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The NV = 1 SQCD with N, colors and two types of light quarks, IV, flavors with the smaller mass m; and
Ny, = Np — N flavors with the larger mass my, N, < Nrp < 3N, 0 < my < mj, < Ag, is considered within
the dynamical scenario in which quarks can form a coherent colorless diquark condensate (QQ). There are
several phase states at different values of the parameters r = m;/ms, N;, and Nr. Properties of these phases

and their mass spectra are described.

1. INTRODUCTION

We generalize the results obtained in [1] for equal
quark masses to the case of unequal masses. We do
not consider the most general case of arbitrary quark
masses here. Only one specific (but sufficiently rep-
resentative) choice of unequal masses is considered:
there are N; # N, flavors with the smaller mass
m; and N, = Np — N; flavors with the larger mass
myp > my > 0, N. < Ngp < 3N.. Some abbreviations
used below are follows: DC is the diquark condensate,
HQ is a heavy quark, the [-quarks are the quarks with
the smaller mass m;, and the h-quarks are those with
the larger mass my. The masses m; = my(p = Ag)
and mp, = mp(pu = Ag) are the running current quark
masses normalized at u = Ag, and M', or M", are
the chiral diquark condensates of the [- or h-quarks,
also normalized at = Ag, (QQ' (1 = Aq)) = 0IML,,
(QrQ"(n = Aq)) = 6EML,, and A (independent
of quark masses) is the scale parameter of the gauge
coupling constant. All quark masses are small, but
nonzero: 0 < m; < my, K Ag.

The whole theory can therefore be regarded as be-
ing defined by the three numbers N., Nr, and N; and
three dimensional parameters Ag, my, and my (i.e.,
all dimensional observables are expressed through these
three).

It is shown below that within the dynamical sce-
nario used, there are different phase states in this theo-
ry at different values of the parameters r = m;/m < 1,
Nl, and NF:

“E-mail: v.l.chernyak@inp.nsk.su

a) the DC;—DC}, phase appears for mﬁ"le < Mh <
< M!, < Ag in both cases N; > N, and N; < N,

(mfl"le is the perturbative pole mass of the h-quarks);

b) the DC,~HQ), phase appears for M”, < M!, <«
< meOle < Ag at N; > N, only;

c¢) another regime of the DC;—HQ,, phase appears
for M", <« mﬁOle < M!, < Ag in both cases N; > N,
and N; < Ng;

d) the Higgs;~DC}, or Higgs;—HQ), phases appear at
ML, > Ag at N < N, only.

It is implied that the reader is familiar with the
previous paper [1], because all the results in [1] are es-
sentially used in this paper.

The paper is organized as follows. The proper-
ties of the DC,—DC,, phase are considered in Sec. 2.
The DC,-HQ}, phase (in two regimes) is considered
in Secs. 3 and 4. The Higgs;—DC;, and Higgs;—HQ
phases with Higgsed I-quarks are considered in Sec. 5.
Section 6 contains a short conclusion.

2. THE DC,;-DC; PHASE

We first recall the effective Lagrangian for
equal-mass quarks just below the physical threshold
at u < pg = Mep, after the evolution of all quark
degrees of freedom has terminated [1] (b = 3N, — Np,
N.= N — N,, see also footnote 5 in [1]):
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L:/d29d2§x
x {Tr VIITI + Zg Tr(@*er +§TeV§> } +
29) _ 27
+/d9{ a(M)S+WQ},
der)
e = T
- () oo )

(1)

-I-Tr(mQH),

Here, (mQ)ZT =mo(u = AQ)ZT, where mQ(,u)z are the

running quark masses, and (H%) = ((@j@i)uzAQ) =
= (/\/lfh);— For equal quark masses, (mQ)Z =

= mqdl, (MZ)h = M2 8 (S) =
= (AB detmg)/Ne = A}, (as regards the specific
forms of the pion Kéahler terms for DC phases here and
everywhere below, see footnote 5 in [1]).

Well above the highest physical threshold, uy <
< i < Ag, the quark fields Q and @ describe the
original quarks with the small running current masses
mq(p), while below the threshold, they become the
fields of heavy quarks with the large constituent masses
pe = M), -

The fields IT are defined as “the light part of QQ".
In other words, well above the threshold, when the
large constituent mass of quarks is not yet formed, II
and QQ are both the same living diquark operator of
light quarks, and hence QII ' Q is a unit c-number ma-

trix, and the projector P = Tr(QII~* Q) — Nr =0.

Moreover, the term (det H/Ag’)l/ﬁc is dominated by
contributions of light quantum quark fields, and rep-
resents not a constant mass but a living interaction.
But below the threshold, at u < M.y, after the ap-
pearance of a large constituent mass M.y, the light II

mQMZh =

D The Konishi anomaly [2] for the canonically normalized con-
stituent quark fields C' = Q/Zé?/2 and C = Q/Zalg/2 is given by
(CCy = (S)/uc. But the form of its explicit realization is a
matter of convention. One convention is that it is realized di-
rectly through the one-loop triangle diagram with the heavy con-
stituent quarks forming a loop and emitting two gluinos. Another
convention is that the one-loop constituent quark contributions
to the vacuum polarization are transferred to the gluon kinetic
term at a first stage, and then a term S'In yu appears, while the
quark term in Wy in (1) has to be used for calculations with
the valence constituent quarks only. The Konishi anomaly then
originates from this vacuum polarization term and is given by
(©C) = (8/0uc (S pe)) = (S)/uc-

and heavy QQ become quite different, such that P be-
comes a nontrivial nonzero term. Besides, below the
threshold, all the N7 fields II become “frozen”, in the
sense that all of them contain the large e-number vac-
uum part M?, and the light quantum pion fields =
with the small masses mg, whose contributions to am-
plitudes are smaller, |7| < p < M., As a result,
the entire term (det 1'[//\23’)1/1\7~”-(ZQH)_1 in W is now
dominated by the c-number vacuum part, which be-
comes the large constituent mass M., of the quark
fields Q and Q.

