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DESTABILIZATION OF THE ZHANG�RICE SINGLETAT OPTIMAL DOPINGD. K. Sunko *Department of Physis, Faulty of Siene, University of ZagrebHR-10000, Zagreb, CroatiaReeived November 10, 2008The onstrution of the Zhang�Rie singlet is revisited in the light of the reent understanding of high-tempe-rature superondutors at optimal doping. A minimal loal model is derived that ontains the physial regimefound relevant for ARPES experiments and haraterized by signi�ant diret oxygen�oxygen hopping. Forthe values of orbital parameters indiated by experiment, the Zhang�Rie singlet is strongly mixed with a pureoxygen singlet of the same symmetry. The Zhang�Rie ground state is destabilized beause the oherene fatorof the oxygen singlet with respet to oxygen�oxygen hopping is twie as large. An analogous quantum phasetransition is identi�ed in the t�t0�J model. The orbital-antisymmetri opper�oxygen singlet is on�rmed to beirrelevant, as found originally. The usual symmetry analysis is extended to inlude dynamial symmetries.PACS: 74.72.-h, 74.25.Jb, 71.10.Hf1. INTRODUCTIONThe nature of the eletron wave funtions that un-dergo the transition to superondutivity in opper-oxide perovskites is still unknown. It is generally as-sumed, taitly at least, that the superonduting (SC)transition at optimal doping does not invoke states rad-ially di�erent from those already present at the Fermilevel slightly above T. In this approah, shared here,the understanding of the normal state is onsidered thekey to the SC mehanism.The antiferromagneti (AF) instability in the viin-ity of half-�lling in the same ompounds is by on-trast well understood [1℄ as a harge-transfer e�et,dominating the �rst (large Mott�Hubbard interationUd) Coulomb orretion [2℄ to the ideal (paramagneti)Mott insulator [3℄. Theoretial attempts to relate thisunderdoped region to the SC region on the hole-dopedside abound in the literature. They have reeived earlysupport in the ioni limit by the Zhang�Rie [4℄ on-strution, whih onsidered an added hole in an AFbakground, when double oupation of the opper sitewas bloked by a large Ud. It is known that the holethen oupies the oxygen sites, eah bridging two op-per atoms in the CuO2 plane. Assuming that the*E-mail: dks�phy.hr

hole prefers to bind with one of the opper atoms,Zhang and Rie have shown that a uniform spreadingof the hole around that atom, in an orbitally symmet-ri �Zhang�Rie singlet� (ZRS) is energetially stronglypreferred and propagates like a projeted fermion. Thisprovided a way to vindiate the single-band t�J modelas a physial redution of the Emery (three-band Hub-bard) model [5, 6℄, at least for underdoped systems, asan alternative to the usual formal derivation, in whihthe Foldy�Wouthuysen transformation is applied to theone-band Hubbard model [7℄.Challenges to this piture ome from two diretions.One is fundamental: there is no a priori reason for thehole to prefer one opper atom over another. When itis undeided, triplet states are strongly admixed, whileit may still move as a fermion [8℄. The other hallengeis to aept the basi idea of a single CuO4 moleule,but onsider additional states and overlaps within it inorder to �nd the limits of the partiular onstrutionused [9℄. In the present paper, the natural next stepin the Zhang�Rie onstrution is taken, with just oneadditional singlet introdued that oupies the oxygensites.As is shown below, suh an extension is the minimalmodel that allows expressing the low-energy physis ofoptimally doped high-T superondutors in the small-luster language. At optimal doping, the Zhang�Rie758



ÆÝÒÔ, òîì 136, âûï. 4 (10), 2009 Destabilization of the Zhang�Rie singlet : : :ground state beomes strongly admixed with the oxy-gen singlet hosen by the same symmetry arguments asoriginally used in [4℄.The simpliity of the alulation is used as an op-portunity to introdue a lassi�ation of state vetorsby dynamial symmetry in a small example. Thismethod may have some potential for larger problems.2. PHYSICAL SCALESQuantum hemial alulations on small lusterspredit the regimeUd � �pd > jtpdj � jtppj; (1)used by Zhang and Rie and on�rmed in X-ray pho-toeletron spetrosopy (XPS) experiments [12℄. Here,�pd = "p � "d is the opper�oxygen splitting, positivein the hole piture, and tpd and tpp are respetivelythe opper�oxygen and oxygen�oxygen overlaps. In thelimit assumed in (1), the