables that are useful in low-temperature plasma ex-
periments in the case of a high neutral atom density.
The neutrals rapidly equalize the ion and neutral atom
temperature denoted here by T;, and the ion tempera-
ture can be assumed to be constant inside the structure
volume. We introduce the ion mean free path \ for in-
teraction of ions with neutrals and consider it constant
in the volume of the structure (for a constant cross sec-
tion oy, of ion—neutral collisions A = 1/n,0;,, with n,
being the neutral density). In modern complex plasma
experiments, T; and ) are often constant. It is therefore
useful to normalize all values with respect to quantities
containing only these constant values. We use the fol-
lowing normalization of the densities of ions n; and elec-
trons ne and the dust charge density Zyng (we call the
normalized value of the latter the Havnes parameter P,
although an other definition of the Havnes parameter
with an other normalization exists in the literature):

nqgZq

n; n
n— — , MNe — c , P= ,
Neff Neff Neff

where

_ I 7.3 Nn 2
Neff = dre? =10'cm™ " - (71016 cm—3) X

% ( Tin )2 T; (1)
3-1071% cm~2/ 0.02eV’

We use the following normalization of forces F', electric
field strength E, and plasma flux &: ' — FA/T;, E —
— eEN/T;, and & — @/\/ineffu, where v — u; /v/2v7;
and vp; = /T;/m;, while u; is the actual ion drift
velocity and vp; is the ion thermal velocity. The defi-
nition of f4,(u, ) follows from

Fdr = fdr(|u|7ﬂ)Zdu\/ﬁa

where 3 characterizes the ratio of the ion—grain electro-
static energy at the linear screening length Zze?/\se
to the ion average kinetic energy T;. It can be written
as 3 = Zq4e2/\pT; = za\/n/7, where z = Zze?/aT.\ is
the normalized dust charge and 7 = T;/T, is the ion-
to-electron temperature ratio (T, is also assumed to be
constant inside the volume of the structure). We nor-
malize the distances r from the structure center and
the grain sizes with respect to the ion—neutral mean
free path r — r/X and a = a/\.

2.4. Balance conditions

With the above notation, the dust balance equa-
tion (after cancelation of the common factor Z;) has
the form

E = far(u, B)v/nu. (2)
The ion balance equation describes the balance of the

thermal ion pressure force, the electric field force, and
the friction forces on neutrals and electrons:

du 1 dn
2u— +—— =FE — frriqu — r
udr + n dr Fyriav = ufy

The left-hand side contains the standard expressions of
ion hydrodynamics, the normalized term (v;-V)v; and
the ion pressure term (1/n)(dn/dr). The right-hand
side contains three terms: —ufg, ;q is the ion friction
force due to dust drag and —ufy, is the ion friction
force due to ion—neutral collisions. The fy, ;¢ term can
be found from the ion drag force using the momentum
conservation law. Taking expression (2) into account,
we have

E = frriqu = far(|ul, B)v/n(1 — P/n)u.

The ion neutral friction force uf,(u) can be found us-
ing the assumption of a constant cross section of ion—
neutral collisions in the BGK approach and averaging
with respect to the drifting thermal distribution

Folu) = (%)2 s 3)
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The numerical coefficient in the radicand in (3) has
been found analytically and the u dependence is found
using a best fit with the numerical results. This de-
pendence of the friction on the drift velocity is in ac-
cordance with most measurements of ion mobility in
low-temperature plasmas [27]. The equation obtained
above can serve as a first balance equation for du/dr
describing the changes in ion drift velocity. The flux
® can be divided into the convective flux nu and the
diffusion flux —Ddn/dr, with D being the diffusion co-
efficient: J
n
® =nu — D%.

The diffusion coefficient should take both the ion—
neutral collisions and ion dust collisions into account
and is inversely proportional to the sum of frequencies
for these collisions. Then the Havnes parameter en-
ters D only in the combination P/2y/n. The coefficient
D = D(u,3,P/2y/n) can be calculated from ion dust
cross sections for any model of nonlinear dust screen-
ing. Formula (3) can be used as an equation for the
dust density derivative dn/dr. The balance of fluxes
can be obtained if we account for the ionization (as-
suming that it is proportional to the electron density
ne) and the rate of absorption of ions on dust:

1 d(r*®)
dr

= = a;n. — anPa.y(u), (4)
where «a; is the ionization coefficient depending on the
power of ionization and acp(u) = 1/2vm + 4u? is the
charging coefficient obtained from the balance of elec-
tron and ion currents on the grain surface. To close the
system of balance equations, we use the Poisson equa-
tion for the average electric regular electric field in the

structure:
1 dEr?

r2 dr

=n—ne,— P.