We start with m; = m; and begin to make m; >
> my, so as to produce a gap between /\/lf:h > /\/l?hZ):

2 1 1/Ne
l _ bo

(Mch) = (AQ det m)

= AS/N“ ml(NFNC)/NCmELprN’)/NC, (2)

(Mgh)2 _ L (A’g det m)lm = AN

mp

2
% m;Vl/Nc mELNF*Nc*Nl)/NC = % (M.l:h) . (3)
h

Clearly, at scales u > Mlch, the large constituent
masses ub, = ML, and pl = M" are not yet
formed, and all quarks behave as perturbative mass-
less particles. Therefore, the fields II are not yet
frozen, the factor (detII)'/Ne in (1) is actually given
by (det QQ)'/Ne, and this is still a living interaction,
not a mass. As a result, there is still no difference be-
tween the fields IT (light at lower scales) and the fields
QQ (heavy at lower scales). Therefore, the projector
P in curly brackets in (1) is still zero:
P=Tr(QU'Q)—Np=0, pu>M,>M". (4
The main point is that the projector P begins to
be nonzero only after the decreasing scale i crosses the
physical threshold at u ~ Mh < M., (and not be-
fore, at u ~ ML, > M"), where a mass gap between
the heavy constituent quarks (Q7, Q")(¢°**Y) with the
masses M, and the light pions H% = (Q;Q")(Hght)
with the masses of the order of my, appears and “begins
to work”, such that the fields Q" and Q}, become frozen.
Before this, at u > M", | the constituent mass M?”, is
not yet formed and the operator H% is not yet frozen
and represents two still living light quarks Q7 Q", whose

2) But to remain in the same DC phase for all flavors, there
must be a restriction on the values of m; and mj, such that
r = my/mj, cannot be too small. The explicit form of this re-
striction is presented below.
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quantum part still dominates over its c-number vacuum
part. Therefore, in the first term in Wg, the common
factor (det IT)'/Ne is not yet completely frozen, and still
describes some interaction, not a mass. Hence, the con-
stituent masses are not yet formed not only for the Q5
and Q" quarks but also for the Q; and Q' quarks. This
shows that the very presence of the still living pertur-
bative light quarks Q7 and Q" at M%, < u < M.,
also prevents the quarks Q7 and Q' from acquiring the
large constituent mass Mf:h. Hence, nothing happens
yet at pu ~ /\/llch and the perturbative regime does not
stop here, but continues down to p ~ /\/li’h. This is
the real physical threshold uz, and the nonzero non-
perturbative contributions to the quark superpotential
appear only after crossing this region, and they appear
simultaneously for all flavors®).

Therefore, at u < M?", | instead of (1), the effective
Lagrangian becomes

L= /d29 d*6 {Tr VI 4 Z; Try (QTeVQ> +

+ 7, Trp (QTeVQ> + (Q = @) +

v
+ Tr(m II),
7 = (%,’”)3— ﬁéh

Here, II is the total Nz x Np matrix of all pions, and
Q and Q with [ or h flavors are the constituent quarks
with the respective masses ML, or M%,.

After integrating out all heavy constituent quarks
(which leaves behind a large number of hadrons made of
constituent quarks that are weakly confined, the string
tension being /o ~ Ayy < Mh < ML) and pro-

3)Ina sense, the constituent quarks can be thought of as ex-
tended solitons. And this also shows that the characteristic size
of the heavier constituent quarks @l-, Q! is not R} ~ I/Méh
but a larger value R; ~ UMZh > l/Méh; this is typical for a
soft soliton, whose size is much larger than its Compton wave-
length, Rgz‘;ft) > l/Ms(;?ft). In other words, the size R; is the
same as the size Ry, of the lighter constituent quarks Qj and Q-
Ry ~ l/Mgh, which are, in this sense, hard solitons.

ceeding the same as in [1], we obtain the same form as

in [1]4):
/ d?0 d*0 { HTH}
det II R
/ o) QL iy +
oy (M, Ap) Ag (6)

det TI VN
+Tr(mH)}, A3=< eb > )
Ag
(Ar)

Hence, the only difference from the case of equal quark
masses is that the masses entering Tr(mlIl) are no
longer equal.

Proceeding further as in [1] and going through the
Veneziano—Yankielowicz (VY) procedure for gluons [3],
we obtain that there is a large number of gluonia with
masses My ~ Ay = (Ag’ det m)'/3Ne | and the light-
est particles are the pions with the Lagrangian

=Ayu < p < Mhy

L, /(1219d2 {TrvHTH}

for () nen). T

pu<L Ay

The pion masses are proportional to the sum of their
two quark masses:

MfT”) = co2my, MfThh) = cp2mp,

MT(F”L) = co(my + my),

where ¢ is a constant O(1).

Clearly, when the quark masses become equal,
my — my, Lagrangian (7) smoothly matches those in
(1) (and vice versa). This is as it should be, until both
types of quarks remain in the same DC phase.

On the whole, it is seen that starting with the case
of equal quark masses and splitting them smoothly
yields very similar results. The only essential restric-
tion is that the model has to stay in the DC,—DC,
phase. And the only new nontrivial point is that there
is only one common physical threshold pz where non-
perturbative effects turn on and change the form of the

1 It is worth noting that because there is only one common
threshold pg = M ;, for all flavors, the renormalization factors

Zx of all the N2 plOIlS are the same: Zr =z (AQ, M W) =

= zQ , where zg < 1 is the perturbative renormahzatlon factor
of the massless quark (see [1]).
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Lagrangian, and this threshold is determined by the
smallest diquark condensate g = M? < M!, (see
(2) and (3)).

We finally write the conditions for the theory to be
in the DC;-DCj, phase. In going down from p ~ Ag,
the massless perturbative evolution is to be stopped ei-
ther at pp = M, it MP, > mP% or at pgy = mP°'
if meOle > MM, . Hence, the h-quarks are in the DC},
phase at M", > mﬁOle and in the HQj, phase at M", <
< mP°*. The phase transition occurs at M"?, ~ mP.
Using (3), we obtain that the DC;, phase persists from

r=my;/mp =1 down to r > ry:

A v+ my
M?hszb‘)le:mh( Q) —r=—=
m

;Zole mp
mp\?
= =— 1
" (AQ) <4
1 2N,
o= |: - _(NF_NC)]7
N LT+ vy (8)
3N, bo bo
N, 3N, : = — =0 =—
< Np < c Y+ NF o 3Nl7
3N, 2N, — Np
N. < N —: = —
<P < T+ T Np—N,
_ NF_NC
o= N

where ~4 is the quark anomalous dimension. It is
known in the conformal window; to have definite an-
swers, the value v = (2N.—Np)/(Np—N.) used in [1]
for N. < Np < 3N./2 is also used here and below in
the text.