ZRS is the ground state. Theenergy sale of the XPS experiments and orrespondingalulations is 5�10 eV. In high-T materials, there is auniversally aknowledged rossover sale of the order of0.1 eV between the lowest and higher energies, althoughit is still debated whether its origin is phononi [13℄ ormagneti [14℄. Neither small-luster nor loal densityapproximation (LDA) alulations yield this rossover,and the latter are onsistent with the high-energy resultin (1).A reent analysis [15℄ showed three distint many-body sales in bismuth strontium alium opper oxide(BSCCO) that were not reprodued by ontemporaryLDA alulations, the lowest of whih was the above-mentioned rossover, the middle the so-alled �water-fall,� not of interest here, and the highest an �anoma-lous enhanement� of the LDA-predited bandwidthby about 0.8 eV visible below "F in optimally dopedBSCCO, i.e., roughly twie that in full. In prini-ple, LDA alulations are able to reah lower energysales than small-luster alulations. So far, no abinitio e�ort has reahed the viinity of the Fermi levelin high-T superondutors. Below the rossover sale,the physial regime of the eletrons atually undergo-ing the transition to superondutivity must still beinferred from phenomenologial analysis of low-energyexperiments.The optimally doped region is equally well on-neted to the metalli overdoped region as to the under-doped one. Attempts to understand the high-T per-ovskites at optimal doping starting from the param-agneti metal have a long standing on the hole-doped

side [10℄. They have mostly been framed in terms ofthe mean-�eld slave-boson (MFSB) formalism, allowinge�etive multiband approahes in whih the values ofthe orbital parameters depart signi�antly from thoseexpeted on the basis of high-energy experiments andLDA alulations [11℄.Instead of taking the high-energy �bare� regime asthe starting point and introduing many-body e�etsto reah lower energies, the MFSB phenomenology goesin the opposite diretion. Beginning with unprejudiedzeroth-order �ts at the Fermi level, one introdues theminimal perturbation neessary to model the lowestrossover. Suh an analysis of angle-resloved photoe-mission spetrosopy (ARPES) [16℄ has reently beenextended to eletron-doped ompounds [17℄ and pro-dued the interesting result that their lowest-energysetor is in a physial regime very similar to that in thehole-doped ompounds [16, 18℄: a large diret oxygen�oxygen hopping tpp, signi�antly larger than the e�e-tive opper�oxygen hopping tpd, and a bandwidth ofthe same order as the e�etive opper�oxygen splitting�pd > 0 in the hole piture:Ud � 4jtppj & "p � "d � �pd � t2pd�pd : (2)The ARPES sales on whih this observation is basedare 0.2 eV in BSCCO and 0.5 eV in neodymium eriumopper oxide (NCCO). The lowest-energy rossover wasmodeled by a (�; �) boson, whose sales were assoi-ated with AF in the same ompounds. Low-energyregime (2), markedly di�erent from (1), is harater-ized in partiular by an �antirossing� of the wide oxy-gen band with the opper level, suh that the Fermilevel is found in the oxygen-dominated strongly disper-sive part of the Brillouin zone, even though "d < "p.As we now show, a diretly analogous regime exists inthe ioni limit.3. MODEL AND TECHNIQUEThe Hamiltonian of a single CuO4 moleule isH = "dX� n̂d� + "p 4X�;i=1 n̂p;i� ++ tpdX� �dy�P� + P y�d��+ Udn̂d"n̂d# ++ tppX� �py+x̂;�p+ŷ;� + py�x̂;�p�ŷ;� + ..��� tppX� �py�x̂;�p+ŷ;� + py�ŷ;�p+x̂;� + ..� ; (3)where759
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Fig. 1. Orbital parameters and symmetries used in thispaper. With our sign onvention, tpp < 0 is physi-al [19℄P� = p�x̂;� + p�ŷ;� � p+x̂;� � p+ŷ;�desribes the four oxygen atoms around the opperatom, and n̂d� and n̂p;i� are the number operators ofthe opper and oxygen orbitals. The relevant orbitalsand parameters [19℄ are shown in Fig. 1. All 25 statesof two holes with opposite spins on the �ve orbitals aretaken into aount.Standard symmetry analysis is used to redueHamiltonian (3) to a blok-diagonal form. The basisymmetry is that of the square, orresponding to thegroup D4. We take the z axis, orthogonal to the mole-ular plane, to be the spin quantization axis. Beausethe spins have total projetion zero, �ipping all spinsis a symmetry operation, and beause all orbitals areplanar, this is equivalent to a re�etion in the plane.Then D4h is the magneti (olor) group of the prob-lem, and both the ZRS jZRi and the doubly-oupiedopper state ��d8� fall in the A1u representation of D4h,ontaining �ve singlets.As usual, the main symmetry group does not �x thestate vetors ompletely. It is easy to omplete the re-dution by hand, but instrutive to identify the reasonsfor the remaining ambiguities. One is, as expeted, thesymmetry under a subgroup, D2h � D4h. The partiu-lar D2h group involved ontains the spin-�ip operationand three 180Æ rotations, about the z axis and aboutthe two diagonals at �45Æ relative to the Cu�O axes.This group stands out beause its operations hange

