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al Engineering, Ben-Gurion University of the Negev,Beer-Sheva 84105, P. O. Box 653, IsraelÏîñòóïèëà â ðåäàêöèþ 18 �åâðàëÿ 2002 ã.�àññìàòðèâàåòñÿ äè��óçèÿ ïîëÿ ïëîòíîñòè ÷èñëà ìàëîèíåðöèîííûõ ÷àñòèö â ñëó÷àéíûõ áåçäèâåðãåíò-íûõ ãèäðîäèíàìè÷åñêèõ ïîòîêàõ. Ïðèíöèïèàëüíîé îñîáåííîñòüþ òàêîé äè��óçèè ÿâëÿåòñÿ äèâåðãåíò-íîñòü ïîëÿ ñêîðîñòåé ÷àñòèö, ÷òî è ïðèâîäèò ê êëàñòåðèçàöèè ïîëÿ ïëîòíîñòè ÷èñëà ÷àñòèö. Ýòî ÿâëåíèåÿâëÿåòñÿ êîãåðåíòíûì, îñóùåñòâëÿåòñÿ ñ âåðîÿòíîñòüþ åäèíèöà è äîëæíî ïðîÿâëÿòüñÿ ïî÷òè âî âñåõðåàëèçàöèÿõ äèíàìèêè ïðîöåññà. Â ðàáîòå âû÷èñëÿþòñÿ ñòàòèñòè÷åñêèå ïàðàìåòðû, õàðàêòåðèçóþùèåêëàñòåðèçàöèþ â òðåõìåðíîì è äâóìåðíîì ñëó÷àéíûõ ïîòîêàõ æèäêîñòè, à òàêæå â áûñòðî âðàùàþùåìñÿäâóìåðíîì ñëó÷àéíîì ïîòîêå. Â ïåðâîì ñëó÷àå âèõðåâàÿ êîìïîíåíòà ñëó÷àéíîãî áåçäèâåðãåíòíîãî ïîòî-êà ãåíåðèðóåò âèõðåâóþ êîìïîíåíòó ïîëÿ ñêîðîñòåé ìàëîèíåðöèîííûõ ÷àñòèö, êîòîðàÿ ÷åðåç ìåõàíèçìàäâåêöèè ãåíåðèðóåò ïîòåíöèàëüíóþ êîìïîíåíòó ïîëÿ ñêîðîñòåé. Â ñëó÷àå æå áûñòðîãî âðàùåíèÿ ïîòåí-öèàëüíàÿ êîìïîíåíòà ïîëÿ ñêîðîñòåé ãåíåðèðóåòñÿ íåïîñðåäñòâåííî âèõðåâîé êîìïîíåíòîé ñëó÷àéíîãîáåçäèâåðãåíòíîãî ïîòîêà (ëèíåéíàÿ çàäà÷à).PACS: 02.50.-r, 05.40.-a, 05.45.-a1. ÂÂÅÄÅÍÈÅÍà÷èíàÿ ñ êëàññè÷åñêîé ðàáîòû Ñòîêñà 1851 ãî�äà [1℄ (ñì. òàêæå êëàññè÷åñêóþ êíèãó [2℄) èññëåäî�âàíèå äèíàìèêè èíåðöèîííûõ ÷àñòèö â ãèäðîäèíà�ìè÷åñêèõ ïîòîêàõ ïðèâëåêàåò âíèìàíèå ìíîãî÷èñ�ëåííûõ èññëåäîâàòåëåé ââèäó åå âàæíîñòè äëÿ ðàç�ëè÷íûõ ýêîëîãè÷åñêèõ çàäà÷ â àòìîñ�åðå è îêåàíåÇåìëè, à òàêæå áëàãîäàðÿ ìíîãî÷èñëåííûì òåõíè�÷åñêèì ïðèìåíåíèÿì (ñì., íàïðèìåð, êíèãè [3; 4℄ èðàáîòû ïîñëåäíåãî äåñÿòèëåòèÿ [5�10℄, ãäå ñîäåðæèò�ñÿ îáøèðíàÿ áèáëèîãðà�èÿ). Îòìåòèì, ÷òî â ðàáî�òå [7℄, ïî-âèäèìîìó, âïåðâûå áûëî îáðàùåíî âíèìà�íèå íà òî, ÷òî ïîëå ñêîðîñòåé èíåðöèîííûõ ÷àñòèöâ áåçäèâåðãåíòíîì ïîëå ñêîðîñòåé ãèäðîäèíàìè÷å�*E-mail: klyatskin�hotmail.
om

ñêîãî ïîòîêà ÿâëÿåòñÿ äèâåðãåíòíûì â îòëè÷èå îòáåçûíåðöèîííûõ ïàññèâíûõ ÷àñòèö. È ýòî îáñòîÿ�òåëüñòâî øèðîêî èñïîëüçîâàëîñü â ðàáîòàõ [11; 12℄äëÿ àíàëèçà ìíîãî÷èñëåííûõ ïðèëîæåíèé â ãèäðî�äèíàìèêå, ãåî�èçèêå è àñòðî�èçèêå.2.1. Îñíîâíûå óðàâíåíèÿ è ïîñòàíîâêàçàäà÷èÄè��óçèÿ ïîëÿ ïëîòíîñòè ÷èñëà ÷àñòèö, ïðèõî�äÿùèõñÿ íà åäèíèöó îáúåìà, n(r; t), äâèæóùèõñÿ âñëó÷àéíûõ ãèäðîäèíàìè÷åñêèõ ïîòîêàõ, îïèñûâàåò�ñÿ óðàâíåíèåì íåïðåðûâíîñòè� ��t + ��rV(r; t)�n(r; t) = 0; n(r; 0) = n0(r); (1)328



ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002 Êëàñòåðèçàöèÿ ïîëÿ ïëîòíîñòè ÷èñëà ìàëîèíåðöèîííûõ ÷àñòèö : : :ãäå ïîëå ñêîðîñòèV(r; t) áóäåì îïèñûâàòü óðàâíåíè�åì (ñì., íàïðèìåð, [5�10℄)� ��t+V(r; t) ��r�V(r; t) = �� [V(r; t)�u(r; t)℄ ; (2)êîòîðîå áóäåì ðàññìàòðèâàòü êàê �åíîìåíîëîãè÷å�ñêîå. Ïàðàìåòð � = 1=� åñòü èçâåñòíîå âðåìÿ Ñòîê�ñà, çàâèñÿùåå îò ðàçìåðà ÷àñòèö è ìîëåêóëÿðíîéâÿçêîñòè.Îáùåå ÷èñëî ÷àñòèö ñîõðàíÿåòñÿ â ïðîöåññå ýâî�ëþöèè, ò. å.N0 = Z n(r; t)dr = Z n0(r)dr = 
onst.Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïî�ðÿäêà (1) è (2) (ýéëåðîâî îïèñàíèå) ýêâèâàëåíòíûñèñòåìå îáûêíîâåííûõ äè��åðåíöèàëüíûõ õàðàêòå�ðèñòè÷åñêèõ óðàâíåíèé (ëàãðàíæåâî îïèñàíèå)ddtr(t) = V (r(t); t) ; r(0) = r0;ddtV(t) = �� [V(t) � u (r(t); t)℄ ;V(0) = V0(r0);ddtn(t) = �n(t)�V (r(t); t)�r ; n(0) = n0(r0): (3)�åøåíèå ýòîé ñèñòåìû çàâèñèò îò íà÷àëüíîãî ïàðà�ìåòðà r0 (áóäåì ýòî îáîçíà÷àòü âåðòèêàëüíîé ÷åð�òîé):r(t) = r(tjr0); V(t) = V(tjr0); n(t) = n(tjr0);è òîãäà ýéëåðîâî ïîëå ïëîòíîñòè ÷èñëà èíåðöèîííûõ÷àñòèö n(r; t) îïèñûâàåòñÿ âûðàæåíèåìn(r; t) = Z dr0n0(r0)Æ (r (tjr0)� r) :Áóäåì ñ÷èòàòü, ÷òî äèñïåðñèÿ ñëó÷àéíîãî ïîëÿñêîðîñòåé �2u = 
u2(r; t)� äîñòàòî÷íî ìàëà è îïðå�äåëÿåò îñíîâíîé ìàëûé ïàðàìåòð çàäà÷è. Äëÿ áîëü�øîãî çíà÷åíèÿ ïàðàìåòðà � (ìàëàÿ èíåðöèîííîñòü÷àñòèö) ìîæíî ëèíåàðèçîâàòü óðàâíåíèå (2) îòíîñè�òåëüíî �óíêöèè V(r; t) � u(r; t) (4)è ïåðåéòè ê áîëåå ïðîñòîìó âåêòîðíîìó óðàâíåíèþ� ��t + u(r; t) ��r�V(r; t) == ��V(r; t) ��r�u(r; t)� � [V(r; t) � u(r; t)℄ ;

êîòîðîå çàïèøåì â êîîðäèíàòíîì ïðåäñòàâëåíèè:� ��t + �� Vi(r; t) = �uk(r; t)�Vi(r; t)�rk �� �ui(r; t)�rk Vk(r; t) + �ui(r; t): (5)Ïî ïîâòîðÿþùèìñÿ èíäåêñàì, êàê âñåãäà, ïðåäïîëà�ãàåòñÿ ñóììèðîâàíèå.Ïðåæäå âñåãî âîçíèêàåò âîïðîñ, ÷òî îçíà÷àåò ðà�âåíñòâî (4) â ñòàòèñòè÷åñêîì ñìûñëå è êàêîâû óñëî�âèÿ åãî ïðèìåíèìîñòè. Íèæå áóäåò ïîêàçàíî, ÷òîñïðàâåäëèâîñòü ýòîãî ðàâåíñòâà â ñòàòèñòè÷åñêèõ çà�äà÷àõ ñóùåñòâåííî çàâèñèò îò ïîñëåäîâàòåëüíîñòèïðåäåëüíûõ ïåðåõîäîâ.×òîáû îïèñàòü ïîëå ïëîòíîñòè ÷èñëà ÷àñòèöâ ýéëåðîâîì ïðåäñòàâëåíèè, ââåäåì èíäèêàòîðíóþ�óíêöèþ �(t; r;n) = Æ (n(r; t)� n) ; (6)ñîñðåäîòî÷åííóþ íà ïîâåðõíîñòè n(r; t) = n = 
onstâ òðåõìåðíîì ñëó÷àå èëè íà êîíòóðå â äâóìåðíîìñëó÷àå. Äèíàìèêà ýòîé �óíêöèè îïèñûâàåòñÿ óðàâ�íåíèåì Ëèóâèëëÿ� ��t +V(r; t) ��r��(t; r;n) == �V(r; t)�r ��nn�(t; r;n);�(0; r;n) = Æ (n0(r) � n) ; (7)åñëè ïîëå ñêîðîñòè V(r; t) äèâåðãåíòíî, ò. å. åñëè�V(r; t)=�r 6= 0:Èíäèêàòîðíàÿ �óíêöèÿ õàðàêòåðèçóåò ãåîìåòðè�÷åñêóþ ñòðóêòóðó ïîëÿ ïëîòíîñòè ÷èñëà ÷àñòèö,n(r; t) [13�15℄. ×åðåç �óíêöèþ (6), íàïðèìåð, â äâó�ìåðíîì ñëó÷àå âûðàæàþòñÿ òàêèå âåëè÷èíû, êàê îá�ùàÿ ïëîùàäü îáëàñòè, îãðàíè÷åííàÿ ëèíèÿìè óðîâ�íÿ, ãäå n(r; t) > n :S(t;n) = 1Zn dn0 Z dr�(t; r;n0); (8)è îáùåå ÷èñëî ÷àñòèö, ñîäåðæàùèõñÿ â ýòèõ îáëà�ñòÿõ: N(t;n) = 1Zn n0dn0 Z dr�(t; r;n0): (9)Åñëè ïîëå ñêîðîñòè V(r; t) ÿâëÿåòñÿ ñëó÷àéíûìäèâåðãåíòíûì ïîëåì, òî ñ âåðîÿòíîñòüþ, ðàâíîé åäè�íèöå, îáðàçóþòñÿ êëàñòåðíûå ñòðóêòóðû ïîëÿ n(r; t)329