However, (8) is not the only condition, because if
r = my/my is too small at N; < N,, then /\/llch be-
comes larger than Ag and the [-quarks are Higgsed.
This happens (see (2)) at

N; < N, : Méh:AQ_)T:’rZL_}lL:
my,\ (VF—Ne)/(Ne—Ni)
=Tro =\ <K 1. (9)
()

On the whole, the theory is in the DC;—DC;, phase
under the following conditions:

m
a) — >ry for N; > N
mp

b) e > max (r1, r2) for N; < N;
mp

ro >1r;  at  N; < Np, (10)
v _ [Nebo/2Np  for 8N./2 < N < 3N,
T\ N2 for N, < Np < 3N,/2.

3. THE DC;-HQ, PHASE: M., < m?®® AND
Nl > Nc

3.1. 3Nc/2 < Nr < 3N,, 3Nc/2 < N; < Nf

This is a separate phase when the lighter [-quarks
Q' and Q; are in the DC phase, while the heavier
h-quarks Q" and Qj, are in the HQ phase.

For definiteness, we agree to use the following pro-
cedure below. The theory is defined at ¢ = Ag by
the quark mass values m; = my(p = Ag) < my =
= mp(p = Ag) <€ Ag. Starting with m; = my, un-
equal quark masses are obtained with mj staying in-
tact, while m; decreases, m; < mp < Ag.

At r = my/my, = 1, the theory is in the DC;~DCy,
phase, with the highest physical scale g given by
pr = Mho = M!, < Ag. As explained in Sec. 2,
the constituent masses of Q' and Q; quarks cannot
be formed alone, and are formed only after all flavors
are frozen. Hence, as r begins to decrease, the highest
physical scale pg is determined by a competition bet-
ween M", < ML, and the pole mass of Q" and Qj,
quarks, mP”'* = my, (u = mb").

The DC;-DC}, phase persists until M”", > meOle,
while the coherent condensate of Q", Q7 quarks can no
longer be maintained at M", < m?°' and therefore a
phase transition occurs from the DC;—DC, phase to the
DC;-HQj, one. This happens at r ~ 1 < 1 (see (8)).

Although the theory is in the DC;-HQ;, phase at
r < rq, there are two different regimes (see Sec. 4 be-
low), depending on whether r» < r{ < rqy or r} <r <
< r1, with 7| determined by

p

Méhzm’}’bOle—)rzr'lz (%) <Lr <1,
1 2N, ’ 4D
[ c —(NF—NC)].

PN =N AT,

The regime at r < r{ < 71 is much simpler and
is considered first in this section. We therefore take
r < ri and consider the properties of this DC;~HQy
phase. The highest physical scale pgr is then given by
the pole mass m?”'* = Ag(mn/Ag)/(H7+) < Ag of
the heavier quarks Q" and @, (see (8)).

The condition r < 7}, ie, M., < mb*
(see (11)) means that even if the Q' and Q; quarks
were trying to freeze in the threshold region around

o~ meOle by forming the largest possible constituent

mass IU/lC = M‘l:}” thlS iS impOSSible lf Mf’;h < mI;LOlE,

because even this mass is too small for freezing. There-

. y
fore, no nonperturbative effects turn on at pu ~ mp”°

. . . pole
in this case, and the region p ~ m;

purely perturbative regime.

is crossed in the
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At p < mp °l¢ the heavy h-quarks decouple from the The normalization of the pion fields
lower-energy theory and can be integrated out. What — . AIN.—Ny o Ny —Nori
— _ N _ e—Nip ~ Ni—=N:\1/N.
remains is the lower-energy theory with N, colors and L =(Qr@) i, (M) =(Aq fiy )

N; > 3N,/2 light flavors Q' and Q;, which are also in
the conformal regime at ufy < u < pg = mfl"le ('
is the new highest physical scale of this lower-energy
theory). We let AQ denote the scale parameter of the
new gauge coupling. Its value can be found from the
following considerations. At mﬁow < u < Ag, the
original coupling «a(u) is already frozen at the value
af = O(1). At p < mP*, the new coupling is also
frozen at a new value a3 = 0(1)7 a3 > af. Hence, in
passing from pu < mpOle to g~ m’wle the coupling of
the lower-energy theory becomes hvmg in the interval
S~ mﬁ"le around p = m’}’;’le7 where it decreases signi-
ficantly from o3 to of. This is only possible if the scale
factor Ag of the lower-energy theory is Ag ~mP.
Therefore, at 1 < Ag, we remain with N, colors,
N; > 3N,./2 light flavors with the small current mass

~

i =mi(n = Ag) = 25" (Ao, mp™) mi < Ag,

and the coupling (1) with the scale parameter Ao =

= mflOle Moreover, the value of the diquark condensate

of [-flavors is (see (3) and (8))

— N 2
(@rQ)mig) = o (M)
My = 2% (Ag, mP Y ML, < ML, < (12)

<AQ m’wle
pole
pole oy T+ (mp Y+/(1+74)
“a(hq, mi™) = (Tl Ao ) _<AQ) <1

V5o = bo /N

The properties of this theory have been described
in [1], and it is in the DC; phase. TIts highest phy-
sical scale is pfy = /\/llch < AQ, and hence it is in
the conformal regime at Mlc@ <p L AQ, while be-
low the threshold at u ~ /\/llch, the quarks Q' and
Q@ acquire the constituent masses ,ulo M on and
N7 light pions appear. The low-energy Lagrangian of
these pions at pu < Ay = (/A\3QN67NI det, 1) 1/3Ne =
= (A%NC_NF det m)/3Ne ig

L :/d2§d20\/iﬂ}ﬂ,+/d29{—(m - N,) x

deviy, \ T
et N -
Q

is the most natural one from the standpoint of the lo-
wer-energy theory. But it is also useful to rewrite (13)
with the “old normalization” of fields at p = Ag:

I = (Q;Q") u=rq,

S 1
<H[> = % = A%M/ml = E(Ag’ detm)l/N‘”-.