the sign of the opper�oxygen overlap tpd, while theenergies depend only on t2pd.The more interesting reason is the dynamial sym-metry imposed by the assumed degeneray of the fouroxygen orbitals. It eventually a�ets only two B1u ve-tors, but to �x them �honestly,� the full dynamialsymmetry apparatus must be invoked, even on suha small problem as the present one. The group ele-ments are the Hamiltonian terms that break the oxy-gen degeneray. Two are visible in (3), proportional to+tpp and �tpp. If these are represented by matries inthe one-partile spae, multiplying them generates thethird, whih orresponds physially to next-to-nearest-neighbor hops from one oxygen atom to another onthe same axis. These three elements (and the identity)form the Abelian groupD2, appearing here as a dynam-ial symmetry group. The next-nearest-neighbor termmust be diagonalized simultaneously with the sum oftpp terms in (3) to separate the last vetor withoutmanual intervention.The outstanding physial feature of dynamial sym-metries is that they an onnet states with doubly andsingly oupied degenerate sites, whih is obviously im-possible by geometrial transformations. Two tehni-al advantages of dynamial over geometrial symmetrygroups are that they inrease with the size of the prob-lem, and depend not on shape but on topology. Bothare signi�ant when the lusters are motivated by solid-state investigations, and ontain many equivalent sites.For example, the dynamial group of the four oxygenatoms in the two-partile spae is Z42 , with sixteen el-ements, whih is again Abelian. It is not needed herebeause the geometrial symmetry already redues theproblem to very small bloks. On the other hand, asa moleule beomes larger, the bloks due to the dy-namial symmetry are expeted to beome smaller thanthose seleted by the geometrial symmetry, espeiallyif the moleule is of odd shape, as is ommon in MonteCarlo alulations. 4. RESULTSThe omplete redution gives ten stationary statesuna�eted by tpd. In addition, the Hamiltonian on-tains six 2� 2 bloks and one 3� 3 blok. The latter isfound in the A1u subspae, onneting the states ��d8�,jZRi, and the oxygen two-hole singlet��p�2� = 14 (j1i+ j2i+ j3i+ j4i ++ j12i � j13i � j14i � j23i � j24i+ j34i) ; (4)760



ÆÝÒÔ, òîì 136, âûï. 4 (10), 2009 Destabilization of the Zhang�Rie singlet : : :where jii = ji"iji#iare doubly oupied states andjiji = ji"ijj #i � ji#ijj "iare antisymmetrized singly oupied states. The num-bers 1�4 refer to the four oxygens, as in Fig. 1. Theblok is given by��d8� :jZRi :��p�2� : 0B� 2"d + Ud 2p2tpd 02p2tpd "d + "p + 2tpp 2p2tpd0 2p2tpd 2"p + 4tpp 1CA :(5)The states ��p�2� and ��d8� have an equally large oher-ene fator 2p2tpd with respet to jZRi, as found in theperturbation theory [4℄. But the oherene fator of theoxygen�oxygen overlap tpp for ��p�2� is twie as large asfor jZRi. Sine the physial sign of tpp is negative, thisis a generi mehanism to destabilize the ZRS for allvalues of Ud (inluding Ud !1), and hene ��p�2� is arelevant perturbation of the Zhang�Rie ground state.By the same analysis, the orbital-antisymmetri sin-glet jOAi, also onsidered by Zhang and Rie, appearsin a 2 � 2 B1u blok with another oxygen singlet, de-noted here by jppi:jOAi :jppi :  "d + "p � 2tpp 2tpd2tpd 2"p ! : (6)The splitting here is also �pd +2tpp, as between ��p�2�and jZRi in (5), but it ours beause the opper�oxygen singlet is antibonding (tpp < 0), while the oxy-gen singlet is nonbonding with respet to tpp. Its stru-ture isjppi = 12p2 (�j1i+ j2i � j3i+ j4i+ j13i � j24i) : (7)The orbital-antisymmetri state remains irrelevant inthe presene of oxygen�oxygen hopping. The tpd-oherene fators in (5) and (6) may be identi�ed bythe perturbation theory [4℄, without the need to dis-tinguish between ��p�2� and jppi. However, one tpp isintrodued, the di�erent e�ets on jZRi and jOAi arerelated to the di�erent symmetry properties of ��p�2�and jppi. The ZRS jZRi is destabilized beause ��p�2�has a large oherene fator 4tpp, while jOAi movesupwards �out of the way,� and jppi annot in�uenethe ground state beause it is una�eted by tpp (but ofourse it an antiross with jOAi as that state rises).