- 5)

According to (2), the value of the field strength E in
the left-hand side of (5) depends only on n,u, and z.
The derivatives dn/dr and du/dr in (5) can be found
from the above equations and are functions of n, u, P, ®,
and r, while the value of dz/dr can be found from the
charging equation

2naen(u) m;
PR = e " my
€ €

which describes the equality of electron and ion fluxes
on the individual grain. Thus all derivatives in the left-
hand side of (5) can be found as algebraic functions of
n,Ne,u, ®,r, and P. Equation (5) is then an algebraic
equation for P, giving P as a function of n,n.,u,®,
and r. Taking into account that both electrons and
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ions are created in pairs by the ionization source and
are also absorbed in pairs by the dust and using the
standard electron diffusion and friction on neutrals, we
find the balance equation for electrons

1
T 9/4n

_y 1 dne
dr’

T Ne

FE =

which differs from the simple balance of the elec-
tron electric field force and the electron pressure force
(where v = 1) and is valid in the case where the collec-
tive electric fields of the structure substantially exceed
the ambi-polar field (the ambi-polar diffusion is thus
violated in dust structures).

It is important to explain on a qualitative level why
the value fy-(Jul, ) in fact also determines the possi-
ble equilibria and the degree of quasineutrality in the
structures.

2.5. Nonlinear drag force and the range of
existence of equilibria of dust structures

To find the general conditions for the existence of
equilibrium structures, we use the balance relation at
the center of the structure. Asr — 0, we have u — ugr,
ne = ne(0), P = P(0), E — Ejr, ® — ®pr, and &) =
n(O)UB, fdr — fan(/g)v fdr,O(ﬁ) = fdr(oaﬁO)v BO =
zoy/n(0)a/T, where n(0),n.(0), P(0), and z(0) are
the normalized ion density, electron density, Havnes pa-
rameter, and dust charge at the center of the structure.
The equilibrium equation gives the following necessary
relations for the existence of equilibrium in the dust
structure:

r— JaroB) 0y _ proy - L
o= 3 R 0 0) ~ PO) = 5.
3far0(B)v/n(0)up = n(0) —ne(0) — P(0),  (6)
o }ne(o) _ L
3uy = n(0) 2\/7_1_aP(0).

These equations can be used for the analysis of pos-
sible equilibria independently of the models for nonlin-
ear screening if fqro(f) is known. The equilibrium is
determined only by two parameters, n(0) and the ion-
ization rate a;, which are related to the two parameters
that can be regulated in experiments, the total flux on
the surface of the structure and the power of volume
ionization. In the simplest case a; = 0, the external
flux is a single parameter that determines the struc-
ture. The balance can occur only in a restricted range
of this parameter determined by (6). There is a one-to-
one dependence of the ion density at the center of the
structure and the external plasma flux. We can use (6)
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to express the value of the derivative of the drift flux
velocity uy at the center, the electron density n.(0) at
the center, and the Havnes parameter P(0) at the cen-
ter as functions of this single parameter n(0). We find

2 1n(0) — Nunin
3\/7_7 Nmaz — nmin7
P(0) = 1y U0 = Mimin_

Nmaz—1(0)+(3/2) (fdr,0)2 (n(0) ~Nmin) ‘

nmax/nmin -1

-
Uy =

(7)

ne(0) =

In these relations, the minimum and maximum ion den-
sities are

8

8y/n(0)
der,()\/%’