It then becomes

/d29d2 {ZQ(AQ7 pole)\/ﬂﬂ;rnl }+
+/d20{—(N, — N,) x

d tH 1/(NZ7NC)
o e £y TeIL S,
Aé’ det myp,

2(Ag,mp) = (T—;)bO/SNC

(14)

< L

In this case, on the whole, the mass spectrum
includes a) a large number of heaviest hh-hadrons
with their mass scale of the order of m?”°, b) a
large number of [/l-mesons with masses of the order

of /\;lclh made of nonrelativistic quarks Q' and Q;
pole

with the constituent masses M(}z < my;’°, ¢) a
large number of hybrid hl-mesons made of the above
constituents (all quarks are weakly confined and the
string tension is /o ~ Ayy < Mch < m’wle), d
a large number of gluonia with masses ~ Ayn
(A3N “NF detm)V/3Ne < /\/lch, detm

mf\]’ my" N and e) N? lightest [-pions II,
pole‘)ml <<AYM~

~

with masses ML ~ 1y = 25" (Ag,

3.2. 3N./2 < Ny < 3N., N. < N; < 3N_/2

The difference from the case 3.1 above is that at
W< pg = ’wle, after the heaviest quarks Q", Qp
are integrated out, the lower-energy theory is not in
the conformal regime at uf < u < mb”® but in
the strong-coupling regime (see [1]). In other words,
its new coupling increases in a power-like fashion at
WL ppg = mf;’le. This allows determining its new
scale parameter A’ from matching of the couplings at
W= g = mfl"le, where both are O(1). This is only
possible with A’ = uy = mf;’le = Ag. Therefore,
at u < [\Q, we remain with N, colors, N, < Nl <
< 3N./2 light flavors with the current masses m; =
=my(n = Ag) < Ao, and the coupling with the scale
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parameter AQ. All this is exactly as it was in the case
3.1 above, only the value of N; is now smaller.

As was explained in [1], only the perturbative be-
havior in the interval of scales u, = /\/lch <pu<hg
differs in this case from the conformal behavior in the
case 3.1 above, while at p < /\/lch, all properties and
mass spectra are the same. In particular, the lowest-
energy pion Lagrangian is the same as in (13) and (14).

3.3. N. < Np < 3N./2, N. < N; < Ng

In this case, the original theory (at up = m%'® <

< < Ag) and the lower-energy theory (at u < pm)

are both in the strong-coupling regime. Their cou-

plings a+(u) are to be matched at p = py = mﬁ‘)le,

where mf;’le is the pole mass of the Q" and Qj, quarks:

m;zole =my (’u _ m;gole) pole < AQ, the up-
pole

per (i.e., original) coupling o (1 = m},

rically large, and so is a_(u = mfl"le)

. Because m},
) is paramet-
. It is therefore
clear that its scale parameter A’ > mffle.

To obtain definite expressions, we make a (suffi-
ciently weak) assumption that at N. < Np < 3N./2,
the quark perturbative anomalous dimension vg is
constant in the infrared region. Then the quark
renormalization factor zg(A, ) and the coupling
a+ = Neay /27 of the higher-energy theory, as well as
zg(A', p) and a— = Nea_ /27 of the lower-energy one,
behave as [1]

e m=(15)" <1,

Aq
Aq
aJr(M) ( L ) > ]-7
Npvy — b
u+=%>o, 1< Ag,
_ AN
2N, p) = (E) <1, (15)
A’ v_
=) >1
Nl"y_ b
V——T>V+7 <L A,
bo = 3N, — Np, b =3N.— N,

and the matching of the couplings at p = py = fLOle

takes the form

(L) - (),

h h
pole mp
mptt = — = 16
h 7 (AQ7 pole) ( )
A\ 7+/(A+7+)
= mp ( ) > mp.
mp

Because v— > vy > 0, it follows from (16) that
pole < N <<AQ5)

Therefore after the heaviest quarks Q" and Qj
are integrated out at pu < m? Ole, we have N, colors,
N. < N; < 3N../2 flavors, and the gauge coupling with
the scale parameter A’, m pOle < A <« Ag, determined
from (16). The value of the current mass m) of the Q'
and Q; quarks and the pion fields (IT )l = (Q;Q )””g:,t)
normalized at u = A’ are given by

pole) ~

myp =my(p=A")=z5(A, m my,
pole
— ole m 7=
2N, mﬁl):(ﬁl) <1
. Ao\ 7+/(1+74) ) .
i = mi () D =8,
1 N
) = ——————TI,
(A, pOlE)

. 1+
H[ H[ ZQ(AQa pole) H[ (’XLQ}L)'Y+/( v+)

Therefore [1], the low-energy pion Lagrangian has
form (13) with the replacements I, — 0y, m; — m;,
and A — A’. The pion mass is now m;. Being expressed
through the pion fields II; normalized at ;1 = Ag, the
superpotential has the universal form (14), and only
the ZL factor multiplying the Kihler term of [-pions is
different, being given by

A
P 1% NN
Ag 1474 (18)

<[ (2)) =3

- ™

Hence, in the case considered, the mass spectrum
contains a) the heaviest h-hadrons with the mass scale
of the order of m?”"* given by (16); b) the ll-mesons
made of the nonrelativistic quarks Q' and Q; with the
constituent masses ul, = (II)'/2 (17); c) the hybrid
hl-mesons made of the above constituents; d) the gluo-
nia with the universal mass scale Ay js; and d) N, 12 ligh-
test [-pions with the masses m; < Ay (see (18)).

On the whole, the hierarchy of scales in the mass
spectrum is always the same for this regime of the
DC,-HQj, phase with N; > N,:

a) the largest masses are the pole masses m?”® <
< Ag of the Q" and Qj quarks;

5) As a specific example, we can use the values from [1]: v+ =
— (2N — Np)/(Np — Ne), 7= = (2N — N)/(Ni — No), vy =
= (3Ne — 2Np)/(Np — Ne), and v_ = (3N, — 2N;)/(N; — Ne).
The value of A in (18) is 0 < A = (Np — N;)/(3Ne —2N;) < 1/2
in this case.
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b) the next ones are the constituent masses ul, of
the Q' and Q; quarks, which are always much smaller
than m’}’;’le7 although their concrete values depend on
the case considered;

c) the next one is the universal mass scale of
gauge particles, which is always given by Ayy =
= (Ag’ det m)1/3Ne;

d) the lightest are the N7 I-pions, whose low-energy
Lagrangian has the universal form (14), but the value
of the ZL factor in front of the Kihler term (and hence

their mass ML) depends on the case considered.