Â. È. Êëÿöêèí, Ò. Ýëüïåðèí ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002è âåëè÷èíû S(t;n) ! 0, N(t;n) ! N0: Ýòî � êî�ãåðåíòíîå �èçè÷åñêîå ÿâëåíèå, è îíî îñóùåñòâëÿåò�ñÿ ïî÷òè âî âñåõ ðåàëèçàöèÿõ ïðîöåññà. Ñàìè êî�ãåðåíòíûå ÿâëåíèÿ íå çàâèñÿò îò òîé èëè èíîé ìî�äåëè �ëóêòóèðóþùèõ ïàðàìåòðîâ. Îäíàêî êîíêðåò�íûå çíà÷åíèÿ ïàðàìåòðîâ, õàðàêòåðèçóþùèå äàí�íîå ÿâëåíèå (íàïðèìåð, õàðàêòåðíûå âðåìåííûå èïðîñòðàíñòâåííûå ìàñøòàáû êëàñòåðíûõ ñòðóêòóð),ñóùåñòâåííî ìîãóò çàâèñåòü îò ìîäåëè. Îòìåòèì,÷òî ÷èñëåííîå ìîäåëèðîâàíèå äè��óçèè ïàññèâíîéïðèìåñè â ñëó÷àéíûõ ïîòîêàõ ïðîâîäèëîñü â ðàáî�òàõ [17�19℄.2.2. �åçóëüòàòû ñòàòèñòè÷åñêîãî àíàëèçàîáðàçîâàíèÿ êëàñòåðíîé ñòðóêòóðûËåãêî âûïîëíÿþòñÿ âû÷èñëåíèÿ äëÿ ìîäåëè ñëó�÷àéíîãî ãàóññîâîãî ïîëÿ V(r; t), ñòàòèñòè÷åñêè îäíî�ðîäíîãî è èçîòðîïíîãî â ïðîñòðàíñòâå è ñòàöèîíàð�íîãî âî âðåìåíè, èìåþùåãî íóëåâîå ñðåäíåå çíà÷å�íèå è êîððåëÿöèîííûé òåíçîðhVi(r; t)Vj(r0; t0)i = B(V)ij (r� r0; t� t0):Îäíîòî÷å÷íàÿ ïëîòíîñòü âåðîÿòíîñòåé äëÿ ðåøå�íèÿ äèíàìè÷åñêîãî óðàâíåíèÿ (1) ñîâïàäàåò ñ èíäè�êàòîðíîé �óíêöèåé, óñðåäíåííîé ïî àíñàìáëþ ðåà�ëèçàöèé ñëó÷àéíîãî ïîëÿ V(r; t) :P (t; r;n) = h�(t; r;n)i ;è â ïðèáëèæåíèè äåëüòà-êîððåëèðîâàííîãî âî âðå�ìåíè ïîëÿ V(r; t) îïèñûâàåòñÿ óðàâíåíèåì [13�16℄� ��t �D0 �2�r2�P (t; r;n) == D(V) �2�n2n2P (t; r;n);P (0; r;n) = Æ (n0(r)� n) ; (10)ãäå êîý��èöèåíòû äè��óçèèD0 = 1N 1Z0 d� hV(r; t + �)V(r; t)i == 1N �V 
V2(r; t)� ;D(V) = 1Z0 d� ��V(r; t+ �)�r �V(r; t)�r � == �divV*��V(r; t)�r �2+ ; (11)

N � ðàçìåðíîñòü ïðîñòðàíñòâà, à �V è �divV � âðå�ìåííûå ðàäèóñû êîððåëÿöèè äëÿ ñëó÷àéíûõ ïîëåéV(r; t) è �V(r; t)=�r:Çíàÿ ðåøåíèå óðàâíåíèÿ (10), ìîæíî âû÷èñ�ëèòü âðåìåííóþ ýâîëþöèþ òàêèõ �óíêöèîíàëîâ ïî�ëÿ ïëîòíîñòè ÷èñëà ÷àñòèö, êàê ñðåäíèå çíà÷åíèÿâûðàæåíèé (8) è (9), è, â ÷àñòíîñòè, ïðè D(V)t� 1ñðåäíåå çíà÷åíèå ïëîùàäè, ãäå ïîëå ïëîòíîñòè ÷èñ�ëà ÷àñòèö ïðåâûøàåò çàäàííûé óðîâåíü n, óìåíüøà�åòñÿ ñî âðåìåíåì êàêhS(t;n)i = 1p�nD(V)t exp��D(V)t4 �Z pn0(r) dr;â òî âðåìÿ êàê ñðåäíåå ÷èñëî ÷àñòèö, íàõîäÿùèõñÿâ ýòîé îáëàñòè,hN(t;n)i = N0 �r n�D(V)t �� exp��D(V)t4 �Z pn0(r) dr;ìîíîòîííî ñòðåìèòñÿ ê ïîëíîìó ÷èñëó ÷àñòèö N0 == R n0(r)dr. Ýòî îçíà÷àåò, ÷òî èíåðöèîííûå ÷àñ�òèöû ïðèìåñè ñî âðåìåíåì ñòðåìÿòñÿ ñîáðàòüñÿ âêëàñòåðû � êîìïàêòíûå îáëàñòè ïîâûøåííîé ïëîò�íîñòè ÷èñëà ÷àñòèö n(r; t) â ñëó÷àéíîì ïîëå ñêîðî�ñòåé V(r; t), îêðóæåííûå ðàçðåæåííûìè îáëàñòÿìè.Òàêèì îáðàçîì, çàäà÷à ñâîäèòñÿ ê îöåíêå êîý���èöèåíòîâ äè��óçèè (11) èç ñòîõàñòè÷åñêèõ óðàâ�íåíèé (2), (5), ò. å. ê âû÷èñëåíèþ âðåìåííûõ ðàäèó�ñîâ êîððåëÿöèé �V è �divV ñëó÷àéíûõ ïîëåéV(r; t) è�V(r; t)=�r, èõ ïðîñòðàíñòâåííûõ ìàñøòàáîâ êîððå�ëÿöèé è äèñïåðñèé. Ýòî óäàåòñÿ ñäåëàòü äëÿ îïðå�äåëåííîé ñòàòèñòè÷åñêîé ìîäåëè ñëó÷àéíîãî ïîëÿu(r; t):Â äàëüíåéøåì áóäåì âû÷èñëÿòü ñòàòèñòè÷åñêèåõàðàêòåðèñòèêè ïîëÿV(r; t) â ïåðâîì íåèñ÷åçàþùåìïîðÿäêå ìàëîñòè ïî ïàðàìåòðó �2u: Îòìåòèì, ÷òî ñòà�òèñòèêà ïîëÿV(r; t), îïèñûâàåìîãî ñòîõàñòè÷åñêèìèóðàâíåíèÿìè (2), (5), â îáùåì ñëó÷àå íå ÿâëÿåòñÿãàóññîâîé. Îäíàêî ëåãêî âèäåòü, ÷òî âûñøèå êóìó�ëÿíòû ïîëÿ divV(r; t) áóäóò áîëåå âûñîêîãî ïîðÿä�êà ìàëîñòè, ÷åì âòîðîé êóìóëÿíò, è, ñëåäîâàòåëü�íî, ïðè âûâîäå óðàâíåíèÿ (10) äåéñòâèòåëüíî ìîæ�íî âîñïîëüçîâàòüñÿ ïðèáëèæåíèåì ãàóññîâîãî ïîëÿV(r; t):Áóäåì ñ÷èòàòü, ÷òî ïîëå ñêîðîñòåé u(r; t) � áåç�äèâåðãåíòíîå, ò. å.divu(r; t) = ��ru(r; t) = 0;330



ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002 Êëàñòåðèçàöèÿ ïîëÿ ïëîòíîñòè ÷èñëà ìàëîèíåðöèîííûõ ÷àñòèö : : :îäíîðîäíîå è èçîòðîïíîå â ïðîñòðàíñòâå è ñòàöèî�íàðíîå âî âðåìåíè ãàóññîâî ñëó÷àéíîå ïîëå ñ íóëå�âûì ñðåäíèì çíà÷åíèåì è êîððåëÿöèîííûì òåíçî�ðîì Bij(r� r0; t� t0) = hui(r; t)uj(r0; t0)i :Âðåìåííîé ðàäèóñ êîððåëÿöèè ïîëÿ u(r; t) îïðåäå�ëèì ðàâåíñòâîì�0Bii(0; 0) = 1Z0 d�Bii(0; �) = 1Z0 d� hu(r; t+�)u(r; t)i :Äëÿ òàêîé ìîäåëè ìîæíî ââåñòè ïðîñòðàíñòâåí�íóþ ñïåêòðàëüíóþ �óíêöèþ è ïðîñòðàíñòâåí-íî-âðåìåííóþ ñïåêòðàëüíóþ �óíêöèþ ïîëÿ u(r; t)ñ ïîìîùüþ èíòåãðàëîâBij(r; t) = Z dkEij(k; t)eik�r;Bij(r; t) = Z dk 1Z�1 d!�ij(k; !)eik�r+i!t; (12)ãäå Eij(k; t) = E(k; t)�Æij � kikjk2 � ;�ij(k; !) = �(k; !)�Æij � kikjk2 � : (13)Îòìåòèì, ÷òî âåëè÷èíàBij(0; t) = N � 1N Z dkE(k; t)Æij ; (14)à äëÿ âàæíîãî â äàëüíåéøåì òåíçîðà ÷åòâåðòîãî ïî�ðÿäêà èìååì ïðåäñòàâëåíèå� �2Bij(0; �)�rk�rl = D(�)N(N + 2) �� [(N + 1)ÆklÆij � ÆkiÆlj � ÆkjÆli℄ ; (15)ãäå êîý��èöèåíòD(�) = Z dkk2E(k; �) == � 1N � 1 hu(r; t+ �)�u(r; t)i : (16)Âåëè÷èíàD(0) = � 1N � 1 hu(r; t)�u(r; t)iñâÿçàíà ñ âèõðåâîé ñòðóêòóðîé ñëó÷àéíîãî áåçäèâåð�ãåíòíîãî ïîëÿ u(r; t).Èòàê, â äàííîé ðàáîòå ìû âû÷èñëèì ïàðàìåò�ðû (11), õàðàêòåðèçóþùèå âðåìåííóþ ýâîëþöèþ îá�ðàçîâàíèÿ êëàñòåðíîé ñòðóêòóðû ïëîòíîñòè ÷èñëà÷àñòèö n(r; t):

3. ÑËÓ×ÀÉÍÛÅ ÌÍÎ�ÎÌÅ�ÍÛÅ ÏÎÒÎÊÈÈçó÷èì ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè óðàâíå�íèÿ (5) â ýéëåðîâîì îïèñàíèè â äè��óçèîííîì ïðè�áëèæåíèè.3.1. Äè��óçèîííîå ïðèáëèæåíèåÑëó÷àéíîå ïîëå u(r; t) êîððåëèðóåò ñ �óíêöè�åé V(r; t); êîòîðàÿ ÿâëÿåòñÿ �óíêöèîíàëîì ïîëÿu(r; t). �àñùåïëåíèå êîððåëÿöèé äëÿ ãàóññîâà ïîëÿu(r; t) îñíîâàíî íà �îðìóëå Ôóðóòöó�Íîâèêîâàhuk(r; t)R[t;u(r; �)℄i = Z dr0 tZ0 dt0Bkl(r�r0; t�t0)��� ÆÆul(r0; t0)R[t;u(r; �)℄� ; (17)êîòîðàÿ ñïðàâåäëèâà äëÿ ãàóññîâà ñëó÷àéíîãî ïîëÿu(r; t) ñ íóëåâûì ñðåäíèì çíà÷åíèåì è ïðîèçâîëü�íûì �óíêöèîíàëîì R[t;u(r; �)℄ (0 � � � t) [20; 21℄(ñì. òàêæå [16℄).Óðàâíåíèÿ äëÿ ñîîòâåòñòâóþùèõ ñðåäíèõ çíà÷å�íèé â äè��óçèîííîì ïðèáëèæåíèè âûïèñûâàþòñÿòî÷íî. Ñîîòâåòñòâóþùåå óïðîùåíèå çàäà÷è îñóùå�ñòâëÿåòñÿ íà óðîâíå �óíêöèîíàëüíîé çàâèñèìîñòèðåøåíèÿ çàäà÷è îò �ëóêòóèðóþùèõ ïàðàìåòðîâ [22℄(ñì. òàêæå [14; 16; 23℄).Äëÿ âàðèàöèîííûõ ïðîèçâîäíûõ â äè��óçèîí�íîì ïðèáëèæåíèè èìååì óðàâíåíèå� ��t + �� ÆVi(r; t)Æul(r0; t0) = 0ñ íà÷àëüíûì óñëîâèåì ïðè t = t0ÆVi(r; t)Æul(r0; t0) ����t=t0+0 = � �Æ(r� r0)�Vi(r; t0)�rl ++ Æil �Æ(r� r0)�rk Vk(r; t0)�+ Æ(r� r0)�Æil;êîòîðîå ñëåäóåò èç óðàâíåíèÿ (5). �åøåíèå ýòèõóðàâíåíèé èìååò âèäÆVi(r; t)Æul(r0; t0) = e��(t�t0)�� �Æ(r� r0)�Vi(r; t0)�rl ++ �Æ(r� r0)�rk ÆilVk(r; t0)�+ Æ(r� r0)�Æil� :Ñàìî ïîëå V(r; t) â äè��óçèîííîì ïðèáëèæåíèèèìååò ñòðóêòóðóV(r; t) = e��(t�t0)V(r; t0)331



