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��ÓÏÏÎÂÛÅ Ó�ÀÂÍÅÍÈß ÄËß ÌÎÌÅÍÒÎÂ ÔÓÍÊÖÈÈ�ÀÑÏ�ÅÄÅËÅÍÈß �ÅËßÒÈÂÈÑÒÑÊÈÕ ÝËÅÊÒ�ÎÍÎÂÂ ÕÎËÎÄÍÎÌ �ÀÇÅ ÍÅÉÒ�ÀËÜÍÛÕ ÀÒÎÌÀ�ÍÛÕ ×ÀÑÒÈÖÂÎ ÂÍÅØÍÅÌ ÝËÅÊÒ�È×ÅÑÊÎÌ ÏÎËÅË. Ï. Áàáè÷ *, Ì. Ë. Êóäðÿâöåâà **�îññèéñêèé �åäåðàëüíûé ÿäåðíûé öåíòð,Âñåðîññèéñêèé íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ýêñïåðèìåíòàëüíîé �èçèêè607188, Ñàðîâ, Íèæåãîðîäñêàÿ îáë., �îññèÿÏîñòóïèëà â ðåäàêöèþ 25 àâãóñòà 2006 ã.Ïîëó÷åíà ñèñòåìà ìíîãîãðóïïîâûõ óðàâíåíèé äëÿ òðåõ ïåðâûõ ìîìåíòîâ �óíêöèè ðàñïðåäåëåíèÿ ýëåê-òðîíîâ âûñîêèõ ýíåðãèé â ãàçå íåïîäâèæíûõ àòîìàðíûõ ÷àñòèö. Ñèñòåìà ïðåäíàçíà÷åíà äëÿ ÷èñëåííîãîìîäåëèðîâàíèÿ ïðîöåññîâ â ïëîòíîé ñëàáîèîíèçîâàííîé ïëàçìå ñ ó÷àñòèåì ýëåêòðîíîâ âûñîêèõ ýíåðãèé,â òîì ÷èñëå óáåãàþùèõ ýëåêòðîíîâ.PACS: 52.25.Dg, 52.80.-s, 52.90.+z, 52.80.Tn1. ÂÂÅÄÅÍÈÅÍàèáîëåå òî÷íàÿ èí�îðìàöèÿ, íåîáõîäèìàÿ äëÿîïèñàíèÿ ïëàçìåííûõ ïðîöåññîâ, â ÷àñòíîñòè, ãàçî�âûõ ðàçðÿäîâ, ñîäåðæèòñÿ â �óíêöèè ðàñïðåäåëå�íèÿ çàðÿæåííûõ ÷àñòèö, ïðåæäå âñåãî, â �óíêöèèðàñïðåäåëåíèÿ ñâîáîäíûõ ýëåêòðîíîâ (Ô�Ý), êîòî�ðàÿ âû÷èñëÿåòñÿ ðåøåíèåì êèíåòè÷åñêîãî óðàâíå�íèÿ èëè ìåòîäîì Ìîíòå-Êàðëî. Îäíàêî ÷èñëåííîåìîäåëèðîâàíèå íåïîñðåäñòâåííî íà îñíîâå êèíåòè÷å�ñêîãî óðàâíåíèÿ èëè ìåòîäà Ìîíòå-Êàðëî ïðàêòè-÷åñêè íåðåàëüíî â ñèëó îãðàíè÷åííûõ âîçìîæíîñòåéñîâðåìåííûõ ÝÂÌ. �îðàçäî ý��åêòèâíåå èñïîëüçî�âàíèå ñèñòåìû óðàâíåíèé äëÿ ìîìåíòîâ Ô�Ý, êî�òîðàÿ ïîçâîëÿåò âåñòè ìîäåëèðîâàíèå â ïðèáëèæå�íèè ñïëîøíîé ñðåäû. Òàêèå óðàâíåíèÿ äëÿ íåðåëÿ�òèâèñòñêîé ïëàçìû ïîëó÷åíû (íàïðèìåð, â ìîíîãðà��èè [1℄) èíòåãðèðîâàíèåì äîâîëüíî îáùåãî êèíåòè�÷åñêîãî óðàâíåíèÿ â äèàïàçîíå ýíåðãèé " 2 [0;1℄.Ýòà ñèñòåìà ïîçâîëÿåò âû÷èñëÿòü ýâîëþöèþ âî âðå�ìåíè è ïðîñòðàíñòâå ñðåäíèõ âåëè÷èí. Åå íåäîñòàò�êîì, êðèòè÷åñêèì â ñëó÷àå íåîáõîäèìîñòè ó÷åòà êè�íåòèêè ýëåêòðîíîâ âûñîêèõ ýíåðãèé, ÿâëÿåòñÿ íåñïî�ñîáíîñòü îïèñàòü ýíåðãåòè÷åñêîå ðàñïðåäåëåíèå òà�*E-mail: babi
h�elph.vniief.ru, kay�sar.ru**E-mail: kay�sar.ru

êèõ ýëåêòðîíîâ, íåîáõîäèìîå, íàïðèìåð, äëÿ âû÷èñ�ëåíèÿ æåñòêèõ âòîðè÷íûõ èçëó÷åíèé èëè ìîäåëè�ðîâàíèÿ ðàñïðîñòðàíåíèÿ ðàçðÿäà íà áîëüøèå ðàñ-ñòîÿíèÿ.Â ðàáîòàõ [2�9℄ ðåàëèçîâàí ìíîãîãðóïïîâîé ìå�òîä, ïîçâîëÿþùèé ìîäåëèðîâàòü êèíåòèêó ýëåêòðî�íîâ âûñîêèõ ýíåðãèé, â ÷àñòíîñòè, óáåãàþùèõ ýëåê�òðîíîâ, â òåðìèíàõ óðàâíåíèé äëÿ ìîìåíòîâ Ô�Ý.Ìåòîä ïîçâîëÿåò ïîâûñèòü òî÷íîñòü ðàñ÷åòîâ, åñòå�ñòâåííî ¾ñøèòü¿ îáëàñòü ýëåêòðîíîâ âûñîêèõ ýíåð�ãèé ñ îáëàñòüþ äðåé�óþùèõ ýëåêòðîíîâ íèçêèõýíåðãèé è ïîëó÷èòü ðàñïðåäåëåíèå ýëåêòðîíîâ â îá�ëàñòè âûñîêèõ ýíåðãèé. Â ðàìêàõ ïðåäåëüíî óïðî�ùåííîé ñèñòåìû óðàâíåíèé äëÿ ìîìåíòîâ Ô�Ý ýòîòïîäõîä óæå ðåàëèçîâàí äëÿ ìîäåëèðîâàíèÿ âûñîêî�âîëüòíîãî íàíîñåêóíäíîãî ðàçðÿäà ïðè áîëüøèõ ïå�ðåíàïðÿæåíèÿõ îòíîñèòåëüíî ñòàòè÷åñêîãî ïðîáèâ�íîãî íàïðÿæåíèÿ [2, 3℄ è ãèãàíòñêèõ âîñõîäÿùèõàòìîñ�åðíûõ ðàçðÿäîâ [4�6℄. Áîëåå òî÷íûå ãðóïïî�âûå óðàâíåíèÿ äëÿ ìîìåíòîâ ðåëÿòèâèñòñêîé Ô�Ýèñïîëüçîâàíû â ïîñëåäíèõ èññëåäîâàíèÿõ âîñõîäÿ�ùèõ àòìîñ�åðíûõ ðàçðÿäîâ [7�9℄, íî îíè áûëè çà�ïèñàíû àïðèîðíî íà îñíîâàíèè ¾î÷åâèäíûõ¿ �èçè�÷åñêèõ ñîîáðàæåíèé, à íå ïîëó÷åíû ñòðîãî èç êèíå�òè÷åñêîãî óðàâíåíèÿ, â ñâÿçè ñ ÷åì ìîãóò ñîäåðæàòüíåêîððåêòíîñòè, ñïîñîáíûå ñêàçûâàòüñÿ íà òî÷íîñòèìîäåëèðîâàíèÿ �èçè÷åñêèõ ïðîöåññîâ. Â ïðåäëàãà�808