4. THE DCrHQhPHASE:
Mgh < mﬁde < Mlch

We now consider the most difficult regime with
ML Ly, e, ME, < mPt < ML

We trace the RG flow when the running scale p
starts at ¢ = Ag and decreases. As was argued
in Sec. 2, even a large value of the running cohe-
rent condensate M., (1) does not necessarily mean
that the large constituent mass M., (u) of the Q'
and Qj quarks is already formed, because the pro-
jector P in (4) becomes nonzero only after the de-
creasing p reaches a value ps such that both fla-
vors, [ and h, entering det(QQ) acquire masses larger
than pe and become frozen. Therefore, the first
point where this can happen in the DC;—HQ; phase
with M, < mf;’le < M!, is the pole mass meOle.
Hence, there is a narrow threshold region ps =

= mb”'/(several) < u < ju1 = (several) mh”'® around

meOle where the nonperturbative effects turn on at
and saturate at us. In a sense, what is occurring in
this transition region is qualitatively similar to what
was described in Sec. 2 for the DC;—DC}, phase, but
with the role of the coherent condensate M?”, of the
Q" and Qj, quarks now played by their perturbative
pole mass m’i’b"le. Therefore, all flavors become frozen
in the threshold region us < p < pp around meOle.
For the Q" and @}, quarks, this is because their evo-
lution is stopped by their pole mass m’}’;’le7 and for the
Q' and Q7 quarks, because their large constituent mass
ML, > mP°'® is formed in this threshold region.
What form does the superpotential take at pu <
< meOle, after the nonperturbative RG flow terminates
and all quark masses become frozen? (The heaviest
are the constituent Q' and Q7 quarks with the mass
/\/lf:h, the next ones are the Q" and Qj quarks with
the mass mfl"le, and the lightest are the pions II; with
the mass my, plus all gluons, which are still massless).

We consider the superpotential in (1) or (5). Because

there are only II;-pions, while the h-quarks are in the
HQ phase and there is no difference between (Q;Q")
and H%, the h-quark contributions cancel in the pro-
jector P = Tr (QII'Q) — N, and it takes the form
P =Tr (Q{I1, 'Q") — N;. Now, what form can det IT in
(1) or (5) take at < mP”' after the evolution of all
quark degrees of freedom terminates and the Q" and
Qj, quarks are integrated out? In other words, what
their fields 11" = (@3 Q") are substituted by in det IT?

The only possible form is®

I = (@ﬁ@h) -
oy deem, )
= (m )F<A’5’ detmh> ’

(det H) V/NE N (19)
%

Ag
1/(N;=Ne
. det 11, /(Ni=Nc)
Ag’ det my, '

Hence, instead of (5), the effective Lagrangian at

i < mb takes the form (we recall that all fields en-

tering (1), (5), and (20) are normalized at p = Ag)

L= /d29d2§{1‘r I, + 2, Ty (QTeVQ) n

+ ZpTen (QTeVQ) + (Q - @)} +

21
+ [0 -5+ W b,
/ { a(u) Q}
leﬂ—f, Zh=n:1—h (20)
ch

pole’
h

pole __ mp
pole > Mp,

ZZ)_ (Ag,my

| _ h(;\l_(i)’w/(l+’r+)

6) The form given in (19) is determined uniquely by the sym-
metries a) the flavor symmetry SU(N; ), x SU(N;)r x SU(Np) 1, ¥
x SU(Np)gr; b) the R-charges of the higher-energy theory,
R(Q") = R(Qp) = R(Q") = R(Q;) = R(I})/2 = (Np — Ne)/NF
and R(m;) = R(my) = 2N./Np; c) the R'-charges of the lo-
wer-energy theory, R'(Q') = R'(Qr) = R'(1I;)/2 = (N;—N.)/Ny,
R(Q") = R'(Qf) = 1, R'(my) = 2N¢/Ni, and R'(my) = 0.
The overall normalization in (19) is determined by the Konishi

anomaly mh(ath = (S) (see also (2)).
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det Hl
Ag’ det my,

1/(Ni—N.)
Wqo = ( > X
X {Tr,(@ﬂll Q) - N,} +
+ mTry (@Q) + m,Tr(H,) .

Equation (20) has the same meaning as Eqs. (1) or (5).
All terms with the quark fields are retained only to keep
track of the values of their masses, and it is implied in
addition that they can be used, for instance, for some
calculations where these quarks appear as valence ones.
If one is not interested in all this at p < m} ole all quark
terms in (20) can be omitted.

We now write the explicit form of the inverse Wilso-
nian coupling 27 /aw (u) [4] in (20). It is simplest to
write the result of the overall RG flow from p = Ag
down to ps = mP/(several) (because the RG is a
group). We thus obtain

2 det pl,
= N.1 —In(—=) —
aw (p2) n(A3 ) n( AN’ )
pole
_Nhln( i ) +N,1n(Z ) +Nhln(Zh). (21)
In (21), the specific properties of the case considered are

as follows: a) the Zj, factor of the Q" and Q; quarks is
Zh = mp/mb" because their mass my, (i) started with
the value my, at p = Ag and finished with the value

mP at p = pip; b) the constituent mass ub, of the Q!
and Qr quarks in (21) has the form (see (20))

1 1/(Nl7Nc)
— 11
Haet)

Therefore, the coupling in (20) at Ayy <€ p < s =
= m?'®/(several) is weak and is given by (see also

Sec. 2 in [1])

)Z (22)

i

(ut) =

(3

det H1
A detmy,

—1
l

27 _
aw (M, AL)

27 _
en)

1
~Neln s = 3N ln(AL)

( >1/(N1 Ne)

(A1) = (Abo det m) e

(23)
det H[
Ag’ det my,

3 _
7=

YM,

and the Lagrangian at u < ps is

L:/d20d2§{Tr\/H}H,} +/d29><

1/(N1—Ne)
- | ) -

-|-TI‘<7TL[H[)}. (24)
It describes gluonia with the universal mass scale
Mg ~ Ay s (coupled to the pions II;), and after inte-
grating them out via the VY procedure [3], we finally
obtain the lowest-energy Lagrangian of pions

/d20d2 { HTHl} /d20 x
1/(Ni—Ne)
X {_(Nl - Nc) ( > +

+ Tr(mll'[l) } (25)
It describes Nf [-pions II; with the masses of the or-
der of m;, and their superpotential has the standard
universal form for the DC;~HQ,, phase (see (14)).

