
ÆÝÒÔ, 2002, òîì 122, âûï. 4 (10), ñòð. 820�823  2002
A LIQUID�LIQUID PHASE TRANSITION IN THE �COLLAPSING�HARD SPHERE SYSTEMV. N. Ryzhov a*, S. M. Stishov a;ba Institute for High Pressure Physis, Russian Aademy of Sienes142190, Troitsk, Mosow Region, Russiab Los Alamos National Laboratory87545, Los Alamos, NM, USASubmitted 6 May 2002A liquid�liquid phase transition is disovered in a system of ollapsing hard spheres using the thermodynamiperturbation theory. This is the �rst evidene in favor of the existene of that kind of phase transitions insystems with purely repulsive and isotropi interations.PACS: 61.20.Ja, 64.70.JaIt has been known for many years that the systemof hard spheres experienes the only phase transition ata high density, when � � l, where � is the hard spherediameter and l = (V=N)1=3 is the average interpartiledistane (V is the system volume and N is the numberof partiles). This transition orresponds to the order-ing of the enters of gravity of the partiles and anbe alled an order�disorder transition, or rystalliza-tion. In ase of hard partiles of di�erent shapes suhas hard rods, ellipses, diss, et., a number of orienta-tional phase transitions an our in aordane witha hierarhy of harateristi lengths de�ned by partileshapes. A new situation arises when an extra inter-ation of a �nite amplitude " is added to the systemof hard partiles. As known from the van der Waalstheory, a negative value of " inevitably auses an insta-bility of the system in a ertain range of densities andgenerally leads to a �rst-order phase transition with nosymmetry hange (the order parameter haraterizingthis transition is simply the density di�erene of the o-existing phases, �� = �1��2). This situation is almostuniversal and independent of the interation length.Muh less is known about the ase where the inter-ation parameter " has a positive value. The simplestexample of an interation of that kind is the so-alled*E-mail: ryzhov�hppi.troitsk.ru

repulsive step potential (Fig. 1):�(r) =8><>: 1; r � �;"; � < r � �1;0; r > �1: (1)In what follows, the system of partiles interating viapotential (1) is alled the system of �ollapsing� hardspheres [1℄. Systems of this type are studied in relationto anomalous melting urves, isostrutural phase tran-sitions, transformations in olloid systems, et. (see,e.g., [2�5℄). A general onlusion derived from numer-ous studies of the system is that the repulsive inter-ation of �nite amplitude and length results in themelting urve anomaly and the isostrutural solid�solidphase transition. The latter is a �rst-order phase tran-sition and an end in a ritial point, beause there isno symmetry hange aross the phase transition line.The existene of a phase transition of that type is adiret onsequene of the form of the interpartile in-teration and we see no partiular reason why it annotour in a �uid phase.Despite the growing interest in the possible poly-morphi phase transitions in liquids and glasses (see,e.g., for [6℄ reent reviews), the nature of di�erentphases that an be found in dense (and possiblymetastable) liquids is still puzzling. In reent years,experimental evidene of suh features of the phase di-820
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Fig. 1. a) The hard-sphere potential with the hard-sphere diameter �. b) The repulsive step potential; �is the hard-ore diameter, �1 is the soft-ore diameter,and " is the height of the repulsive stepagram as liqiud�liquid transitions, polymorphism, et.appeared for a wide range of systems inluding water,Si, I, Se, S, C, P, et. [6℄. The omplexity of the phasediagrams in these substanes may result from omplexinterations depending on the intermoleular orienta-tions. At the same time, exploring the possibility thatsimple �uids interating through isotropi potentialsmay exhibit a similar behavior represent a serious hal-lenge for theorists.The possibility of the existene of a liquid�liquidphase transition drastially depends on the shape ofthe interpartile potential. After the pioneering workby Hemmer and Stell [2℄, muh attention has been paidto investigating the properties of the systems with theso-alled ore-softened potentials � the potentials thathave a negative urvature region in their repulsive ore.It has been shown that depending on the parametersof the potentials, waterlike thermodynami anomaliesand the seond ritial point an be observed in thissystem [6�10℄. It is widely believed, however (see,e.g., [7, 8℄), that the existene of a �uid��uid transitionmust be related to the attrative part of the potential.