ÆÝÒÔ, òîì 131, âûï. 5, 2007 �ðóïïîâûå óðàâíåíèÿ äëÿ ìîìåíòîâ �óíêöèè ðàñïðåäåëåíèÿ : : :åìîé ðàáîòå âûâîäèòñÿ ñèñòåìà ãðóïïîâûõ óðàâíå�íèé äëÿ ìîìåíòîâ ðåëÿòèâèñòñêîé Ô�Ý ñ èñïîëüçî�âàíèåì ñòàíäàðòíîé ïðîöåäóðû, ïðèíÿòîé äëÿ âûâî�äà íåðåëÿòèâèñòñêîé ñèñòåìû äëÿ ìîìåíòîâ âî âñåìäèàïàçîíå ýíåðãèé [1℄.2. ÈÑÕÎÄÍÎÅ ÊÈÍÅÒÈ×ÅÑÊÎÅÓ�ÀÂÍÅÍÈÅÍàøåé çàäà÷åé ÿâëÿåòñÿ ïîëó÷åíèå ãðóïïîâûõóðàâíåíèé äëÿ ïåðâûõ òðåõ ìîìåíòîâ Ô�Ý [1℄.Èñõîäíûì ÿâëÿåòñÿ ðåëÿòèâèñòñêîå êèíåòè÷åñêîåóðàâíåíèå�f�t + v �rf + �1� �2p ���f + � ��pf� eE == Stfr +Sts
+Stion (2.1)ñî ñëåäóþùèìè êîìïîíåíòàìè îïåðàòîðà ñòîëêíîâå�íèé ýëåêòðîíîâ ñ ìîëåêóëàìè [10, 11℄:Stfr = 1p2 ��p �p2F (p)f(r; p; �; t)� ; (2:2)Sts
 = (Zmol=2 + 1)F (p)4
p L̂�f(r; p; �; t); (2:3)Stion(1) = Nmol�
 1Z2"+"ion d"0�
02 � 1
2 � 1 ��� �ion("; "0) 1� �Z0 f(r; "0; �0; t) d�: (2.4)Îïåðàòîðû (2.2) è (2.3) îòâå÷àþò ñîîòâåòñòâåí�íî çà ïîòîê â ïðîñòðàíñòâå èìïóëüñîâ è äè��ó�çèþ ïî óãëàì âñëåäñòâèå ðàññåÿíèÿ íà àòîìíûõÿäðàõ (÷àñòü (2.3), ñîäåðæàùàÿ ìíîæèòåëü Zmol=2)è ýëåêòðîíàõ. Îïåðàòîð (2.2) è êîìïîíåíòà îïåðàòî�ðà (2.3), îòâå÷àþùàÿ çà ðàññåÿíèå íà àòîìíûõ ýëåê�òðîíàõ, ÿâëÿþòñÿ äè��åðåíöèàëüíûì ïðåäñòàâëå�íèåì ÷àñòè ðåäóöèðîâàííîãî èîíèçàöèîííîãî èíòå�ãðàëà, îòâå÷àþùåé çà ñëàáûå âçàèìîäåéñòâèÿ ýëåêò-ðîíîâ ñ àòîìàðíûìè ÷àñòèöàìè. �îæäåíèå ýëåêò-ðîíîâ âûñîêèõ ýíåðãèé îïèñûâàåòñÿ îñòàâøåéñÿ ÷àñ-òüþ (2.4) ðåäóöèðîâàííîãî èîíèçàöèîííîãî èíòåãðà�ëà. Îáû÷íî îïåðàòîðà (2.2) è ýëåêòðîííîé ÷àñòè îïå�ðàòîðà (2.3), îïèñûâàþùèõ ìíîæåñòâåííûå ïðîöåñ�ñû ðîæäåíèÿ ýëåêòðîíîâ ìàëûõ ýíåðãèé, äîñòàòî÷íîäëÿ âû÷èñëåíèÿ Ô�Ý ñ âûñîêîé òî÷íîñòüþ, à ðåäêèåñîáûòèÿ ðîæäåíèÿ ýëåêòðîíîâ âûñîêèõ ýíåðãèé âèîíèçóþùèõ ñîóäàðåíèÿõ ñ àòîìàðíûìè ÷àñòèöàìè
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�åîìåòðèÿ ðàññåÿíèÿèãíîðèðóþòñÿ. Îäíàêî òàêèå ñîáûòèÿ ìîãóò ïðèí�öèïèàëüíî èçìåíèòü õîä èîíèçàöèîííîãî ïðîöåññàâ ïðèñóòñòâèè ýëåêòðè÷åñêîãî ïîëÿ â î÷åíü áîëü�øèõ îáúåìàõ ãàçà, òàêèõ êàê ïëàíåòàðíûå àòìîñ�å�ðû â óñëîâèÿõ ãðîçîâîé àêòèâíîñòè, ïðèâîäÿ ê ãåíå�ðàöèè ëàâèí ðåëÿòèâèñòñêèõ óáåãàþùèõ ýëåêòðîíîâè ýëåêòðè÷åñêîìó ïðîáîþ â ïîëÿõ, áîëåå ñëàáûõ, ÷åìíåîáõîäèìî äëÿ îáû÷íîãî ïðîáîÿ [12, 13℄.Çäåñü f = f(r; p; �; t) � Ô�Ý ïî ìîäóëþ èìïóëü�ñà p è êîñèíóñó óãëà � ìåæäó âåêòîðîì èìïóëüñà p èåäèíè÷íûì âåêòîðîì â íàïðàâëåíèè ýëåêòðè÷åñêîéñèëû e = �E=E, äåéñòâóþùåé íà ýëåêòðîíû, r � ðà�äèóñ-âåêòîð â êîí�èãóðàöèîííîì ïðîñòðàíñòâå, E�âåêòîð íàïðÿæåííîñòè ëîêàëüíîãî ýëåêòðè÷åñêîãîïîëÿ, e � ýëåìåíòàðíûé çàðÿä, "ion � ïîðîã èîíè�çàöèè, Nmol � êîíöåíòðàöèÿ ìîëåêóë, Zmol � ÷èñëîýëåêòðîíîâ â ìîëåêóëå,L̂� = ��� (1� �2) ���� óãëîâàÿ ÷àñòü îïåðàòîðà Ëàïëàñà â ñ�åðè÷åñêîéñèñòåìå êîîðäèíàò, 
 = 1=p1� �2 � �àêòîð Ëîðåí�öà, � = v=
, �ion("0; ") � äè��åðåíöèàëüíîå ñå÷åíèåèîíèçàöèè, " = (
 � 1)m
2 � êèíåòè÷åñêàÿ ýíåðãèÿ,F (p) � ñèëà òðåíèÿ, îïèñûâàþùàÿ óñðåäíåííûå ïî�òåðè ýíåðãèè ýëåêòðîíà. Äëÿ F èñïîëüçóåòñÿ �îðìó�ëà Áåòå äëÿ óäåëüíûõ ïîòåðü ýíåðãèè [14℄. Øòðèõà�ìè îáîçíà÷åíû âåëè÷èíû äî àêòîâ âçàèìîäåéñòâèé.Íà ðèñóíêå èçîáðàæåíà ãåîìåòðèÿ ðàññåÿíèÿ âñèñòåìå êîîðäèíàò, çàäàâàåìîé îðòàìèi = [p� [e� p℄p2 sin � = ep2 � p(p � e)p2 sin � ;j = p� ep sin � ; k = pp ;809