In this case, on the whole, the mass spectrum in-
cludes a) the /I-hadrons made of the Q' and Q; quarks
with the constituent mass ul, = ML, < Ag, b) the
hh-hadrons made of the nonrelativistic Q" and @,
quarks with the pole mass mpOle < M., ¢) the hy-
brid hl-hadrons made of the above constituents (all
quarks are weakly confined, the string tension being
Vo ~ Ayy < mb < ML), d) the gluonia with
their universal mass scale My ~ Ayy < m’wle, and

e) N7 lightest I-pions with the mass of the order of
m; < Ay and superpotential (25), which is universal
for the DC;-HQj, phase. In a sense, this mass spectrum
is similar to those described in Sec. 3, the main differ-
ence being that the hierarchy mpOle >yl in Sec. 3 is
reversed here.

We finally consider how the mass spectrum changes
on both sides of the phase transition at r ~ ry, with
Ml ~ mP < ML, (see (8) and Sec. 2).

a. The h-flavors. In the DC;-DCj, phase at r >
> ry, there are many heavy h-hadrons made of the
nonrelativistic Q" and Qj, quarks with the constituent
mass M, (see (3)), and N7 light h-pions with the
mass of the order of my. As r crosses rq, the coherent
condensate of the h-flavors breaks down and the the-
ory enters the DC;-HQ; phase. The above N} light
h-pions with the mass of the order of mj, disappear
from the mass spectrum. At the same time, because

2T

det H[
— S
O‘(Mv AL)

Ag’ det my,

det H[
A detmy,
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Mh, = mﬁ‘)le, the constituent masses M”, of Q" and
Qj, quarks are substituted smoothly by their perturba-
tive pole masses m’}’;’le7 such that the mass spectrum of
the heavy h-hadrons, now made of the nonrelativistic
current quarks Q" and Qj, changes smoothly.

b. The [-flavors. In the DC,-DC;, phase at r >
> 11, there are many heavy [-hadrons made of the Q'
and Q7 quarks with the constituent mass M’, > M?%,
(see (2)), and N} lightest [-pions with the mass of
the order of m; <« my. In the DC;—HQ; phase with
My o> mﬁOle at r < rq, all these [-hadrons and the
N? I-pions are still present in the spectrum and their
masses remain the same.

c. The hybrid hl-flavors. In the DC;—DC), phase
at r > rq, there are many heavy hl-mesons with the
mass /\/lgh + /\/llch and the corresponding hl-pions with
the small mass my + my;. In the DC;—HQ; phase at
r < rq, these light hybrid pions are absent. As regards
the heavy hybrid mesons, their masses change smoothly
from M", + M!, to meOle + M.

d. Finally, all gluons remain massless down to the
scale 1 ~ Ay, and there is a large number of gluonia
with the same mass My ~ Ay in both phases.

5. THE HIGGS;-DC;, AND HIGGS;-HQj,
PHASES. M., > Ag, Ny < N. —1

There are only two different phases at N; > N.. (be-
cause the condition M!, < Ag is always satisfied and
the lighter quarks are never Higgsed), DC;~DC;, and
DC,-HQy,.

At N; < Ng, in addition to the above two phases,
two new phases appear at M!, > Ag, when the lighter
I-quarks are Higgsed, (Q") = (Q;) # 0, while the heav-
ier quarks are either in the DC phase or in the HQ
phase.

We therefore take r < ry (see (9); the value of
r must not be too small, see below) and find the mass
spectrum in this phase. We can proceed in a close anal-
ogy with the case of the Higgs phase for Np < N, — 1
in [1], the only difference being that not all flavors are
now Higgsed (only Q' and Q; are).

We hence begin with the scale of the large gluon
mass,

= pg = guMby, > Ao,  gir = dma(n = pg) < 1,

<sz>u=ugz = 62 Mlchv <§§>u=ugz = 519 Mlch

The gauge symmetry SU(N.) is broken down to
SU(N. — N;) at this high scale pg = pu and
2N;N,— Nf gluons become massive. The same number

of the degrees of freedom of the Q' and Q; quarks ac-
quire the same mass and become superpartners of these
massive gluons (in a sense, they can be considered the
heavy “constituent quarks”), and there remain N7 light
complex pion fields II; = (Q;Q")=p.,,, () = (ML,)2.
The value of m;(u) at this scale is 1y = my(pu = fig1)
(this is to become the [-pion mass), and similarly, the
mass of h-quarks at this scale is My = mu(p = pgr).
Besides, we let f[hl and f[lh denote the hybrids (in es-
sense, these are the h-quark fields Q" and @% with
broken colors a = 1,..., N;), while Q" and Qj, are still
the active h-quark fields with unbroken colors.

We first consider the case N; < by/2, i.e., by =
= by — 2N; > 0. After integrating out all heaviest par-
ticles with masses of the order of j, and proceeding
in the same way as in [1], we obtain the lower-energy
Lagrangian at the scale p < pug:

L:/Cﬂed??{ﬂ‘r I, +
+Try, (QTeVQ + (Q —>§)> +

+ Tr (ﬂ;rllf[hl + f[;rhﬂlh) +... } +

+/d29 _ 2T S el 4+
a(p, A

+ mpTrp (@Q) + thr(fIzhﬂhl) }7

b
Abé _ AQO (é)NF_NI
2o det T, \2q ’ (26)
b = by — 2N} > 0,
m
Q= ZQ(Mglv AQ|N67 NF) = Ela
@)

~ m
ZIQ = ZQ(Mgla <A> |Nc _Nla Nr _Nl) = m_h

!
Here, S = W2/32x2, W, are the gauge field
strengths of the remaining (N, — N;)2 —1 massless gluon

fields, a(u, A) is the gauge coupling of this lower-energy
theory and A is its scale parameter, zg < 11is the mass-
less quark renormalization factor from p = pg down to
i = Ag in the original theory with N, colors and Np

flavors, z’Q & 1is the analogous renormalization factor

from p = pg down to p = (A) in the lower-energy theo-
ry with N. — N; colors and Nj, remaining active h-fla-
vors Q" and @3, and mj, < (A) is the current mass of
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the Q" and Qj, quarks in this lower-energy theory at
p = (A)YD. All fields in (26) are normalized at p = fgl-
Finally, the dots in (26) denote residual D-term inter-
actions, which are supposed to play no significant role
in the case considered in this section and are neglected
in what follows.