Nmin =

Nmaz =

It follows that for n,,, < n(0) < Ny, the Havnes
parameter and the electron density are always positive
and the flux drift velocity is directed to the center of
the structure. We note that the requirement P(0) > 0
(the existence of dust at the center) automatically im-
plies that the ion flux close to the center is directed
to the center and that n.(0) > 0. The range in which
the equilibrium exists is completely determined by the
drag force at the center fg,0(5) and the ratio of the
grain size to the mean free path a for ion—neutral gas
collisions. A generalization of relations (7) to the case
where the volume ionization is not zero, a; # 0, can
be found from (7). Tt shows that the range of existence
of equilibria is narrowed if the ionization rate increases.
The conclusion is that the ionization rate should not ex-
ceed a critical value, otherwise equilibrium is not pos-
sible. The nonlinearity in screening can qualitatively
change the dependence of fg. on  (for linear screen-
ing, i.e., § < 1, the standard expression shows that
faro = BIn(1/B) x a , while for nonlinear screening,
i.e,, 8> 1, faro is a decreasing function of a and /8
in most cases). All these relations are necessary but
not sufficient requirements for the existence of equilib-
rium and they imply the absence of dust void in the
center of the structure (P(0) # 0,uj < 0 ). If they are
not satisfied at the center, the balance conditions can
start to be satisfied at some distance from the center,
which means that a void is present at the center. An
important general statement is that in the absence of
volume ionization, the equilibrium is determined by a
single parameter that can vary only in a limited range.
With an increase in the ionization coefficient «;, this
range narrows and only structures with a void in the
center can satisfy the conditions for the equilibrium.
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2.6. Drag force determines the degree of
quasineutrality in the dust structures

In the absence of dust on scales larger than the
screening length, the plasma is usually quasineutral.
The presence of highly charged grains and their drag
by plasma fluxes changes the usual quasineutrality by
drag excitation of electric fields. But the approximate
quasineutrality, including not only electrons and ions
but also the dust particles, can still be present being
regulated by the drag force. The quasineutrality means
that n — P — ne < n in dusty plasmas. This relation
can be checked in the whole structure if we calculate
the whole distributions of electron, ions, and grains in
the structure. But its validity can be checked using the
asymptotic expressions at the center of the structure
given above. We find

n(0) = n.(0) - P(0) _
n(0)

op =

3

_ .3 1 — nmin/n(0)
4

1 ~
dr,0 nmaz/nmin -1

(8)
Since fgr0 < 1 for the existing models, the system in-
side the structures is almost neutral but the deviations
from quasineutrality are determined by the drag force.
For the density n(0) close to its maximum value and
for Nynaz > Nmin, the electron density at the center is
small, which means that in this limit, the negative dust
charges at the center are almost compensated by the
volume positive ion charges. At the periphery, where
the dust density vanishes, the electron and ion densities
are close to each other, but are not exactly equal. The
electric field can be left at the surface of the structure,
which means that the structures can be charged.

2.7. Finite size of the compact dust structures

If the external plasma flux is finite and the volume
ionization is absent, the size of the structure should
also be finite. This is due to finite value of the Havnes
parameter at the center, which cannot stay constant
in the structure. The Havnes parameter cannot in-
crease indefinitely or oscillate indefinitely since in that
case, the external flux cannot support the dust charges.
Therefore, the Havnes parameter should typically van-
ish at a certain distance, which can be defined as the
structure size Rg.. This means that any equilibrium
structure can confine only a finite number of grains.
This does not mean that in the presence of ionization
outside the structure, the conditions for equilibria can
be again satisfied. Thus, being surrounded by a dust
void, the structure can have several shells. It can hap-
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pen that the dust structures inside them have a void
and an other void can surround the structure, but the
number of grains between the voids in the structure is
finite.

2.8. Charges of dust structures and formation
of dust clusters

Since the ions dominate in dust drag, we can
roughly estimate the total charge of the dust structure
to have a potential of the order T;. Letting Es denote
the dimensionless electric field at the dust structure
surface, Rs denote the size (in units of the mean free
path of ions in neutral gas), and —Zge the total struc-
ture charge (the individual grain charge is —Zge), we
find the estimate

Z, = Z4—E,R2.
zZT

The numerical models often give |Es| > 1 and Ry > 1.
Therefore, the structures can be highly charged with
the total charges exceeding the individual grain charge.
In this case, the structures may be regarded as “super-
grains” that can form clusters of dust structures. Mul-
tiple structure formation is expected for large volumes
with a constant volume ionization source, because the
condition of the overall balance means that the plasma
produced by the source should be absorbed by the
structures, while each structure is able to absorb only
a finite plasma flux. The possibility of formation of
super-crystals in complex plasmas (where an element
of the super-crystal is a single dust structure) was men-
tioned in [27]. This situation is in some sense similar
to gravitational cluster formation.