Ë. Ï. Áàáè÷, Ì. Ë. Êóäðÿâöåâà ÆÝÒÔ, òîì 131, âûï. 5, 2007ãäå p(p; �; ') � âåêòîð èìïóëüñà ýëåêòðîíà ïîñëåðàññåÿíèÿ [15℄. Â ýòîé ñèñòåìå k åñòü ïîëÿðíàÿ îñü,óãîë ðàññåÿíèÿ  2 [0; �℄ ñòàíîâèòñÿ ïîëÿðíûì óã�ëîì, à óãîë � 2 [0; 2�℄ ìåæäó i è íàïðàâëåíèåì ïðî�åêöèè èìïóëüñà p0(p0; �0; '0) äî ðàññåÿíèÿ íà ïëîñ�êîñòü p = 0 ÿâëÿåòñÿ àçèìóòàëüíûì óãëîì. Ñâÿçüóãëîâ � è  ñ óãëàìè �0 è � ìåæäó e è íàïðàâëå�íèÿìè èìïóëüñîâ ýëåêòðîíà äî p0(p0; �0; '0) è ïîñëåp(p; �; ') ðàññåÿíèÿ äàåòñÿ èçâåñòíîé �îðìóëîé [15℄:�0 = � 
os +p1� �2 sin 
os�: (2:5)Äëÿ âû÷èñëåíèé óäîáíî âîñïîëüçîâàòüñÿ äè�âåðãåíòíîé �îðìîé êèíåòè÷åñêîãî óðàâíåíèÿ(2.1)�(2.4):�f(r; p; �; t)�t + v �rf(r; p; �; t) ++ 1p2 ��p �p2 (�eE � F (p)) f(r; p; �; t)�++ ��� �eE 1� �2p f(r; p; �; t)��� (Zmol + 4)F (p)8
p L̂�f(r; p; �; t) == Stion(1) fp; �; f(r; p0; �0; t)g ; (2.6)êîòîðîå ðåøàëîñü â ðàáîòàõ [8; 16�19℄ äëÿ f(p; �; t).Äëÿ ïîñëåäíåãî îïåðàòîðà â ëåâîé ÷àñòè (2.6)èñïîëüçîâàíî óòî÷íåííîå âûðàæåíèå [20℄. Ô�Ýf(r; p; �; t) íîðìèðîâàíà íà êîíöåíòðàöèþ ýëåêòðî�íîâ n(r; t) â çàäàííîì èíòåðâàëå çíà÷åíèé ìîäóëÿèìïóëüñà [pmin; pmax℄ èëè ñîîòâåòñòâóþùåãî èíòåð�âàëà ýíåðãèè ["min; "max℄ ýëåêòðîíîâ:2� pmaxZpmin p2dp 1Z�1 d� f(r; p; �; t) = n(r; t): (2:7)Íèæíåé ãðàíèöåé pmin èëè "min ìîæåò áûòü, â÷àñòíîñòè, ïîðîã óáåãàíèÿ ýëåêòðîíîâ pth èëè"th, îïðåäåëÿåìûé êàê âòîðîé êîðåíü óðàâíåíèÿeE = F (") [21℄.�àçîáüåì èíòåðâàë [pth; pmax℄ íà N îäèíàêîâûõãðóïï âåëè÷èíîé �p. Òîãäàn(r; t) � NXn=1n2n(r; t): (2:8)Çäåñü

n2n(r; t) = p2n+1Zp2n�1 p2dp 1Z�1 d� 2�Z0 d' f(r; p; �; t) �� 2�p22n�p2n�1;2n+1 1Z�1 f(r; p2n; �; t) d� (2.9)åñòü êîíöåíòðàöèÿ ýëåêòðîíîâ â ñåðåäèíå ãðóïïû n,îãðàíè÷åííîé íå÷åòíûìè ÷èñëàìè 2n � 1 è 2n + 1,ãäå n � íàòóðàëüíîå ÷èñëî.3. Ó�ÀÂÍÅÍÈÅ ÁÀËÀÍÑÀÊÎÍÖÅÍÒ�ÀÖÈÈÓðàâíåíèå äëÿ íóëåâîãî ìîìåíòà Ô�Ýf(r; p; �; t), ò. å. óðàâíåíèå áàëàíñà êîíöåíòðà�öèè, íàéäåì, èíòåãðèðóÿ êèíåòè÷åñêîå óðàâíåíèå(2.6) â èíòåðâàëàõ p 2 [p2n�1; p2n+1℄, � 2 [�1; 1℄è ' 2 [0; 2�℄. Â óðàâíåíèè (2.6) p è t ÿâëÿþòñÿíåçàâèñèìûìè ïåðåìåííûìè, ïîýòîìó, ìåíÿÿ ïî�ðÿäîê èíòåãðèðîâàíèÿ è äè��åðåíöèðîâàíèÿ [1℄,ïîëó÷àåì èíòåãðàë ïåðâîãî îïåðàòîðà:��t p2n+1Zp2n�1 p2dp 1Z�1 d� 2�Z0 d'f(r; p; �; t) == �n2n(r; t)�t : (3.1)Ïîñêîëüêó f(r; p; �; t) íå çàâèñèò îò ', ïîñëå ðàçëî�æåíèÿ âåêòîðà ñêîðîñòè íà êîìïîíåíòû âäîëü è ïåð�ïåíäèêóëÿðíî e ñ ó÷åòîì âûðàæåíèÿ2�Z0 d'v = 2�Z0 d'(v? + vk) == 2�Z0 d'(v? + ev�) = 2�v�e (3.2)ïîëó÷àåòñÿ ñëåäóþùèé èíòåãðàë âòîðîãî îïåðàòîðà:div p2n+1Zp2n�1 p2dp 1Z�1 d� 2�Z0 d'vf(r; p; �; t) == div j2n � divn2n(r; t)u2n(r; t); (3.3)ãäå íàïðàâëåííàÿ ñêîðîñòü ýëåêòðîíîâu2n(r; t) = e2� p2n+1Zp2n�1 vp2dp 1Z�1 �f(r; p; �; t) d�n2n(r; t) : (3:4)810



ÆÝÒÔ, òîì 131, âûï. 5, 2007 �ðóïïîâûå óðàâíåíèÿ äëÿ ìîìåíòîâ �óíêöèè ðàñïðåäåëåíèÿ : : :Çäåñü è íèæå èñïîëüçîâàíà �îðìóëà [22℄divrf(r; p; �; t)v = v � gradrf + fdivrv; (3:5)â êîòîðîé divrv = 0, ïîñêîëüêó â êèíåòè÷åñêîì óðàâ�íåíèè (2.6) p è r òàêæå ÿâëÿþòñÿ íåçàâèñèìûìè ïå�ðåìåííûìè.Èíòåãðàë òðåòüåãî îïåðàòîðà ðàâåí2� p2n+1Zp2n�1 p2dp�� 1Z�1 d� 1p2 ��p �p2 (�eE � F (p)) f(r; p; �; t)� == 2� 24p22n+1 1Z�1 d� (�eE�F (p2n+1)) f(r; p2n+1; �; t) �� p22n�1 1Z�1 d� (�eE � F (p2n�1))��f(r; p2n�1; �; t)35 : (3.6)Èíòåãðèðîâàíèå ïî � ÷åòâåðòîãî è ïÿòîãî îïåðà�òîðîâ êèíåòè÷åñêîãî óðàâíåíèÿ (2.6) äàåò íóëü.Îáúåäèíÿÿ (3.1), (3.3) è (3.6), ïîëó÷àåì â èòî�ãå ñëåäóþùåå ãðóïïîâîå óðàâíåíèå äëÿ íóëåâîãî ìî�ìåíòà Ô�Ý:�n2n(r; t)�t + divn2n(r; t)u2n(r; t) ++2� 24p22n+1 1Z�1 d� (�eE�F (p2n+1)) f(r; p2n+1; �; t) �� p22n�1 1Z�1 d� (�eE � F (p2n�1)) f(r; p2n�1; �; t)35 == 2� p2n+1Zp2n�1 p2dp�� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�: (3.7)Èñïîëüçóÿ ïðèáëèæåííîå âûðàæåíèå äëÿ êîí�öåíòðàöèè ñîãëàñíî ïðàâîé ÷àñòè (2.9) è âêëþ�÷àÿ âíåøíèé èñòî÷íèê Sext;2n âûñîêîýíåðãåòè÷å�ñêèõ ýëåêòðîíîâ äàííîé ãðóïïû, ýòî óðàâíåíèå ìîæ�íî çàïèñàòü ñëåäóþùèì îáðàçîì:

�n2n(r; t)�t + divn2n(r; t)u2n(r; t) ++ [h�2n+1ieE � F (p2n+1)℄ n2n+1�p2n;2n+2 �� [h�2n�1ieE � F (p2n�1)℄ n2n�1�p2n�2;2n == NXi=nR(i)2nn(i)2n + Sext;2n; (3.8)ãäå �p2n;2n+2 = p2n+2 � p2n;�p2n�2;2n = p2n � p2n�2;à èîíèçàöèîííûé èíòåãðàë âûðàæåí ÷åðåç ñêîðîñòüãåíåðàöèè ýëåêòðîíîâ â äàííîé ãðóïïå âñåìè ýëåê�òðîíàìè áîëåå âûñîêèõ ýíåðãèé:R(i)2n = 1n(i)2n 2� p2n+1Zp2n�1 p2dp�� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�: (3.9)Ïîñêîëüêó â èîíèçóþùèõ ñîóäàðåíèÿõ âòîðè÷�íûå ýëåêòðîíû ãåíåðèðóþòñÿ â îñíîâíîì â íèçêî�ýíåðãåòè÷åñêîé ÷àñòè ñïåêòðà, ïðàêòè÷åñêè âñå âòî�ðè÷íûå ýëåêòðîíû, ïîÿâëÿþùèåñÿ â îáëàñòè ýíåð�ãèé " � "th çà ñ÷åò óäàðíîé èîíèçàöèè ñàìèìè ýëåê�òðîíàìè, â òîì ÷èñëå çà ñ÷åò âíåøíåãî èñòî÷íèêà,ïîïàäàþò â ïåðâóþ ãðóïïó âáëèçè "th. Ïîýòîìó ïðà�âóþ ÷àñòü óðàâíåíèÿ (3.8) ìîæíî óïðîñòèòü ñëåäó�þùèì îáðàçîì:NXi=nR(i)2nn(i)2n + Sext;2n �� Æn1 1te(Æ) NXi=n n2i + Sext;2nÆn1; (3.10)ãäå Æn1 = ( 1; n = 1;0; n 6= 1� ñèìâîë Êðîíåêåðà. Õàðàêòåðíîå âðåìÿ ðàçìíîæå�íèÿ ýëåêòðîíîâ â îáëàñòè " � "th,te(Æ) = 242� pmaxZpth p2dp �� 1Z�1 Stion(1) fp; �; f(p0; �0)g d�35�1 ; (3.11)811



Ë. Ï. Áàáè÷, Ì. Ë. Êóäðÿâöåâà ÆÝÒÔ, òîì 131, âûï. 5, 2007ÿâëÿåòñÿ �óíêöèåé ¾ïåðåíàïðÿæåíèÿ¿ Æ == eE=FminP îòíîñèòåëüíî ðåëÿòèâèñòñêîãîìèíèìóìà ñèëû òðåíèÿ (äëÿ âîçäóõà Fmin == 218 êýÂ/ì�àòì.), P � äàâëåíèå íåéòðàëüíîãî ãàçà[10�13℄. Ô�Ý f(p; �) íîðìèðîâàíà íà åäèíèöó:2� pmaxZpth p2dp 1Z�1 f(p; �) d� = 1: (3:12)Äëÿ âîçäóõà çàâèñèìîñòü te(Æ) âû÷èñëåíà èç ðåøå�íèÿ êèíåòè÷åñêîãî óðàâíåíèÿ (2.6) [18, 19℄, à òàêæåñ âûñîêîé òî÷íîñòüþ ìåòîäîì Ìîíòå-Êàðëî [23, 24℄â øèðîêîì äèàïàçîíå çíà÷åíèé Æ.Â äîñòàòî÷íî ñèëüíîì ïîëå âòîðè÷íûå ýëåêòðî�íû ñ ýíåðãèÿìè " � "th çà âðåìÿ ïîðÿäêà te(Æ) ïîëíî�ñòüþ òåðÿþò ñîñòàâëÿþùóþ èìïóëüñà, îðòîãîíàëü�íóþ âåêòîðó íàïðÿæåííîñòè [23, 24℄, òàê ÷òî ìîæíîïîëàãàòü h�i = 1. Â ýíåðãåòè÷åñêîì ïðåäñòàâëåíèèýòîãî íå òðåáóåòñÿ: ó÷èòûâàÿ âûðàæåíèÿ�"2n;2n+2 = v2n+1�p2n;2n+2;�"2n�2;2n = v2n�1�p2n�2;2nè (3.4) äëÿ íàïðàâëåííîé ñêîðîñòè, ïîëó÷àåì�n2n(r; t)�t + divn2n(r; t)u2n(r; t) == [eEu2n�1 � F ("2n�1)v2n�1℄ n2n�1�"2n�2;2n �� [eEu2n+1 � F ("2n+1)v2n+1℄ n2n+1�"2n;2n+2 ++ Æn1 1te(Æ) NXi=n n2i + Sext;2nÆn1: (3.13)Ýòî óðàâíåíèå ïîëíîñòüþ ñîâïàäàåò ñ ãðóïïîâûìóðàâíåíèåì áàëàíñà ÷èñëà ýëåêòðîíîâ, èñïîëüçîâàí�íûì â ðàáîòàõ [7�9℄ è çàïèñàííûì èç �èçè÷åñêèõñîîáðàæåíèé.4. Ó�ÀÂÍÅÍÈÅ ÄÂÈÆÅÍÈßÓðàâíåíèå äëÿ ïåðâîãî ìîìåíòà (óðàâíåíèå äâè�æåíèÿ) ïîëó÷àåòñÿ èíòåãðèðîâàíèåì â òåõ æå èíòåð�âàëàõ êèíåòè÷åñêîãî óðàâíåíèÿ (2.6), óìíîæåííîãîíà âåêòîð èìïóëüñà p, ðàçëîæåííûé ïî íàïðàâëå�íèÿì âäîëü è îðòîãîíàëüíî âåêòîðó ýëåêòðè÷åñêîéñèëû e = �E=E, äåéñòâóþùåé íà ýëåêòðîíû:p = pk + p? = ep�+ p?: (4:1)Ïîñêîëüêó â êèíåòè÷åñêîì óðàâíåíèè p è t ÿâëÿ�þòñÿ íåçàâèñèìûìè ïåðåìåííûìè, ïîñëå ïåðåìåíû