Â. È. Êëÿöêèí, Ò. Ýëüïåðèí ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002è, ñëåäîâàòåëüíî,V(r; t0) = e�(t�t0)V(r; t):Òàêèì îáðàçîì, äëÿ âàðèàöèîííîé ïðîèçâîäíîé ïî�ëó÷àåì âûðàæåíèåÆVi(r; t)Æul(r0; t0) = � �Æ(r� r0)�Vi(r; t)�rl ++ Æil �Æ(r�r0)�r� V�(r; t)�+Æ(r�r0)�e��(t�t0)Æil: (18)3.2. Ïðîñòðàíñòâåííûé êîððåëÿöèîííûéòåíçîð ïîëÿ V(r; t)Èç óðàâíåíèÿ (5) ñëåäóåò óðàâíåíèå äëÿ îäíîâðå�ìåííîãî ïðîñòðàíñòâåííîãî êîððåëÿöèîííîãî òåíçî�

ðà ïîëÿ V(r; t):� ��t + 2�� hVi(r; t)Vj (r1; t)i == � ��rk huk(r; t)Vi(r; t)Vj(r1; t)i �� ��r1k huk(r1; t)Vi(r; t)Vj(r1; t)i ����ui(r; t)�rk Vk(r; t)Vj(r1; t)�����uj(r1; t)�r1k Vk(r1; t)Vi(r; t)� ++ � [hui(r; t)Vj(r1; t)i+ huj(r1; t)Vi(r; t)i℄ :Èñïîëüçóÿ �îðìóëó Ôóðóòöó�Íîâèêîâà (17) èâûðàæåíèå (18) äëÿ âàðèàöèîííîé ïðîèçâîäíîé, ïî�ëó÷àåì óðàâíåíèå äëÿ ñòàöèîíàðíîãî êîððåëÿöèîí�íîãî òåíçîðà Fij(r � r1) = hVi(r; t)Vj(r1; t)i, íå çàâè�ñÿùåãî îò âðåìåíè (r� r1 ! r):2�Fij(r) = 2 1Z0 d� [B�
(0; �)�B�
(r; �)℄ �2�r��r
 Fij(r)� 1Z0 d� �B�j(r; �)�r
 ��r� Fi
(r)�� 1Z0 d� �B�i(r; �)�r
 ��r� F
j(r) � 1Z0 d� �Bi
(r; �)�r� ��r
 F�j(r) � 1Z0 d� �Bj
(r; �)�r� ��r
 Fi�(r) �� 2 1Z0 d� �2Bij(r; �)�r��r
 F�
(r) + 2�2 1Z0 d�e���Bij(r; �): (19)Äëÿ ñòàöèîíàðíîãî çíà÷åíèÿ êîððåëÿöèèhVi(r; t)Vj (r; t)i â äè��óçèîííîì ïðèáëèæåíèè, ïî�ëàãàÿ r = 0 â óðàâíåíèè (19), ïîëó÷àåì óðàâíåíèå� hVi(r; t)Vj(r; t)i == � 1Z0 d� �2Bij(0; �)�r��r
 hV�(r; t)V
(r; t)i ++ �2 1Z0 d�e���Bij(0; �); (20)êîòîðîå ñ ïîìîùüþ�îðìóëû (15) ìîæíî ïåðåïèñàòüâ âèäå� hVi(r; t)Vj(r; t)i = �2 1Z0 d�e���Bij(0; �) ++ D1N(N + 2) �(N + 1) 
V2(r; t)� Æij��2 hVi(r; t)Vj(r; t)i℄ ;

ãäå êîý��èöèåíòD1 = 1Z0 d�D(�) = 1Z0 d� Z dkk2E(k; �) == � 1N � 1 1Z0 d� hu(r; t+ �)�u(r; t)i : (21)Ñëåäîâàòåëüíî,��� N � 1N D1�
V2(r; t)� == �2 1Z0 d�e���Bii(0; �); (22)åñëè ïàðàìåòð � > D1 (N � 1) =N:332



ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002 Êëàñòåðèçàöèÿ ïîëÿ ïëîòíîñòè ÷èñëà ìàëîèíåðöèîííûõ ÷àñòèö : : :Òàêèì îáðàçîì, ìû âèäèì, ÷òî åñòü êðèòè÷åñêîåçíà÷åíèå ïàðàìåòðà �, � � �
r = D1(N � 1)=N ,è ñòàöèîíàðíîå çíà÷åíèå ñóùåñòâóåò òîëüêî, åñëè� > �
r.Åñëè âûïîëíÿåòñÿ íåðàâåíñòâî�� D1 � �2u�0=l20; (23)ãäå l0 � ïðîñòðàíñòâåííûé ìàñøòàá ïîëÿ u(r; t), òîïîëó÷àåì âûðàæåíèå
V2(r; t)� = � 1Z0 d�e���Bii(0; �) == �(N � 1) 1Z0 d�e��� Z dkE(k; �): (24)Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî íåðàâåíñòâî (23)âûïîëíÿåòñÿ âñåãäà.