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Fig. 2. Parameter spae of model (5)The oherene fators in the redued model in (5)are the largest in the whole spae, and it therefore on-tains the ground state for jtpdj 6= 0 and tpp < 0. Therelevant parameters are Ud=�pd and tpp=�pd. Thepreise value of tpd is irrelevant, as long as parame-ter regime (2) holds, orresponding to optimal doping.Choosing a low tpd value for graphial reasons, we ob-tain Fig. 2. At the origin (Ud = 0, tpp = 0), the we-ak-oupling regime holds, where the ground state isdominated by ��d8�. As Ud inreases, this state goesthrough two antirossings with the others, and even-tually beomes the highest state in the Zhang�Rieregime (Ud large, jtppj small), where jZRi is the groundstate. As jtppj inreases, the state ��p�2� goes down attwie the rate of jZRi, and hene it must eventuallyantiross with it. Therefore, when both Ud and jtppjare large, the ZRS is no longer the ground state.5. DISCUSSIONThe present paper desribes a simple and robustsymmetry-based mehanism that prevents the isola-tion of the ZRS as the only andidate for the groundstate of the CuO4 ion when Ud is large. Spei�ally, ifthe oxygen�oxygen hopping tpp is signi�ant, the loalenvironment is in a harge transfer regime involvingtwo states, the ZRS and an oxygen singlet. The twoare mixed by the symmetry-enhaned overlap 2p2tpdaross the symmetry-redued gap �pd + 2tpp. This isthe �metalli� ounterpart of the result in [1℄ that the761



D. K. Sunko ÆÝÒÔ, òîì 136, âûï. 4 (10), 2009antiferromagneti interation J near half-�lling is alsodominated by the harge-transfer term t4pd=�3pd, whilethe Mott�Anderson ontribution t2pd=U is negligible.It has long been established that ARPES �ts re-quire signi�ant ratios of jtpp=tpdj in order to agreewith the data [11℄. Reent detailed ARPES �ts agreewith experiment both qualitatively and quantitatively,in pratially the same orbital regime for NCCO [17℄and BSCCO [16℄. The antirossing regime in (2) isthereby established as an appropriate phenomenologyfor these ompounds, meaning the ratio jtppj=�pd isalso enhaned, espeially on the eletron-doped side.Changes in orbital parameters as a funtion of dop-ing are a standard feature of e�etive theories, suhas the MFSB theory, whih aount for the e�ets ofstrong orrelations by hanging tpd and �pd. The ques-tion, as always with e�etive band models, is what thismeans for the loal environment: Do loal hops �see�the bare or the renormalized band parameters? Theonlusion that the e�etive band regime at optimaldoping is re�eted in an analogous loal regime, whihimplies the destabilization of the ZRS by the abovesymmetry mehanism, is supported by two independentarguments, one phenomenologial and one theoretial.The reently emphasized [15℄ failure of LDA al-ulations to reprodue experimentally observed bandwidths is phenomenologially signi�ant beause LDApredits a smaller width than is atually observed, andhene any oneivable inlusion of additional orrela-tions would only make the disrepany larger. Notably,LDA alulations agree with high-energy experimentsand alulations in the ioni limit. The anomalous en-hanement of hopping via the oxygen sites is onsistentby symmetry with the observed disrepany, whih islarge in the nodal diretion, where the oxygen band isstrongly dispersive. The enhanement of the ARPESbandwidth of 1�2 eV over the LDA preditions [15℄ isquantitatively in good agreement with the value of tppneeded to enter the antirossing regime, i.e., destabilizethe ZRS.Theoretially, the parameter spae of the three-band MFSB model has been extensively investi-gated [18℄ from the standpoint of outomes, namely,whih regions of renormalized orbital parametersare indiative of strong renormalization of the inputparameters by the MFSB mehanism, and whih implypreservation of the bare parameters. In the so-alled�resonant-band� regime, haraterized by a narrowe�etive bonding band and opper-dominated wavefuntions, the quasipartile weight in the ondutionband is signi�antly redued, being proportional tothe doping Æ instead of the total hole ontent 1 + Æ.