3. MASTER EQUATIONS FOR STRUCTURES

3.1. General form of the master equations

As the master equations, we use the balance equa-
tions among which are the equation for ion density bal-
ance J )

n
I - = - 9
i = D g Py ) )

the electron density equation

dne
I 8 == far(, fune/i (10)
the equation for ion drift velocity
du 1 P
111 = 1-——) -
=5 (s (1-2)

= frr(u)

nu dr

_ i d_n> , (11)

where dn /dr can be substituted from (9), and the equa-
tion for plasma flux
d® 2¢

Iv —=-—+an.—

o . anPa.p(u) (12)

obtained from (4).
equations.

1) The equation for the individual dust charge z, ex-
plicitly given above in the simplest form and referred to
as the master equation V in what follows, with its so-
lution denoted by zs(u, n,ne). The corresponding drag
force is denoted by

Two more equations are algebraic

fdr (U, Zs(ua n, ne)a\/ﬁ/T) '

2) The equation for the Havnes parameter P whose
explicit expression can be obtained by differentiating
Poisson equation (4):

fdr,s(ua n, ne) =

dn  nu
Ia %—F(n—ne—

or, using (9),

A-PB), (13)

VI D (u,B,P/2y/n)u(n —n.— A+ BP) =
=C(hu—®), (14)

where

A(u,n,ne,r) = fd2r7s(u,n,ne)g —

- fdr,s(u7n,ne)Ff,.(u)@ + 2fdr,s(u7n7ne)\/7_lu B

2 r
nu’t
S ) X
X3 dfar(u, ) +vnS(u,n,ne,r)x

dﬁ B=zs(n,ne,u)v/na/r
X (Far(uyn,ne,7)v/n — Fyp(u)),  (15)

fd2r,s(u’ n, ne)

B(u,n,ne) = >
+ fdr,s(uanvne)s(uvnant?)a (16)
C(u,n,n.) = _de,S(Uanvne)? +
+ fdns(uanvne U2£ +
Zs(uanvne) -1 2
sl Y
% B dfdr(uvﬂ) _

dﬂ B=zs(n,ne,u)y/na/r
—\/ES(’U,,TL,TLE), (17)
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_ fch(u)u2
S(u,n,ne) = s (w1, ) + 1
g Bt ;
B B=zs(n,ne,u)v/na/T
2 dutn?) as)
U 6:28(’“’7’7@,“)\/%”‘/7

3.2. Master equations for small diffusion

If the diffusion coefficient is zero, D = 0, then ® =
= nu and Eq. (9) cannot be used as a master equation
for the ion density because it requires resolving the un-
certainty 0/0, but we can use Eq. (13) instead (also
denoted by Ia since it is independent of whether dif-
fusion flux is taken into account). As equations ITa
and ITIa, we use (10) and (11), while in the balance of
fluxes in (12), we substitute ® = nu and both deriva-
tives dn/dr and du/dr taken from Ia and IITa. This
leads to an analytic expression for the Havnes param-

eter P:
M(u7 n7 ne7 T)

N(u,n,ne) "’ (19)

P(u,n,ne,r) =

where

M(u,n,ne,r) = (fd,,,s(u,n,ne)\/ﬁ—FfT(u)+4Tu) «

x C(u,n,ne)+(2u”—1) (n—ne—A(u,n,ne,r)), (20)

N(uananE) = (1 - B(U,n,ne))(QUQ - 1) +

fdr,s(U7 n, ne)
i (T

The master equations that we have derived are sim-
ilar to those used for describing self-organization pro-
cesses [28-30]. The solutions of the master equation
can correspond to dissipative self-organized structures.