In this paper, we show that the purely repulsive steppotential in Eq. (1) is su�ient to explain a liquid�liquid phase transition and the anomalous behavior ofthe thermal expansion oe�ient.We apply the seond-order thermodynami pertur-bation theory for �uids to this problem. The soft oreof potential (1) (Fig. 1b) is treated as a perturbationwith respet to the hard sphere potential (Fig. 1a). Inthis ase, the free energy of the system an be writtenas [11, 12℄:F � FHSNkBT = 12�� Z u1(r)gHS(r)dr �� 14 ��2 �kBT � ���P �0��� Z [u1(r)℄2gHS(r)dr; (2)where � = V=N is the mean number density,� = 1=kBT , u1(r) is the perturbation part of thepotential u1(r) = �(r) � �HS(r), �HS(r) is the hardsphere singular potential, and gHS(r) is the hardsphere radial distribution funtion, whih is taken inthe Perus�Yevik approximation [13℄. In the sameapproximation, the ompressibility an be writtenas [12℄ kBT � ���P �0 = (1� �)4(1 + 2�)2 : (3)We note that the atual small parameter in expan-sion (2) is the ratio "=(kBT ), and therefore, the per-turbation sheme used in this paper works very wellat high temperatures and gives quantitative agreementwith omputer simulations for intermediate tempera-tures and su�iently high densities [11, 12℄. We believethat in the range of temperatures and densities onsid-ered in this paper, Eq. (2) gives orret results at leastqualitatively.To alulate FHS , we an use, e.g., the approximateequation [12℄:FHSkBTN = 3 ln�� 1 + ln �+ 4� � 3�2(1� �)2 ; (4)where � = h=(2�mkBT )1=2 and � = ���3=6. In whatfollows, we use the redued quantities ~P = P�3="; and~V = V=N�3 = 1=~�; ~T = kBT=", omitting the tildas.The results of the alulations are demonstrated inFigs. 2 and 3. In Fig. 2, a family of pressure isothermsis shown for the system with �1=� = 1:5. The van derWaals loops in the isotherms are learly seen at lowtemperatures, indiating the existene of a �rst-order821
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Fig. 2. Compression isotherms of the ollapsing spheresystem at various temperaturesliquid�liquid phase transition. A ritial point is foundat T � 0:21 and V � 1:015.An interesting and unusual feature of the isothermsin Fig. 2 is their intersetion in the low-density region.This behavior implies negative value of the thermal ex-pansion oe�ient in the ertain region of density andtemperature. Most liquids ontrat upon ooling. Butthis is not the ase for the most important liquid onEarth, water. It is well known that the spei� vol-ume of water inreases when ooled below T = 4C.The existene of this anomaly an be related to the hy-pothetial liquid�liquid phase transition in superooledwater [14, 15℄. This anomaly is not restrited to waterbut is also present in other liquids [16℄.In Fig. 3, the thermal expansion oe�ient �P == V �1 (�V=�T )P is shown as a funtion of the tem-perature for two values of spei� volume V1 = 0:85and V2 = 1:25, orresponding to the high-density andlow-density liquids respetively. We an see that for thelow-density liquid, there is a range of negative valuesof �P below the ritial temperature. The appearaneof the negative thermal expansion oe�ient an easilybe understood for repulsive step potential (1). At lowtemperatures and densities, the partiles do not pene-trate the soft ore of the potential. As the temperatureinreases, the partiles an penetrate the soft ore, andthe average distane between partiles an therefore de-rease, resulting in the anomalous behavior of �P . Athigh densities, this proess is less pronouned beausemost of the partiles are inside the soft ore due to theexternal ontration. It must be noted that Stillingerand ollaborators also found a negative thermal expan-sion oe�ient �P < 0 for a purely repulsive Gaussian
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ÆÝÒÔ, òîì 122, âûï. 4 (10), 2002 A liquid�liquid phase transition : : :range interation, perturbation energy an be treatedin the mean-�eld approximation. The perturbation en-ergy is then a positive monotoni funtion of the vol-ume (ÆF / 1=V ) and annot provide any ground forthe existene of a phase transition. In aordane withthe Clausius�Clapeyron equation dT=dP = �V=�S(where �V and �S are the variations of volume andentropy at the transition), the hange of the slope ofthe transition line implies that the entropy jump atthe transition hanges its sign for di�erent values ofthe ratio �1=� and the temperature. This behaviorof the entropy hange an possibly be understood inthe terms of the entropy of mixing, implying that twostates of partiles in the system an be onsidered astwo di�erent speies.The liquid�liquid transition line found most proba-bly lies below the melting urve and an be observedonly in the metastable liquid state, as was disoveredin superooled water [14, 15℄. On the other hand,the liquid�liquid transition an be observed in stableliquids in some ases [6, 19, 20℄. It must be notedthat omputer simulations also show [8℄ that for somehoies of the parameters of the potential (and in thepresene of the attrative part of the potential), aliquid�liquid phase transition an our in the stablerange of the phase diagram.We note that a seond phase transition orrespon-ding to the liquid�gas transformation an be expetedwhen an attrative tail is appended to the repulsivestep potential, as was observed in the moleular dy-nami simulations [9, 10℄. We performed the orre-sponding alulations using the seond-order perturba-tion sheme with the parameters of the ore-softenedpotential proposed by Stanley and oauthors [9, 10℄ andfound a seond phase transition and a seond ritialpoint. That may be viewed as some sort of justi�ationof our approah to phase transformations in liquids.Finally, for the �rst time we found essential evi-dene for a �rst-order phase transition in the liquidstate of the system of ollapsing hard spheres.We thank V. V. Brazhkin, A. G. Lyapin, andE. E. Tareyeva for stimulating disussions. The workwas supported by the Russian Foundation for Basi Re-searh (Grant � 02-02-16622).REFERENCES1. S. M. Stishov, Zh. Eksp. Teor. Fiz. 122, 76 (2002).
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