In that ase, the band alulations annot be diretlyrelated to a loal piture, sine the doped-hole weightis loally either one or zero. But in antirossingregime (2), the opposite ours: MFSB theories withGaussian �utuations depart from the resonant-bandregime and aquire a full quasipartile weight in theBrillouin zone, only with a redued tpd [18℄. They aretherefore omparable and onsistent with the presentioni models, as long as both are in the antirossinglimit. The present work therefore rea�rms the pos-sibility [20℄ that the optimizations leading to a largediret oxygen�oxygen overlap below the rossover saleour already at the loal orbital level.Realistially, tpd is not so small, and hene theground state in real materials retains substantial op-per ontent. In the loal piture, this means a signi�-ant ZRS ontent in the ground state. However, evenif tpd is as large as jtppj, giving a large antirossinggap of the order of �pd, the ground state still ontainsnearly equal omponents of jZRi and ��p�2�. The sys-tem is physially in the harge-transfer regime, whihalso provides the leading ontribution to J [1℄. In thatase, the redution to one band by taking the limit [4℄�pd = Ud ��pd !1is purely formal, sine that limit foribly replaes theharge-transfer regime by the Mott regime.While the MFSB alulations allow regimes withboth strong renormalization and no renormaliza-tion [18℄, the derivation of the t�J model from theZRS [4℄ implies by onstrution that the band pa-rameters are loally relevant. However, it has beennoted [9℄ that in order to fae experiment, the t�Jmodel needs to be supplemented by additional next-and next-next-to-nearest-neighbor hops, making upthe so-alled t�t0�t00�J model. Sine the t0 term breaksthe partile�hole symmetry in the same way as thetpp term in the three-band model, its appearane inpratial alulations [21℄ is immediate evidene thatthe oxygen degree of freedom annot be eliminatedfrom the physial piture near optimal doping. Theneed to introdue t0 at the band level translates mi-rosopially into the need to admix oxygen singlet (4)to the ZRS in order to desribe the loal eletronienvironment around optimal doping. (When theoxygen is treated expliitly in the band piture, tpphas the same sign for both n- and p-doping [16, 17℄, asalso found in LDA alulations [22℄, onsistently withits simple hemial interpretation.)To see the real e�et of the t0 term, the dispersionof the t and t0 terms an be rewritten as762



ÆÝÒÔ, òîì 136, âûï. 4 (10), 2009 Destabilization of the Zhang�Rie singlet : : :� 2t(oskx + os ky)� 4t0 os kx os ky == �4(t+ t0) + 4(t+ 2t0)�sin2 kx2 + sin2 ky2 ��� 16t0 sin2 kx2 sin2 ky2 ; (8)separating ontributions by the partile�hole symme-try. The seond term is manifestly symmetri aroundhalf-�lling, while the third is not, sine it ahieves itsminimum value (zero) along the nondispersive lineskx = 0 and ky = 0. In pratie, tt0 < 0 and the ra-tio jt0=tj � 0:2�0:4. For t0 = �0:3t, whih is a ommonenough parameterization around optimal doping,���� 4t0t+ 2t0 ���� = 3;and hene the symmetry-breaking term enters withthree times the ontribution of the symmetry-preserving term. The apparently small values of jt0=tjfound in the literature are therefore quite misleading interms of the atual amount of partile�hole symmetrybreaking needed to ahieve realisti Fermi surfae �tswithin the t�t0�J model. In partiular, for t0 = �t=2,the symmetry-preserving term vanishes and the t�t0�Jmodel passes through a quantum phase transition inthe viinity of its appliable parameter range.By symmetry, this is the same type of transitionappearing in the present paper as the destabilizationof the ZRS in the three-band ase. Physially, theyare di�erent insofar as the three-band model destabi-lizes the ZRS by oxygen