ïîðÿäêà èíòåãðèðîâàíèÿ è äè��åðåíöèðîâàíèÿ ïî tñ ó÷åòîì íåçàâèñèìîñòè f(r; p; �; t) îò ' ïîëó÷àåòñÿñëåäóþùèé èíòåãðàë ïåðâîãî îïåðàòîðà, óìíîæåí�íîãî íà p:��t Z�p pf(p) dp = ��t p2n+1Zp2n�1 p2dp 1Z�1 d��� 2�Z0 d'(p? + pk)f(r; p; �; t) == �n2n(r; t)p(2n)k (r; t)�t = p(2n)k (r; t)�n2n(r; t)�t ++ n2n(r; t)�p(2n)k (r; t)�t ; (4.2)ãäåp(2n)k (r; t) = e2� p2n+1Zp2n�1 p3dp 1Z�1 �f(r; p; �; t) d�n2n(r; t) �� eh�i2np2n: (4.3)Ñ ó÷åòîì òîãî, ÷òî â êèíåòè÷åñêîì óðàâíåíèè p èêîîðäèíàòû â êîí�èãóðàöèîííîì ïðîñòðàíñòâå òàê�æå ÿâëÿþòñÿ íåçàâèñèìûìè ïåðåìåííûìè, ïîëó÷à�åòñÿ ñëåäóþùèé èíòåãðàë âòîðîãî îïåðàòîðà êèíå�òè÷åñêîãî óðàâíåíèÿ (2.6), óìíîæåííîãî íà p:Z�pn p � vrrf(r;p; t) dp ==Xk rk Z�pn pvkf(r; p; t) dp ==Xk rkn2n(r; t)hpvki2n ��Xk rkn2n(r; t)p(2n)k u(k)2n == p(2n)k Xk rkn2n(r; t)u(k)2n ++ n2n(r; t)Xk u(k)2nrkp(2n)k ; (4.4)ãäå èíäåêñ k îòíîñèòñÿ ê êîìïîíåíòàì âåêòîðîâ.Çäåñü ïðåíåáðåãàåòñÿ ÷ëåíîì, êâàäðàòè÷íûì ïî õàî�òè÷åñêèì âåëè÷èíàì, êîòîðûé îòâå÷àåò çà íîðìàëü�íîå äàâëåíèå è âÿçêèå íàïðÿæåíèÿ â ñàìîì ïîòîêåýëåêòðîíîâ [1℄. Òàêèì îáðàçîì, ÷àñòè÷íî îáõîäèò�ñÿ ïðîáëåìà ìîìåíòîâ áîëåå âûñîêîãî ïîðÿäêà, íî812



ÆÝÒÔ, òîì 131, âûï. 5, 2007 �ðóïïîâûå óðàâíåíèÿ äëÿ ìîìåíòîâ �óíêöèè ðàñïðåäåëåíèÿ : : :ïðèìåíèìîñòü ïîëó÷åííûõ óðàâíåíèé îãðàíè÷èâàåò�ñÿ ñëó÷àåì ðàçðåæåííîãî ïîòîêà ýëåêòðîíîâ â ïëîò�íîé ãàçîâîé ñðåäå, êîãäà ïîâåäåíèå ýëåìåíòà ýëåê�òðîííîé ¾æèäêîñòè¿ îïðåäåëÿåòñÿ ñòîëêíîâåíèÿìèýëåêòðîíîâ ñ íåéòðàëüíûìè ÷àñòèöàìè, à ý��åêòû,îáóñëîâëåííûå ãðàäèåíòîì ñîáñòâåííîãî äàâëåíèÿ èòðåíèåì ñëîåâ ¾æèäêîñòè¿, ìàëû.Âûðàæàÿ â (4.2) ïðîèçâîäíóþ �n2n(r; t)=�t ñ ïî�ìîùüþ �îðìóëû (3.7) äëÿ íóëåâîãî ìîìåíòà è ñêëà�äûâàÿ ðåçóëüòàò ñ (4.4), ïîëó÷àåì ñóììó èíòåãðàëîâïåðâûõ äâóõ îïåðàòîðîâ:��t Z�p pf(r;p; t) dp+ Z�pn p � vrf(r;p; t) dp �� n2n � ��t + u2n � grad�p(2n)k � 2�p(2n)k �� 1Z�1 d� �p22n+1 (�eE � F (p2n+1)) f(r; p2n+1; �; t)�� p22n�1 (�eE � F (p2n�1)) f(r; p2n�1; �; t)�++ 2�p(2n)k p2n�1Zp2n+1 p2dp�� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�: (4.5)Èíòåãðèðîâàíèå ñóììû òðåòüåãî, ÷åòâåðòîãî èïÿòîãî îïåðàòîðîâ êèíåòè÷åñêîãî óðàâíåíèÿ (2.6),óìíîæåííûõ íà p, äàåò2�e p2n+1Zp2n�1 p3dp 1Z�1 � d���� 1p2 ��p �p2 (�eE � F (p)) f(r; p; �; t)�++ ��� �eE 1� �2p f(r; p; �; t)��� Zmol + 48 F (p)
(p)pL̂�f(r; p; �; t)� == 2�e 1Z�1 � d� �p32n+1 (�eE�F (p2n+1)) �� f(r; p2n+1; �; t)�� p32n�1 (�eE � F (p2n�1)) f(r; p2n�1; �; t)��� 2�e p2n+1Zp2n�1 p2dp 1Z�1 d� (eE � �E(p)) f(r; p; �; t) +

+ 2�eZmol + 44 p2n+1Zp2n�1 F (p)
(p) p2dp�� 1Z�1 � d�f(r; p; �; t): (4.6)Îáúåäèíÿÿ (4.5) è (4.6) è âêëþ÷àÿ èíòåãðàë îòïðîèçâåäåíèÿ p íà èîíèçàöèîííûé èíòåãðàë â êè�íåòè÷åñêîì óðàâíåíèè (2.6), ïîëó÷àåì ñëåäóþùååóðàâíåíèå äëÿ ïåðâîãî ìîìåíòà Ô�Ý:n2n � ��t + u2n � grad�p(2n)k = 2�p(2n)k �� 1Z�1 d� �p22n+1 (�eE�F (p2n+1)) f(r; p2n+1; �; t)�� p22n�1 (�eE � F (p2n�1)) f(r; p2n�1; �; t)��� 2�e 1Z�1 � d� �p32n+1 (�eE � F (p2n+1)) �� f(r; p2n+1; �; t)�� p32n�1 (�eE � F (p2n�1)) f(r; p2n�1; �; t)�++ 2�e p2n+1Zp2n�1 p2dp�� 1Z�1 d� �eE���1+Zmol+44
(p) �F (p)� f(r; p; �; t)++ 2� p2n+1Zp2n�1 p2dp 1Z�1 d��ep�� p(2n)k ��� Stion(1) fp; �; f(r; p0; �0; t)g : (4.7)Óïðîñòèì ýòî óðàâíåíèå, äëÿ ÷åãî âûäåëèì h�iè èñïîëüçóåì äëÿ êîíöåíòðàöèè n2n òî÷íîå è ïðè�áëèæåííîå âûðàæåíèÿ (2.9) è ïðèáëèæåííûå âûðà�æåíèÿ äëÿ n2n�1 è n2n+1,n2n�1 � 2�p22n�1�p2n�2;2n �� 1Z�1 d� f(r; p2n�1; �; t);n2n+1 � 2�p22n+1�p2n;2n+2 �� 1Z�1 d� f(r; p2n+1; �; t): (4.8)
Â èòîãå ñ ó÷åòîì âíåøíåãî èñòî÷íèêà ïîëó÷àåòñÿñëåäóþùåå ãðóïïîâîå óðàâíåíèå äëÿ ïåðâîãî ìîìåí�òà Ô�Ý:813