Therefore, the hybrids f[hl and f[lh appear in the
spectrum as (weakly interacting) particles with the
mass 1myp. These hybrids are not written explicitly (but
are understood) below.

The lower-energy theory with N = N. — N; colors,
N = N, flavors of the active Q" and Qj, quarks, with
by > 0 and m) < (A), is in the DC}, phase [1]. The
constituent mass uf, = (z&))l/%\?lf;h < (A) is formed
in the threshold region y ~ pl, and N2 h-pions II},
<(th);—> = 5;; (ul)?, appear with masses m},. After in-
tegrating out these constituent h-quarks, we are left
with the Yang-Mills theory with N. = N, — N; colors
and the new scale factor Ay, of the gauge coupling, and
with N7 h-pions [1]:

L:/d2ed2§{2m/ﬂ}ﬂ,+ﬁ (H’h)’fH’h}-l-
27 N

+ [ P9 ——— S -
/ { a(uvAL)

1/(Ny.—N!
v det T, /(Ng c)+

(28)
+my TrII; + thTI‘HIh},

1/(Np—N.
o (e, /( )
L Abfl )

1/3N.
<AL> = AYM = (Az—g detm) y
detm:mlN’ thF_N’.

Follwing the VY procedure, we obtain the lo-
west-energy Lagrangian of pions

L:/d29d2§{2m/ﬂ}ﬂ,+1‘r (H’h)’fH’h} +

dot1p |/ VE N
+/d29{—(Ng—Ng)< [\bah> +

+ 1y Tr 1T, 4+ m), Tr 1T, } (29)

™) Both 2q and z’Q are only logarithmic in the case considered.

With A in (26), this becomes
L:/d%d@{ﬂ‘u/ﬁ}ﬂﬁn (H;L)TH;L} +

) ng det TI; det, IT}, L/(Np—Ne)
+/d0 —(Np—N,) b T NATN, +
Ag (2q)

+myTr f[l + thTI‘ th } . (30)

The Lagrangian (30) (with the hybrid pions II5; and
i reinstalled), being expressed in terms of the fields
IM;, Iy, Ty, and II;, and the masses m; and my, nor-
malized at the “old scale” u = Ag, takes the form

L:/d29d2§{3Tr i, +
7Q

ZI
+ 2Ty /I, +
2Q

1
+Z_ TI'(HLHM + H;rhﬂlh) + ... } + /d29 X
Q

d H d H 1/(NF7NC)
x {—(NF ~N,) (%) + (1)
Q

+my TrIl; + mp, Tr (Hh + thth) }7

’ N
1 my
'

I, =—1I, I=—IL m=—,
Z ZQ

ﬁ’Lh 2Q

I —
mp = o _Z_I h
Q Q

On the whole in this case, when theory is deeply
in the Higgs;—DC}, phase (i.e., when Mlch > Ag), the
mass spectrum is as follows. There are

a) 2N;N.—N f massive gluons and the same number
of their superpartners (the “constituent I-quarks” with
heaviest masses pg > Ag);

b) a large number of hadrons made of nonrelativis-
tic constituent Q" and Qj quarks with masses of the
order of ult, < (A) € Ag < pgi;

c) a large number of strongly coupled gluonia with
the mass scale My ~ Ay iy < ug;

d) N? h-pions with masses of the order of m) <
L Ay s

e) the hybrid pions ITj; and IT;;, (which are Q" and
Qj, quarks with Higgsed colors) with masses 1, < mh;

f) N7 lightest [-pions with masses 17y < Muy,.

At N; < N.—1, starting with r = my;/mj, = 1, when
all quarks are in the DC phase, a number of phase tran-
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sitions occurs as r decreases. The DC,—DC}, phase is
maintained until (10) is fulfilled.

We take N; < Np (see (10)). Then, as r appro-
aches ry from above, M', approaches Ag from below,
with all quarks being in the DC;—DC;, phase. When
/\/lf:h exceeds Ag, a phase transition occurs as the
[-quarks become Higgsed. The crucial parameter here
(i.e., at M!, > Ag, but not too large, see below) is
by = 3N, — Nj. = bp — 2N;. The Q" and @y, quarks
are in the DCy, phase at b, > 0, and in the HQj phase
at by < 0. If Ny < Ny, then also N; < bp/2, and hence
as M!, exceeds Ag and the [-quarks are Higgsed, the
DC}, phase of h-quarks is maintained.

We trace how the mass spectrum changes on both
sides of this phase transition between the DC,-DC,
and Higgs;—DC), phases at r ~ ro < 1 (see Sec. 2).

a. The gluons. In the DC;—DC}, phase at r < ro,
all the N2 — 1 gluons can be thought of as having the
small mass My ~ Ayar. In the Higgs;—-DCj, phase at
r > ry, the SU(N,) gauge symmetry is broken down to
the non-Abelian SU (N, — N;) one, with N; < N, — 1.
Hence, 2N;N. — N7 gluons acquire the large mass
Mg[ ~ AQ > AYM7 while (Nc — N1)2 -1 gluons re-
main with the same small masses of the order of Ay .

b. The ll-flavors. In the DC;—DC; phase at
7 < 72, the confined Q! and Q; quarks have large con-
stituent masses pl, = M., ~ Ag, and there are N}
light /l-pions with small masses M. ~ m;. In the
Higgs;-DC), phase at r > rs, there are 2N;N, — N}
massive quarks that are superpartners of the massive
gluons and hence have the same masses of the order of
Ag. In a sense, these quarks can be considered rem-
nants of the previous constituent [-quarks, and their
masses match smoothly across r ~ ry. As regards the
[l-pions, their number and masses also match smoothly
across the phase transition.

c. The hh-flavors. Nothing happens to the con-
fined constituent Q" and @} quarks (i.e., those with
unbroken colors) with the masses pf = M < Ag,
and to the N}% hh-pions with masses mp, > m;. But
in the Higgs;-DC), phase at r > ry, the Q" and Q
quarks with broken colors appear now individually in
the spectrum as light particles with the masses my,.
They can be considered remnants of the previous hy-
brid ITy; and I1;;, pions with the masses my +m; ~ my,,
which were present in the spectrum in the DC;-DC},
phase at r < rs.

We now take N; > Ny. The theory is in the
DC,—DC;,, phase at r = 1. As r decreases, a
phase transition to the DC;—HQj; phase first occurs
at r ~ ry > ro, which persists until r approaches r,
from above. If N; > by/2, as /\/llch exceeds Ag and the

I-quarks are Higgsed, the HQy, phase of the Q" and Q5
quarks is maintained.