Èç ðàâåíñòâà (24) ìîæíî îöåíèòü äèñïåðñèþ ïî�ëÿ V(r; t): Â ðåçóëüòàòå ïîëó÷àåì ïðè �t� 1�2V = ( �2u; ��0 � 1;��0�2u; ��0 � 1; (25)ãäå �0 � âðåìåííîé ðàäèóñ êîððåëÿöèè ïîëÿ u(r; t).Òàêèì îáðàçîì, ìû âèäèì, ÷òî ïîñëåäîâàòåëüíîñòüïðåäåëüíûõ ïåðåõîäîâ �0 ! 0 è �!1 íåïåðåñòàíî�âî÷íà. 3.3. Êîððåëÿöèîííûé òåíçîðïðîñòðàíñòâåííûõ ïðîèçâîäíûõ ïîëÿ V(r; t)Îáñóäèì òåïåðü òàêèå ñòàòèñòè÷åñêèå õàðàêòåðè�ñòèêè ïðîñòðàíñòâåííûõ ïðîèçâîäíûõ ïîëÿ V(r; t),êàê ��Vi(r; t)�rk �Vj(r; t)�rl � = � �2Fij(r)�rk�rl ����r=0 :Äëÿ ýòèõ âåëè÷èí èç óðàâíåíèÿ (19) ñëåäóåò óðàâíå�íèå2��2Fij(0)�rk�rl = 2�2 1Z0 d�e��� �2Bij(0; �)�rk�rl � 2 1Z0 d� �2B�
(0; �)�rk�rl �2Fij(0)�r��r
 � 1Z0 d� �2B�j(0; �)�r
�rk �2Fi
(0)�r��rl �� 1Z0 d� �2B�j(0; �)�r
�rl �2Fi
(0)�r��rk � 1Z0 d� �2B�i(0; �)�r
�rk �2F
j(0)�r��rl � 1Z0 d� �2B�i(0; �)�r
�rl �2F
j(0)�r��rk �� 1Z0 d� �2Bi
(0; �)�r��rk �2F�j(0)�r
�rl � 1Z0 d� �2Bi
(0; �)�r��rl �2F�j(0)�r
�rk � 1Z0 d� �2Bj
(0; �)�r��rk �2Fi�(0)�r
�rl �� 1Z0 d� �2Bj
(0; �)�r��rl �2Fi�(0)�r
�rk � 2 1Z0 d� �2Bij(0; �)�r��r
 �2F�
(0)�rk�rl � 2 1Z0 d� �4Bij(0; �)�r��r
�rk�rlF�
(0): (26)Îòìåòèì, ÷òî ïîñëåäíèé ÷ëåí â ïðàâîé ÷àñòè óðàâ�íåíèÿ (26) ÿâëÿåòñÿ èñòî÷íèêîì ïîðÿäêà �4u è ìîæåòáûòü îïóùåí.Ïîëîæèì â óðàâíåíèè (26) i = k, j = l: Â ýòîìñëó÷àå ñ ïîìîùüþ ðàâåíñòâà (15) ïðè � � D1 ïîëó�÷àåì ñòàöèîíàðíîå óðàâíåíèå�*��V(r; t)�r �2+ == 4(N + 1)D1N(N + 2) ��Vi(r; t)�rk �Vi(r; t)�rk � : (27)
Âåëè÷èíà��Vi(r; t)�rk �Vi(r; t)�rk � == ��2Fii(0)�r2 = �hV(r; t)�V(r; t)iñâÿçàíà ñ âèõðåâîé ñòðóêòóðîé ïîëÿ V(r; t), è ìîæ�íî ïåðåïèñàòü óðàâíåíèå (27) â âèäå*��V(r; t)�r �2+ == �4(N + 1)D1�N(N + 2) hV(r; t)�V(r; t)i : (28)333



Â. È. Êëÿöêèí, Ò. Ýëüïåðèí ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002Ïóñòü òåïåðü i = j, k = l â óðàâíåíèè (26). Ñ ïî�ìîùüþ �îðìóëû (15) ïðè óñëîâèè �� D1 ïîëó÷àåì�2Fii(0)�r2 = � 1Z0 d�e��� �2Bii(0; �)�r2 ;ò. å.hV(r; t)�V(r; t)i = � 1Z0 d�e��� �2Bii(0; �)�r2 == �(N � 1)D2(�) = � 1Z0 d�e��� hu(r; t)�u(r; t)i ;(29)ãäå êîý��èöèåíòD2(�) = 1Z0 d�e���D(�) == 1Z0 d�e��� Z dkk2E(k; �): (30)Ñëåäîâàòåëüíî, äëÿ äèâåðãåíöèè ïîëÿ V(r; t)ïðè óñëîâèè �=D1 � 1 ïîëó÷àåì âûðàæåíèå*��V(r; t)�r �2+ = 4 �N2 � 1�N(N + 2) D1D2(�): (31)Îòìåòèì, ÷òî êîý��èöèåíòD1 = � �0N � 1 hu(r; t)�u(r; t)iíå çàâèñèò îò ïàðàìåòðà �: Êîý��èöèåíò æå D2(�)ïðè ��0 � 1 îïðåäåëÿåòñÿ âûðàæåíèåìD2(�) = � 1�(N � 1) hu(r; t)�u(r; t)i :Òàêèì îáðàçîì, äëÿ òðåõìåðíîãî è äâóìåðíîãî ñëó�÷àåâ ïîëó÷àåì ðàâåíñòâà*��V(r; t)�r �2+ = 3215D1D2(�);*��V(r; t)�r �2+ = 32D1D2(�); (32)êîòîðûå â ïðåäåëüíîì ñëó÷àå ìàëîé èíåðöèîííîñòè÷àñòèö ��0 � 1 ïåðåõîäÿò â*��V(r; t)�r �2+ == 8>><>>: 815 �0� hu(r; t)�u(r; t)i2 ;32 �0� hu(r; t)�u(r; t)i2 (33)