- Qaach(u)> C(u,n,mne). (21)

4. EXAMPLES OF SOLUTIONS OF THE
MASTER EQUATIONS. A NEW TYPE OF
DUST SELF-ORGANIZED STRUCTURES

The obtained master equations can be used in nu-
merical investigations of a broad range of different
structures, with different nonlinearities in screening,
drag forces, and diffusion. They can also be used for
some anomalous processes. The equations are also valid
for standard linear screening, linear drag, and diffusion
on neutrals (they are valid for rather small grains).
The nonlinearity can introduce new effects and can
be responsible for a new type of dust structures. We
here present only several examples of solutions of the

n(0) = 10

150 T T

100 + J

n(0) = 150
50 ]

800

600

400

200

Fig.1. Dependences of the parameter P in the struc-

tures on the distance from their center for three types

(1 (a), 2 (b), 3 (¢)) of structures, a = 0.01, 7 = 0.01,
gas Argon

master equations with a qualitative description of the
main new features obtained in numerical investigation
of dust structures. All our numerical results support
the general features of structures described above.

Specifically, we present here the results of numer-
ical calculations for the model of nonlinear screening
in [21,22], used to find fg.(u, 3) and D(u, 3, P/2/n)
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numerically for @ = 0.01 and 7 = 0.01 (Argon gas)
as continuous functions of their arguments that can
be used in the master equations. For a; = 0, z(0)
was calculated numerically and was used to find the
range 2.5 < n(0) < 800 of the existence of struc-
ture equilibrium. This range was divided into 3 sub-
ranges: 1) small ion and dust density at the center,
2.5 < n(0) < ng),
W < n(0) < ne’, and 3) large ion density at
the center, ng«) < n(0) < 800. The calculations give
ng) ~ 40 and ng«) ~ 300. In the first subrange, P has
a maximum at the center and decreases slowly to the
structure edge r = Ry, where it vanishes. The lower
n(0) is, the larger Ry, which can reach the values 30—
50; in this subrange, the structure with the largest n.(0)
has the smallest size about 10. The structure has a fi-
nite number of grains confined in it, and this number
increases with the structure size. In the second sub-
range, P smoothly decreases from the center, reaching
the distance where it sharply decreases to zero. In the
third subrange, the dust density increases from the cen-
ter, forming one or several peaks and then decreases to
zero, also mostly sharply at the structure edge. Figu-
re 1 illustrates the results of numerical computations in
the three subranges for n(0) = 10,150, and 750. The
calculated structure types can be used to find in which
part of the structure the dust crystallization starts and
from where the crystallization fronts can propagate.
Any crystallization model provides with a criterion of
crystallization for the coupling constant ['coupr > Ter,
where the coupling constat I'coyp is proportional to the
dimensionless coupling constant I' = 25/3p1/3 which
is calculated using the obtained results for the struc-
tures. The coefficient between I'cpyp and I is found to
be of the order of 3000 and the crystallization criterion
can be fitted with the existing experiments. The depen-
dence of I" on the distance from the center calculated for
first type of structures is shown in Fig. 2 for n(0) = 10
(close t0 Nmin) and n(0) = 40 (close to nE})) In the
first subrange for the smallest n(0), the crystallization
starts at the center, but for larger n(0) = 40, the crys-
tallization already starts at distances close to the pe-
riphery, although not exactly at the edges of the struc-
ture (Fig. 2). For the second type of structures, the
crystallization starts almost at the center, but soon cov-
ers the whole structure, which corresponds to a rather
high speed of the crystallization front. For the third
type of structures, the crystallization is complicated
due to the presence of dust density peaks, which are the
positions where crystallization starts. The calculations
have been performed neglecting the diffusion flux, and

2) medium ion density at the cen-
(2)