Ë. Ï. Áàáè÷, Ì. Ë. Êóäðÿâöåâà ÆÝÒÔ, òîì 131, âûï. 5, 2007n2n � ��t + u2n � grad�p(2n)k == e �eE ��1 + Zmol + 44
(p2n) �F (p2n)�n2n ++ p(2n)k � ep2n+1h�i2n+1�p2n;2n+2 �� (eEh�i2n+1 � F (p2n+1))n2n+1 �� p(2n)k � ep2n�1h�i2n�1�p2n�2;2n �� (eEh�i2n�1 � F (p2n�1))n2n�1 +2� p2n+1Zp2n�1 p2dp 1Z�1 d�(ep�� p(2n)k )��Stion(1) fp; �; f(r; p0; �0; t)g+Sext;2np(2n)k Æn1: (4.9)Ïîëàãàÿ, ÷òî p2n+1h�i2n+1 � p2n+1,p2n�1h�i2n�1 � p2n�1, â ýíåðãåòè÷åñêîì ïðåä�ñòàâëåíèè ïîëó÷àåì àíàëîãè÷íî (3.13):n2n � ��t + u2n � grad�p(2n)k == e �eE ��1 + Zmol + 44
("2n) �F ("2n)�n2n ++ n2n+1�"2n;2n+2 [eEu2n+1 � F ("2n+1)v2n+1℄�� (p(2n)k � ep2n+1)�� n2n�1�"2n�2;2n [eEu2n�1 � F ("2n�1)v2n�1℄�� (p(2n)k � ep2n�1) ++ 2� p2n+1Zp2n�1 p2dp 1Z�1 d�(ep�� p(2n)k )�� Stion(1) fp; �; f(r; p0; �0; t)g++ Sext;2np(2n)k Æn1: (4.10)Â ïðàâîé ÷àñòè ãðóïïîâîãî óðàâíåíèÿ äâèæåíèÿ,èñïîëüçîâàííîãî â ðàáîòàõ [7�9℄, ó÷òåí òîëüêî ïåð�âûé ÷ëåí, ïðè÷åì ñëàãàåìîå (Zmol+4)F ("2n)=4
("2n)îòñóòñòâóåò.Èíòåãðàë â ïðàâîé ÷àñòè (4.10) ìîæíî ïðèíÿòüðàâíûì íóëþ. Ýòî îòðàæàåò òîò �àêò, ÷òî â ðåä�êèõ èîíèçóþùèõ ñîáûòèÿõ ñ ðîæäåíèåì âòîðè÷íûõýëåêòðîíîâ âûñîêèõ ýíåðãèé (" � "th, "� "ion) ñóì�ìàðíàÿ ýíåðãèÿ âòîðè÷íûõ ýëåêòðîíîâ ïîñëå ñîóäà�ðåíèÿ ðàâíà ðàçíîñòè ýíåðãèè ïåðâè÷íîãî ýëåêòðî�íà è ìàëîé ýíåðãèè èîíèçàöèè "ion. Êàê óêàçàíî âû�øå, âåðîÿòíîñòü òàêèõ ñîáûòèé êðàéíå ìàëà, à ÷àñ-òûå èîíèçàöèîííûå ñîáûòèÿ âûäåëåíû èç ïîëíîãî

èîíèçàöèîííîãî èíòåãðàëà è ñîäåðæàòñÿ â îïåðàòî�ðàõ (2.2) è ÷àñòè÷íî (2.3) êèíåòè÷åñêîãî óðàâíåíèÿ.Ïîëó÷èì ãðóïïîâîå óðàâíåíèå äëÿ ïëîòíîñòè èì�ïóëüñà â ýíåðãåòè÷åñêîì ïðåäñòàâëåíèè. Â ýòîì ñëó�÷àå íåò íåîáõîäèìîñòè âûðàæàòü â (4.2) ïðîèçâîä�íóþ �n2n(r; t)=�t ïîñðåäñòâîì �îðìóëû (3.7) äëÿ íó�ëåâîãî ìîìåíòà êèíåòè÷åñêîãî óðàâíåíèÿ. Ñ ó÷åòîì(3.10) óðàâíåíèå äëÿ ïëîòíîñòè èìïóëüñà ìîæíî çà�ïèñàòü â ñëåäóþùåì âèäå:�n2n(r; t)p(2n)k (r; t)�t +Xk rkn2n(r; t)p(2n)k u(k)2n == ep2n�1 n2n�1�"2n�2;2n [eEu2n�1�F ("2n�1)v2n�1℄��ep2n+1 n2n+1�"2n;2n+2 [eEu2n+1�F ("2n+1)v2n+1℄ ++e �eE��1+Zmol+44
("2n)�F ("2n)�n2n++ p(2n)k Æn1 1te(Æ) NXi=n n2i + Sext;2np(2n)k Æn1: (4.11)Çäåñü n2n(r; t)p(2n)k u(k)2n åñòü êîìïîíåíòà k ïëîòíîñòèïîòîêà èìïóëüñà.5. Ó�ÀÂÍÅÍÈß ÁÀËÀÍÑÀ ÝÍÅ��ÈÈÓðàâíåíèå äëÿ âòîðîãî ìîìåíòà Ô�Ý, ÿâëÿþ�ùååñÿ óðàâíåíèåì áàëàíñà ïîëíîé ðåëÿòèâèñòñêîéýíåðãèè, ïîëó÷àåòñÿ èíòåãðèðîâàíèåì êèíåòè÷åñêî�ãî óðàâíåíèÿ (2.6), óìíîæåííîãî íà " = p
2=v.Ïîñêîëüêó â êèíåòè÷åñêîì óðàâíåíèè t è p, à ñëå�äîâàòåëüíî, è " ÿâëÿþòñÿ íåçàâèñèìûìè ïåðåìåííû�ìè, ïîñëå ïåðåìåíû ïîðÿäêà èíòåãðèðîâàíèÿ è äè���åðåíöèðîâàíèÿ ïî t ïîëó÷àåòñÿ ñëåäóþùèé èíòå�ãðàë ïåðâîãî îïåðàòîðà, óìíîæåííîãî íà ":��t Z�p "f(p) dp == ��t2� p2n+1Zp2n�1 p2dp 1Z�1 d� 2�Z0 "f(r; p; �; t) == �n2n(r; t)"2n(r; t)�t = "2n(r; t)�n2n(r; t)�t ++ n2n(r; t)�"2n(r; t)�t ; (5.1)ãäå"2n(r; t) = 2� p2n+1Zp2n�1 "p2dp 1Z�1 f(r; p; �; t) d�n2n(r; t) : (5:2)814



ÆÝÒÔ, òîì 131, âûï. 5, 2007 �ðóïïîâûå óðàâíåíèÿ äëÿ ìîìåíòîâ �óíêöèè ðàñïðåäåëåíèÿ : : :Äëÿ èíòåãðàëà âòîðîãî îïåðàòîðà êèíåòè÷åñêîãîóðàâíåíèÿ (2.6), óìíîæåííîãî íà ", ïîëó÷àåìZ�pn "vrrf(r;p; t) dp = 
2 Z�pn prrf(r;p; t) dp == 
2divr2� p2n+1Zp2n�1 p2dp 1Z�1 pf(r; p; �; t) d� == 
2divrn2n(r; t)p(2n)k ; (5.3)ãäå p = "v=
2 è ó÷òåíî òî îáñòîÿòåëüñòâî, ÷òî âêèíåòè÷åñêîì óðàâíåíèè âåêòîð p è êîîðäèíàòû âêîí�èãóðàöèîííîì ïðîñòðàíñòâå ÿâëÿþòñÿ íåçàâè�ñèìûìè ïåðåìåííûìè.Âûðàæàÿ â (5.1) ïðîèçâîäíóþ �n2n(r; t)=�t ïî�ñðåäñòâîì �îðìóëû (3.7) äëÿ íóëåâîãî ìîìåíòà êè�íåòè÷åñêîãî óðàâíåíèÿ è ñêëàäûâàÿ ðåçóëüòàò ñ(5.3), ïîëó÷àåì ñóììó èíòåãðàëîâ ïåðâûõ äâóõ îïå�ðàòîðîâ:��t Z�p "f(p) dp+ Z�pn "vrrf(r;p; t) dp == n2n(r; t)�"2n(r; t)�t �"2n(r; t)divrn2n(r; t)u2n(r; t)�� "2n(r; t)2� 24p22n+1 1Z�1 d� (�eE � F (p2n+1)) �� f(r; p2n+1; �; t)�� p22n�1 1Z�1 d� (�eE � F (p2n�1)) f(r; p2n�1; �; t)35++ "2n(r; t)2� p2n+1Zp2n�1 p2dp�� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�++ 
2divrn2n(r; t)p(2n)k : (5.4)Èíòåãðèðîâàíèå òðåòüåãî îïåðàòîðà êèíåòè÷åñêîãîóðàâíåíèÿ (2.6), óìíîæåííîãî íà ", ñ ó÷åòîì ðàâåí�ñòâà d"=dp = v äàåò:

2� p2n+1Zp2n�1 "p2dp 1Z�1 d� 1p2 �� ��p �p2 (�eE � F (p)) f(r; p; �; t)� == "2n+1 (h�ieE � F (p2n+1)) 2�p22n+1 �� 1Z�1 d� f(r; p2n+1; �; t)�� "2n�1 (h�ieE � F (p2n�1)) 2�p22n�1 �� 1Z�1 d� f(r; p2n�1; �; t)�� 2� p2n+1Zp2n�1 p2dp 1Z�1 eE � vf(r; p; �; t) d�++ 2� p2n+1Zp2n�1 F (p)vp2dp 1Z�1 d� f(r; p; �; t): (5.5)Èíòåãðàëû ÷åòâåðòîãî è ïÿòîãî îïåðàòîðîâ êèíåòè�÷åñêîãî óðàâíåíèÿ (2.6), óìíîæåííûõ íà ", ðàâíûíóëþ. Îáúåäèíÿÿ (5.4) è (5.5), ïîëó÷àåì ñëåäóþùååóðàâíåíèå äëÿ âòîðîãî ìîìåíòà Ô�Ý:n2n(r; t)�"2n(r; t)�t �"2n(r; t)divr n2n(r; t)u2n(r; t)++ 
2divr n2n(r; t)p(2n)k == ("2n � "2n+1)2�p22n+1 1Z�1 d� (�eE � F (p2n+1))�� f(r; p2n+1; �; t)�� ("2n � "2n�1)2�p22n�1 1Z�1 d� (�eE � F (p2n�1))�� f(r; p2n�1; �; t) ++ 2� p2n+1Zp2n�1 p2dp 1Z�1 eE � vf(r; p; �; t) d��� 2� p2n+1Zp2n�1 F (p)vp2dp 1Z�1 d� f(r; p; �; t) ++ 2� p2n+1Zp2n�1 ("� "2n(r; t)) p2dp�� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�: (5.6)815



Ë. Ï. Áàáè÷, Ì. Ë. Êóäðÿâöåâà ÆÝÒÔ, òîì 131, âûï. 5, 2007Èñïîëüçóÿ òåîðåìó î ñðåäíåì, âûäåëèì â óðàâíåíèè(5.6) ñðåäíèé êîñèíóñ h�i:n2n(r; t)�"2n(r; t)�t � "2n(r; t)divrn2n(r; t)�� u2n(r; t) + 
2divrn2n(r; t)p(2n)k == ("2n � "2n+1) (h�ieE � F (p2n+1)) 2�p22n+1 �� 1Z�1 d� f(r; p2n+1; �; t)�� ("2n � "2n�1) (h�ieE � F (p2n�1)) 2�p22n�1 �� 1Z�1 d� f(r; p2n�1; �; t) ++ heE � vi2n2� p2n+1Zp2n�1 p2dp 1Z�1 f(r; p; �; t) d��� F (p2n)v2n � 2� p2n+1Zp2n�1 p2dp 1Z�1 f(r; p; �; t) ++ 2� p2n+1Zp2n�1 ("� "2n(r; t)) p2dp�� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�: (5.7)Óïðîñòèì ýòî óðàâíåíèå, èñïîëüçóÿ äëÿ ãðóïïî�âîé êîíöåíòðàöèè âûðàæåíèÿ (2.9) è (4.8). Â èòîãå ñó÷åòîì âíåøíåãî èñòî÷íèêà ïîëó÷àåòñÿ ñëåäóþùååãðóïïîâîå óðàâíåíèå äëÿ âòîðîãî ìîìåíòà Ô�Ý:n2n(r; t)�"2n(r; t)�t � "2n(r; t)divrn2n(r; t)�� u2n(r; t) + 
2divrn2n(r; t)p(2n)k == "2n � "2n+1�p2n;2n+2 (eEh�i2n+1 � F (p2n+1))n2n+1 �� "2n � "2n�1�p2n�2;2n (eEh�i2n�1 � F (p2n�1))n2n�1 ++ (eEu2n � F (p2n)v2n)n2n ++ 2� p2n+1Zp2n�1 ("� "2n(r; t)) p2dp�

� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�++ Sext;2n"2n: (5.8)Â ýíåðãåòè÷åñêîì ïðåäñòàâëåíèè ýòî óðàâíåíèå ïðè�íèìàåò ñëåäóþùèé âèä:n2n(r; t)�"2n(r; t)�t � "2n(r; t)divrn2n(r; t)�� u2n(r; t) + 
2divrn2n(r; t)p(2n)k == "2n�"2n+1�"2n;2n+2 (eEu2n+1�F ("2n+1)v2n+1)n2n+1��"2n � "2n�1�"2n�2;2n (eEu2n�1�F ("2n�1)v2n+1)n2n�1++ (eEu2n � F ("2n)v2n)n2n ++ 2� p2n+1Zp2n�1 ("� "2n(r; t)) p2dp�� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�++ Sext;2n"2n: (5.9)Ïî òîé æå ïðè÷èíå, ÷òî è â óðàâíåíèè äëÿ ïåð�âîãî ìîìåíòà (4.10), ïî òåîðåìå î ñðåäíåì èîíèçàöè�îííûé èíòåãðàë â ïðàâîé ÷àñòè (5.8) è (5.9) ìîæíîïðèíÿòü ðàâíûì íóëþ.Ïîëó÷èì ãðóïïîâîå óðàâíåíèå äëÿ ïëîòíîñòèïîëíîé ýíåðãèè â ýíåðãåòè÷åñêîì ïðåäñòàâëåíèè. Âýòîì ñëó÷àå íåò íåîáõîäèìîñòè âûðàæàòü â (5.1)ïðîèçâîäíóþ �n2n(r; t)=�t ïîñðåäñòâîì �îðìóëû(3.7) äëÿ íóëåâîãî ìîìåíòà êèíåòè÷åñêîãî óðàâíå�íèÿ, ïîýòîìó ýòî óðàâíåíèå èìååò áîëåå ïðîñòîéâèä, ÷åì (5.9):�n2n(r; t)"2n(r; t)�t + 
2divrn2n(r; t)p(2n)k == n2n�1"2n�1�"2n�2;2n (eEu2n�1 � F ("2n�1)v2n+1)�� n2n+1"2n+1�"2n;2n+2 (eEu2n+1 � F ("2n+1)v2n+1) ++(eEu2n�F ("2n)v2n)n2n+2� p2n+1Zp2n�1 "p2dp�� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�++ Sext;2n"2n: (5.10)816