ñîîòâåòñòâåííî äëÿ òðåõìåðíîãî è äâóìåðíîãî ñëó�÷àåâ.Íà îñíîâå âûðàæåíèÿ (29) ìîæíî îöåíèòü ïðî�ñòðàíñòâåííûé êîððåëÿöèîííûé ìàñøòàá l
or ïîëÿV(r; t): À èìåííî, ñ ïîìîùüþ ðàâåíñòâà (25) ïîëó�÷àåì, ÷òî l
or � l0 (34)íåçàâèñèìî îò óñëîâèé ��0 � 1 èëè ��0 � 1.3.4. Âðåìåííîé êîððåëÿöèîííûé òåíçîð ïîëÿV(r; t)Äëÿ âðåìåííîé êîððåëÿöèîííîé �óíêöèè ïðèt > t1 èìååì óðàâíåíèå� ��t + �� hVi(r; t)Vj(r1; t1)i = � hui(r; t)Vj(r1; t1)i�� ��rk huk(r; t)Vi(r; t)Vj(r1; t1)i ����ui(r; t)�rk Vk(r; t)Vj(r1; t1)� :Ñ ïîìîùüþ �îðìóëû Ôóðóòöó�Íîâèêîâà (17) è âû�ðàæåíèÿ äëÿ âàðèàöèîííîé ïðîèçâîäíîé (18) ïîëó�÷àåì â ñòàöèîíàðíîì ðåæèìå óðàâíåíèå ñ íà÷àëü�íûì óñëîâèåì äëÿ �óíêöèè hVi(r; t)Vj(r1; t1)i:� ��� + �� hVi(r; t+ �)Vj (r1; t)i == �e�� 1Z� d�1Bii(r� r1; �1)e���1 ;hVi(r; t+ �)Vj(r1; t)i�=0 = hVi(r; t)Vj(r1; t)i ; (35)ãäå ñòàöèîíàðíîå çíà÷åíèå hVi(r; t)Vj (r1; t)i, åñòå�ñòâåííî, íå çàâèñèò îò âðåìåíè t: Â óðàâíåíèè (35)îïóùåíû ÷ëåíû ïîðÿäêà �4u: Ýòî ìîæíî ñäåëàòü äëÿäîñòàòî÷íî áîëüøîãî çíà÷åíèÿ ïàðàìåòðà � (23).Òåïåðü ìû ìîæåì âû÷èñëèòü âðåìåííûå ðàäèóñûêîððåëÿöèè â âûðàæåíèÿõ (11). Èíòåãðèðóÿ óðàâíå�íèå (35) ïî ïàðàìåòðó � â èíòåðâàëå (0;1), ïîëó÷à�åì âûðàæåíèå� 1Z0 d� hVi(r; t+ �)Vj (r1; t)i = hVi(r; t)Vj(r1; t)i++ � 1Z0 d�Bij(r� r1; �) �1� e��� � : (36)334



ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002 Êëàñòåðèçàöèÿ ïîëÿ ïëîòíîñòè ÷èñëà ìàëîèíåðöèîííûõ ÷àñòèö : : :Ïîëàãàÿ â ðàâåíñòâå (36) r = r1 è i = j, ïîëó÷à�åì âûðàæåíèå äëÿ âðåìåííîãî ðàäèóñà êîððåëÿöèèïîëÿ V(r; t):��V 
V2(r; t)� == 
V2(r; t)� + � 1Z0 d�Bii(0; �) �1� e���� ;êîòîðîå ñ èñïîëüçîâàíèåì ðàâåíñòâà (24) ìîæåòáûòü çàïèñàíî â âèäå�V 
V2(r; t)� = �0Bii(0; 0); (37)íå çàâèñÿùèì îò ïàðàìåòðà �:Äè��åðåíöèðóÿ òåïåðü âûðàæåíèå (36) ïî ri èr1j è ïîëàãàÿ r = r1, ïîëó÷àåì âûðàæåíèå äëÿ âðå�ìåííîãî ðàäèóñà êîððåëÿöèè ïîëÿ �V(r; t)=�r:�divV = 1�; (38)ñïðàâåäëèâîå äëÿ âñåõ äîñòàòî÷íî áîëüøèõ çíà÷å�íèé ïàðàìåòðà � è, â ÷àñòíîñòè, äëÿ ñëó÷àÿ ��0 � 1;êîãäà V(r; t) � u(r; t) è, ñëåäîâàòåëüíî, �V = �0:Òåïåðü ìû óæå â ñîñòîÿíèè âû÷èñëèòü êîý��è�öèåíòû (11) â óðàâíåíèè äëÿ ïëîòíîñòè âåðîÿòíî�ñòåé (10) ñ ïîìîùüþ ðàâåíñòâ (37), (38) è (31):D0 = 1N �V 
V2(r; t)� == 1N �0Bii(0; 0) = N � 1N �0 Z dkE(k; 0);D(V) = �divV*��V(r; t)�r �2+ == 4� N2 � 1N(N + 2)D1D2(�): (39)
Â ÷àñòíîñòè, â òðåõìåðíîì ñëó÷àå ïðè ��0 � 1 ïî�ëó÷àåì D0 = 13�V 
V2(r; t)� == 13�0Bii(0; 0) = 23�0 Z dkE(k; 0);D(V) = �divV*��V(r; t)�r �2+ == 815 �0�2 hu(r; t)�u(r; t)i2 : (40)