hopping in a low order, while inthe t�t0�J model, the ZRS are preserved by assumptionand the transition ours by the additional t0 overlapamong them, i.e., in a high order in the original three-band model. But as regards aounting for ARPESdata, both models agree in that suh a transition isapproahed near optimal doping.The limitation of the above arguments to the metal-li phase should be kept in mind. Near half-�lling, theoxygen hopping is e�etively redued by the antifer-romagneti interations, and the system is insulatingpreisely at half-�lling independently of the value oftpp. In the insulating phase, the high-energy ioni limitis reovered, both theoretially and experimentally. Astpp beomes more e�etive with doping, loally the �rstadmixture to the ZRS appears, identi�ed here as oxy-gen singlet (4). A broad piture of the optimal-dopingregimes of high-T ompounds thus emerges, in whihNCCO is deep in the antirossing regime, 4jtppj � �pd,and BSCCO is at its limit, 4jtppj � �pd. On theother hand, the remarkable Fermi-surfae evolution oflanthanum strontium opper oxide (LSCO) with dop-ing [23℄ is indiative of strong renormalizations of the

band parameters, espeially when the system is under-doped. In suh a resonant-band regime, it was alsoshown diretly [24℄ that the strong doping dependeneof tpp in the MFSB �ts does not imply a similar varia-tion of the loal parameters.The present analysis points to one pitfall of onsid-ering the oxygen part of the ZRS as a single-partilestate in its own right, as if the hole on the opper atomwere unhybridized with the oxygen atoms. However,the same aution applies to the oxygen singlet foundhere. In partiular, one should be areful in interpret-ing the orresponding Bloh states. The propagationof strongly orrelated luster states in a lattie in morethan one dimension is at present largely unexplored,with ontrolled analyti results available only in speiallimits, whih themselves amount to unontrolled sim-pli�ations. Suh is the limit of in�nite dimensions [25℄,physially orresponding to di�usion, or the Faliov�Kimball limit [26℄, whih is dispersive, but replaes dy-namial onstraints by geometrial ones.The model presented here is as sparse as possible,allowing the experimentally observed regime with onlythree state vetors. To avoid being too minimal, weshould give some attention to the negleted Coulombintegrals Up, Vpp, and Vpd, whih are respetively theon-site oxygen, intraell oxygen, and opper�oxygen re-pulsions. They do not break the symmetries above,introduing only matrix elements within eah symme-try blok. In partiular, they onnet the ground-stateblok in (5) with the other two A1u states by ma-trix elements Up=4, whih are smaller than the terms2p2tpd. On the diagonal of this blok, the Coulombterms an be reabsorbed into site energies and the op-per on-site repulsion Ud. For realisti Vpp � Up, thisleads to a small redution in the opper�oxygen split-ting �pd, and pratially no hange in Ud, while forlarge Vpp = Up=2, a useful limit ase, the e�etive Udinreases and the e�etive�pd dereases, both by about1 eV. Hene, the inlusion of negleted integrals mildlytends to push the system further into the antirossingUd !1 regime.An extension of the Zhang�Rie argument tothe eletron-doped side is only possible with largermoleules, ontaining more than one opper atom. Thiswould allow studying the ompetition of magneti andharge ordering at the loal level. It also opens a wayto ompare the Zhang�Rie and Emery�Reiter [8℄ on-strutions diretly on the hole-doped side. Obviously,the spaes involved are muh larger. It is on theselarger problems, both theoretial and numerial, thathope is invested in the assignment of quantum numbers763
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