But there are values of N. < Nr < 3N, and N; <
< N, — 1 such that Ny < N; < bp/2. In this case,
the theory stays in the DC;—HQj; phase as /\/llch ap-
proaches Ag from below, while as M., excceds Ag,
the h-quarks condense and Il pions appear, and the-
ory is in the Higgs;—DCj, phase. Hence, not only the
l-quarks but also the Q" and Qj, quarks change their
phase. The reason for this is as follows. At M.,
slightly above Ag, when the [-quarks are already Hig-
gsed, the remaining lower-energy theory has <A> ~ Ag,
with N = N, — N; colors, Nj. = Np — N, flavors, and
my < Ag and MP, staying intact because (A) ~ Ag.
But the pole mass mﬁ"’e of the Q" and Qj, quarks is
smaller in this new theory than it was before Higgs-
ing, mﬁ"le < m’}’;’le7 because the quark anomalous di-
mension decreased. Therefore, while the hierarchy was
mb > M™, before Higgsing, it is reversed after Hig-
gsing, mfﬂe < M", | and the Q" and Qj, quarks also
change their phase simultaneously with the Q' and Q
ones.

This is not the end of the story with by > 0, ho-
wever, because to stay in the Higgs,—DCj, phase, the
condition m/, = my(u = (A)) < (A) is necessary, and
hence r = m;/my, must not be too small. Asr decreases
at N; < N.—1 and b}, > 0, (A) in(26) decreases in a
power-like fashion because M., increases like (1/r)“,
w=(N,—N;)/2N,, see (2) (M, ~ ML, up to a loga-
rithmic factor), while mj, changes only logarithmically.
Therefore, as r decreases and crosses the smaller value
rs < 1y where the decreasing (A) becomes (A) < m,,
the phase transition from the Higgs;—DC}, phase to the
Higgs;—HQj, one occurs. The coherent condensate of
the Q" and Qj, quarks breaks down, the ITj, pions dis-
appear, and the heavy Q" and Qj quarks with un-
broken colors are in the perturbative weak-coupling
regime at r < rg, like the h-quarks with Higgsed col-
ors (but the Q" and Qj quarks with unbroken colors
are weakly confined, the string tension being small,
Vo ~ Ayyr). In other words, the lower-energy the-
ory at pt < pg contains the unbroken non-Abelian
gauge group SU(N]) with N, = N, — N; and with
the scale factor A of its gauge coupling in (26), and
N = Np — N, (N, < N < 3N!) flavors of the
heavy nonrelativistic quarks Q" and Q7 with their pole
masses m2°'® > (A), plus the [-pions entering A (see
(26)) and the hybrid pions IIy; and II;, (these are the
light Q" and Qj quarks with Higgsed colors, weakly
interacting through residual D-term interactions). We
do not give further details here because this is a simple

regime and it is evident how to deal with this case. The
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mass spectrum in this Higgs,—HQj, phase at r < r3 is
as follows. There are a) 2N;N, — N7 massive gluons
and the same number of their superpartners (the “con-
stituent [-quarks” with the heaviest masses g > Ag);
b) alarge number of hadrons made of nonrelativistic Q"
and Q, quarks with the perturbative pole masses mfl"le
(the hierarchy here is (A) < Ayy < mP <« Ag,
with A from (26), while Ayjs is the gauge coupling
scale arising after the Q" and Qj quarks are inte-
grated out); ¢) the hybrids IIj; and IT;;, (which are Q"
and Qj quarks with Higgsed colors) with the masses
Ayp < i = mu(p = pg) < mﬁ"le; d) a large
number of strongly coupled gluonia with the mass scale
Mgy ~ Ay and e) N lightest [-pions with the masses
2y = 2my(p = pgr) = 229 my. The lowest-energy La-
grangian of these [-pions has the same K#hler term as in
(31), and the same universal superpotential as in (14).

We finally consider the case where Mf:h > Ag,
Ny < N.—1, and by = bp — 2N; < 0. As was
noted above, as Mlch approaches Ag from below,
the theory is already in the DC;-HQj, phase, and as
M., exceeds Ag and the [-quarks become Higgsed,
the confined Q" and Qy quarks remain in the HQy
phase. Therefore, this is the Higgs,~HQ; phase on
the whole. But now, with by = by — 2N; < 0 and
ML, > Ag, (A) > ML, (see (26)), and in the interval
of scales Ay < p < fig1, the remaining non-Abelian
SU(N, — N;) gauge theory with Np — N; of confined
Q" and Qj, quarks is in the weak coupling logarithmic
regime. On the whole, this is also a very simple case
(see Secs. 2 and 8 in [1]), and it is clear what its mass
spectrum is. Qualitatively, it is similar to the spec-
tra described in the preceding paragraph with by > 0
and in the same Higgs;~HQ), phase at r < r3 (and the
lowest-energy Lagrangian of the lightest [-pions is then
the same), and we do not therefore consider this case
in more detail.

6. CONCLUSIONS

As was described above within the dynami-
cal scenario considered in this paper, the A/ = 1
SQCD with N, colors (with the scale factor Ag

of their gauge coupling), N. < Np < 3N, flavors
of light quarks, N; lighter flavors with masses my,
and Nj = Np — N; heavier flavors with masses my,
0 < my < my < Ag, can be in different phase states
depending on the values of the above parameters. In
addition, the mass spectra are also highly sensitive to
the values of these parameters.

The lighter Q' and Q; quarks may be in two dif-
ferent phases: either in the DC (diquark condensate)
phase at /\/llch < Ag (at both N; < N, and N; > N,)
or in the Higgs phase at M!, > Ag (at N; < N, only).
The heavier Q" and @}, quarks may also be in two dif-
ferent phases: either in the DC phase at M, > m?°'
or in the HQ (heavy quark) phase at M" <« m’i’b"le.
On the whole, four different phases are therefore rea-
lized in this theory. For each of them, we described
the mass spectra and the corresponding interaction La-
grangians®).

We did not consider the Seiberg dual theories [5, 6]
with unequal quark masses in this paper. As was ar-
gued in [1], the direct and dual theories are not equiv-
alent even in the simpler case of equal quark masses.
There are no chances that the situation will be better
for unequal quark masses.
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