ÆÝÒÔ, òîì 131, âûï. 5, 2007 �ðóïïîâûå óðàâíåíèÿ äëÿ ìîìåíòîâ �óíêöèè ðàñïðåäåëåíèÿ : : :�ðóïïîâîå óðàâíåíèå äëÿ ïëîòíîñòè êèíåòè÷åñ-êîé ýíåðãèè n2n(r; t)("2n(r; t) �m
2) â ýíåðãåòè÷åñ-êîì ïðåäñòàâëåíèè íàõîäèòñÿ â ðåçóëüòàòå âû÷èòà�íèÿ èç (5.10) óðàâíåíèÿ äëÿ íóëåâîãî ìîìåíòà (3.13),óìíîæåííîãî íà m
2. Ó÷èòûâàÿ ðåëÿòèâèñòñêîå ñî�îòíîøåíèå
2p(2n)k (r; t) = u2n(r; t)"2n(r; t);ïîëó÷àåì�n2n(r; t) �"2n(r; t)�m
2��t ++ divrn2n(r; t) �"2n(r; t)�m
2�u2n(r; t) == n2n�1("2n�1�m
2)�"2n�2;2n (eEu2n�1�F ("2n�1)v2n+1)��n2n+1("2n+1�m
2)�"2n;2n+2 (eEu2n+1�F ("2n+1)v2n+1)++ (eEu2n � F ("2n)v2n)n2n +2� p2n+1Zp2n�1 ("�m
2)p2dp�� 1Z�1 Stion(1) fp; �; f(r; p0; �0; t)g d�++ Sext;2n("2n �m
2): (5.11)Ñ ó÷åòîì (3.10) êîìïîíåíòû óðàâíåíèé (5.10) è(5.11), îòâå÷àþùèå çà èçìåíåíèå ýíåðãèè çà ñ÷åòèîíèçàöèîííîãî èíòåãðàëà è âíåøíåãî èñòî÷íèêà,ìîæíî ñîîòâåòñòâåííî óïðîñòèòü ñëåäóþùèì îáðà�çîì: Æn1 "2nte(Æ) NXi=n n2i + Sext;2n"2nÆn1; (5:12)Æn1 "2n�m
2te(Æ) NXi=n n2i+Sext;2n("2n �m
2)Æn1: (5:13)6. ÇÀÊËÞ×ÅÍÈÅÂûïîëíåí ïîñëåäîâàòåëüíûé âûâîä ñèñòåìû ìíî�ãîãðóïïîâûõ óðàâíåíèé äëÿ òðåõ ïåðâûõ ìîìåíòîâ�óíêöèè ðàñïðåäåëåíèÿ ýëåêòðîíîâ âûñîêèõ ýíåð�ãèé â ãàçå íåïîäâèæíûõ àòîìàðíûõ ÷àñòèö. Èñõîä�íûì ÿâëÿåòñÿ ðåëÿòèâèñòñêîå êèíåòè÷åñêîå óðàâíå�íèå ñ ðåäóöèðîâàííûì èîíèçàöèîííûì èíòåãðàëîì,èç êîòîðîãî âûäåëåíû ìíîæåñòâåííûå ñëàáûå âçàè-ìîäåéñòâèÿ, îòâå÷àþùèå çà ðîæäåíèå ýëåêòðîíîâíèçêèõ ýíåðãèé. Ñèñòåìà âêëþ÷àåò óðàâíåíèå áàëàí�ñà êîíöåíòðàöèè ýëåêòðîíîâ, óðàâíåíèå äâèæåíèÿ

(èëè óðàâíåíèå äëÿ ïëîòíîñòè èìïóëüñà) è óðàâíå�íèÿ áàëàíñà ïîëíîé ðåëÿòèâèñòñêîé ýíåðãèè è êè�íåòè÷åñêîé ýíåðãèè (èëè ñîîòâåòñòâóþùèå óðàâíå�íèÿ äëÿ ïëîòíîñòè ýíåðãèè). Èîíèçàöèîííûé èíòå�ãðàë, îòâå÷àþùèé çà ãåíåðàöèþ ýëåêòðîíîâ âûñîêèõýíåðãèé, âûðàæåí ÷åðåç õàðàêòåðíîå âðåìÿ íàðàñ�òàíèÿ â ýëåêòðè÷åñêîì ïîëå ÷èñëà ýëåêòðîíîâ âû�ñîêèõ ýíåðãèé â e ðàç, äëÿ çàâèñèìîñòè êîòîðîãîîò ïåðåíàïðÿæåíèÿ â âîçäóõå ðåêîìåíäóåòñÿ èñïîëü�çîâàòü ðåçóëüòàòû ðàñ÷åòîâ, âûïîëíåííûõ ìåòîäîìÌîíòå-Êàðëî [23, 24℄.Ñèñòåìà ïðåäíàçíà÷åíà äëÿ ÷èñëåííîãî ìîäå�ëèðîâàíèÿ ïðîöåññîâ â ñëàáîèîíèçîâàííîé ñèëüíîñòîëêíîâèòåëüíîé ïëàçìå ñ ó÷àñòèåì ýëåêòðîíîâ âû�ñîêèõ ýíåðãèé, â òîì ÷èñëå ðåëÿòèâèñòñêèõ óáåãàþ�ùèõ ýëåêòðîíîâ. Ìåòîä ìíîãîãðóïïîâûõ óðàâíåíèéïîçâîëÿåò ïîâûñèòü òî÷íîñòü ðàñ÷åòîâ, ¾ñøèòü¿ îá�ëàñòü ýëåêòðîíîâ âûñîêèõ ýíåðãèé ñ îáëàñòüþ äðåé��óþùèõ ýëåêòðîíîâ è ïîëó÷èòü ðàñïðåäåëåíèå ïîýíåðãèÿì ýëåêòðîíîâ âûñîêèõ ýíåðãèé, íåîáõîäèìîåäëÿ âû÷èñëåíèÿ õàðàêòåðèñòèê âòîðè÷íûõ ïðîíèêà�þùèõ èçëó÷åíèé è ðàñïðîñòðàíåíèÿ èîíèçàöèè íàáîëüøèå ðàññòîÿíèÿ, â ÷àñòíîñòè, ðàçðÿäîâ ìîëíèèè ãèãàíòñêèõ âîñõîäÿùèõ àòìîñ�åðíûõ ðàçðÿäîâ.Ìîäåëèðîâàíèå ðàçðÿäîâ âî âíåøíåì ýëåêòðè-÷åñêîì ïîëå íàïðÿæåííîñòüþ Eext(r; t) îáû÷íî âû�ïîëíÿåòñÿ â öèëèíäðè÷åñêè-ñèììåòðè÷íîé ãåîìåò�ðèè, òàê ÷òîEext(r; t) = Eext;r(r; z; t) +Eext;z(r; z; t);ïðè÷åì Eext;r(r = 0; z; t) = 0, îñü r ? z, îñüz "# Eext;z(r = 0; z; t). Âåêòîðû u2n, p(2n)k èe, âõîäÿùèå â óðàâíåíèÿ (3.8), (3.13), (4.9)�(4.11),(5.9)�(5.11), èìåþò ñîîòâåòñòâóþùèå êîìïîíåíòû. Âýòèõ óðàâíåíèÿõE(r; t) = Eext(r; t) +Ep(r; t)åñòü íàïðÿæåííîñòü ëîêàëüíîãî ñàìîñîãëàñîâàííîãîïîëÿ, âêëþ÷àþùåãî ïîëÿ ïðîñòðàíñòâåííûõ çàðÿäîâEp(r; t).Óìåñòíî ñëåäóþùåå çàìå÷àíèå. �ðóïïîâîé ïîä�õîä ïîçâîëÿåò îáîéòè ïðîáëåìó ðàñöåïëåíèÿ ìîìåí�òîâ áîëåå âûñîêîãî ïîðÿäêà, òàê êàê ãðàíèöû ýíåðãå�òè÷åñêèõ ãðóïï �èêñèðîâàíû, à èñêîìûå âåëè÷èíûâû÷èñëÿþòñÿ â ñåðåäèíå ãðóïïû "2n. Òî÷íîñòü ìåòî�äà îãðàíè÷èâàåòñÿ ÷èñëîì ãðóïï. Òàê, â ãðóïïîâîìîïèñàíèè êèíåòèêè íåéòðîíîâ äîñòàòî÷íî óðàâíå�íèÿ äëÿ íóëåâîãî ìîìåíòà, ðåäóöèðîâàííîãî ê ãðóï�ïîâûì óðàâíåíèÿì äè��óçèè [25, 26℄. Äëÿ ÷èñëåí�íîãî ìîäåëèðîâàíèÿ êèíåòèêè ðåëÿòèâèñòñêèõ ýëåê�òðîíîâ â ïëîòíîì ãàçå ñ ýëåêòðè÷åñêèì ïîëåì äî�ñòàòî÷íî óðàâíåíèé äëÿ äâóõ ïåðâûõ ìîìåíòîâ, èç4 ÆÝÒÔ, âûï. 5 817
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