ter, n cr oy
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the latter was calculated by perturbation using an exact
expression for diffusion found in the model in [21, 22] by
taking both ion—neutral and ion—dust collisions on non-
linearly screened grains into account. It is found that
the ion grain collisions strongly suppress the diffusion,
especially in the ranges of medium and large dust den-
sity structures and that in all subranges, the diffusion
fluxes are small compared to the convective fluxes taken
into account in first-order calculations (the calculations
show that the estimated ratio of diffusion-to-convective
fluxes is not larger than (1-2) %). An exception is the
narrow region close to the edges of the structure, where
due to the absence of diffusion, suppression of the diffu-
sion fluxes by dust can reach the value about 0.5 of the
convective fluxes. Therefore, for the structure edges,
the present results can give only a rough estimate of
the edge shape (a thin layer at the edge), because they
are on the limits of the applicability of the approxima-
tion used in the calculations. The ratio of the diffusion-
to-convection flux calculated for first type of structures
is demonstrated in Fig. 2. The structures are charged
and the collective electric field at the edge E, deter-
mines the total structure charge Z;, which is shown in
Fig. 2 together with z4 (24, = Zs€2/aT,). In Fig. 2, 2,
is the individual dust charge at the surface of the struc-
ture. For all structures, the electron density n. and the
individual dust charge z increase to the periphery of the
structures.

5. DISCUSSION

1. All the obtained master equations are the
first-order equations in derivatives and can be solved
numerically starting with the asymptotic solutions at
the center described here. The difficulties that can ap-
pear are due to a new type of “singularities” that can
occur inside the structures. Indeed, according to re-
lation (19), the denominator of the expression for the
Havnes parameter, N (u,n, n.), can have zeros in its de-
pendence on the center of the structure. In particular,
the peaks shown in Fig. 1 are related to these “singular-
ities”. At these points, the values of P are finite but its
derivatives change sharply, which indicates that self-
consistent solutions always describe the simultaneous
zeros of both N(u,n,n.) and M(u,n,n.). That is a
remarkable feature showing that the master equations
do not allow any infinite values of P. Physically, this is
reasonable, but the mathematical aspect requires fur-
ther analyzes.

2. The calculated diffusion flux is found to be small
even at peaks of the dust density inside the structures.
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Fig.2. Dependences of the parameters T, the ratio of diffusion to convection flux, and the electric field in the first type of
structures on the distance r from their center, a = 0.01, = = 0.01, gas Argon

This is explained by the suppression of diffusion in the
regions of high dust density.

3. The applicability of hydrodynamic description
(the characteristic length of inhomogeneity is less than
the mean free path) has been checked inside the whole
structures even at the dust density peaks, which have
been specially analyzed with a two-order higher accu-
racy. This is explained by the shortening of the mean
free path in ion dust collisions that dominate at high
dust densities, where the peaks appear.

4. The applicability of a continuous description of
dust (the characteristic length of inhomogeneities is
much larger than the inter-grain distance) is checked
to be fulfilled inside all structures.

5. Structures of the first type with a smooth change
of dust density up to the edge correspond to the struc-
tures recently observed in micro-gravity experiments on
board the International Space Station [26].

6. The structures of the third type with several
peaks inside them have been observed in recent labora-
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tory experiments [19]. The detailed comparison of the
theory and experiments requires additionally taking the
specific geometry of experiments into account [19] to-
gether with the presence of gravity forces, neglected in
present calculations.

7. The master equations take any arbitrary nonlin-
earity in screening into account and are applicable not
only to the models in [21,22] but also to the nonlinear-
ity related to trapped particles [25].

8. Due to the founded restricted range for the exis-
tence of equilibrium of compact structures, it is possible
to scan all types of dust structures as a function of only
two parameters, the external plasma flux (determining
the value n(0)) and the ionization rate a;. Both param-
eters vary only in restricted ranges and such scanning
is practically quite possible in the future, although it
requires a large amount of numerical calculations.

9. The two parameters in the calculation corre-
spond to the two existing global parameters that can
be changed in experiments, the value of the external
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flux and the power of ionization, although it is not easy
to establish a one-to-one correspondence between these
two sets of parameters because experimentally chang-
ing the ionization power also changes the ion density
and therefore the flux on the structure surface.

10. For future experiments in spherical chamber,
we can recommend to start with rather not large exter-
nal fluxes because the structures of the first type have
the largest size and can confine the largest numbers of
grains.

11. Investigations of dust dissipative structures
can be one of the best tools for understanding specific
properties of self-organization [29, 30].

This work was performed at the Max Planck Insti-
tute for Extraterrestrial Physics (MPE), is supported
by RFFI (grant Ne08-02-01172) and the Russian—
German Partner Group for Complex Plasmas. One of
the authors (V. N. T.) thanks the MPE for the hospi-
tality during his stay as an MPE guest.
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