Â äâóìåðíîì ñëó÷àå ïðè ��0 � 1 èìååìD0 = 12�V 
V2(r; t)� == 12�0Bii(0; 0) = �0 Z dkE(k; 0);D(V) = �divV*��V(r; t)�r �2+ == 32 �0�2 hu(r; t)�u(r; t)i2 : (41)
Òàêèì îáðàçîì, ìû âèäèì, ÷òî êîý��èöèåíòD(V) � �4u: Ñíà÷àëà âèõðåâàÿ êîìïîíåíòà ïîëÿu(r; t) ãåíåðèðóåò âèõðåâóþ êîìïîíåíòó ïîëÿ V(r; t)ïðÿìûì ëèíåéíûì ìåõàíèçìîì áåç ó÷àñòèÿ àäâåê�öèè, à óæå çàòåì âèõðåâàÿ êîìïîíåíòà ïîëÿ V(r; t)ãåíåðèðóåò äèâåðãåíòíóþ êîìïîíåíòó ïîëÿ V(r; t)÷åðåç ìåõàíèçì àäâåêöèè.3.5. Óñëîâèÿ ïðèìåíèìîñòèÓñëîâèÿ ïðèìåíèìîñòè ïîëó÷åííûõ ðåçóëüòàòîâñêëàäûâàþòñÿ èç íåñêîëüêèõ îãðàíè÷åíèé.1. Óñëîâèÿ ïðèìåíèìîñòè äè��óçèîííîãî ïðè�áëèæåíèÿ äëÿ óðàâíåíèÿ (5) èìåþò âèä� > D1N � 1N è D1�0 � 1; D2(�)�0 � 1;à âåëè÷èíû D1 è D2 �D1 � �2u�0l20 ; D2(�) � ( �2u�0=l20; ��0 � 1;�2u=�l20; ��0 � 1;ãäå l0 � ïðîñòðàíñòâåííûé êîððåëÿöèîííûé ìàñ�øòàá è �0 � âðåìåííîé ðàäèóñ êîððåëÿöèè ïîëÿu(r; t). Òàêèì îáðàçîì, ïîëó÷àåì óñëîâèå�2u�20l20 � 1: (42)2. Óñëîâèå ïðèìåíèìîñòè ïðèáëèæåíèÿ äåëü�òà-êîððåëèðîâàííîñòè ïîëÿ V(r; t) äëÿ óðàâíå�íèÿ (10) èìååò âèä D(V)=�� 1, ò. å.D1D2(�)�2 � 1:Òàêèì îáðàçîì, ïîëó÷àåì óñëîâèÿ â âèäå�2u�20 =l20 � ��0; ��0 � 1;�2u�20 =l20 � (��0)3=2 ; ��0 � 1: (43)3. Âî âñåõ âû÷èñëåíèÿõ èñïîëüçîâàëîñü óñëî�âèå (23), êîòîðîå ñïðàâåäëèâî ïðè âûïîëíåíèè óñëî�âèÿ �2u�20l20 � ��0: (44)335



Â. È. Êëÿöêèí, Ò. Ýëüïåðèí ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002Ñëåäîâàòåëüíî, äëÿ ìàëîèíåðöèîííûõ ÷àñòèö(��0 � 1) óñëîâèÿ ïðèìåíèìîñòè ïðèáëèæåíèé, èñ�ïîëüçîâàííûõ âûøå, ñâîäÿòñÿ ê óñëîâèþ (42).4. ÄÂÓÌÅ�ÍÛÉ ÏÎÒÎÊ Ñ ÁÛÑÒ�ÛÌÂ�ÀÙÅÍÈÅÌÎáñóäèì òåïåðü äâóìåðíîå óðàâíåíèå ñ âðàùåíè�åì� ��t +V(r; t) ��r�Vi(r; t) == �� [Vi(r; t)� ui(r; t)℄ + 2
�i�V�(r; t);ãäå ìàòðèöà� = 




 0 1�1 0 




 ; �2 = �E;à E � åäèíè÷íàÿ ìàòðèöà. Ýòî óðàâíåíèå ìîæíîçàïèñàòü â âèäå� ��t +V(r; t) ��r�V(r; t) == �� [V(r; t)�U(r; t)℄ ; (45)ãäå ìàòðèöà � = �E � 2
�, à ñëó÷àéíîå ïîëå ñêîðî�ñòåé èìååò ñòðóêòóðóU(r; t) = ���1u(r; t); ��1 = �E + 2
��2 + 4
2 : (46)Â ñëó÷àå, êîãäà f� èëè 
g ! 1; ïðèáëèæåííîïîëó÷àåì âûðàæåíèåV(r; t) � U(r; t): (47)Îòìåòèì, ÷òî ìîæíî ââåñòè íîâûé âåêòîðW(r; t) = �V(r; t); è òîãäà âåëè÷èíà�(r; t) = �Wi(r; t)�ri = �W(r; t)�r == �V2(r; t)�r1 � �V1(r; t)�r2îïèñûâàåò âèõðåâóþ êîìïîíåíòó ïîëÿ ñêîðî�ñòåé V(r; t).Óðàâíåíèå (45) îòëè÷àåòñÿ îò óðàâíåíèÿ (2) òåí�çîðíûì õàðàêòåðîì ïàðàìåòðà �: Êðîìå òîãî, âóðàâíåíèè (45) ïîëå U(r; t) ÿâëÿåòñÿ äèâåðãåíòíûìïîëåì è äëÿ áåçäèâåðãåíòíîãî ïîëÿ u(r; t) âåëè÷èíàdivU(r; t) = �U(r; t)�r = � ��rk��1k�u�(r; t) == 2�
�2 + 4
2�k� �u�(r; t)�rk

ñâÿçàíà ñ âèõðåâîé êîìïîíåíòîé ïîëÿ u(r; t).Áóäåì ïðåäïîëàãàòü, êàê è ðàíåå, ÷òî äèñïåðñèÿ�2u = 
u2(r; t)� èìååò ìàëîå çíà÷åíèå è äëÿ áîëüøèõçíà÷åíèé ïàðàìåòðîâ f�; 
g ìîæíî ëèíåàðèçîâàòüóðàâíåíèå (45) îòíîñèòåëüíî ïîòîêà (47). Â ðåçóëü�òàòå ïîëó÷àåì óðàâíåíèå��tV(r; t) +�U(r; t) ��r�V(r; t) ++�V(r; t) ��r�U(r; t) = �� [V(r; t) �U(r; t)℄ ;êîòîðîå â êîîðäèíàòíîé �îðìå èìååò âèä�Vi(r; t)�t +�i�V�(r; t) = �Uk(r; t)�Vi(r; t)�rk �� �Ui(r; t)�rk Vk(r; t) + �i�U�(r; t):Åñëè ïàðàìåòðû f�;
g � �2u�0=l2
or; ãäå, êàê è ðà�íåå, l
or � ïðîñòðàíñòâåííûé êîððåëÿöèîííûé ìàñ�øòàá ïîëÿ V(r; t), òî ìîæíî îïóñòèòü àäâåêòèâíûå÷ëåíû è ïåðåéòè ê ïðîñòåéøåìó ëèíåéíîìó óðàâíå�íèþ �Vi(r; t)�t +�i�V�(r; t) = �ui(r; t): (48)Äëÿ âàðèàöèîííîé ïðîèçâîäíîé ïðè t > t0 èìååììàòðè÷íîå óðàâíåíèå��t ÆVi(r; t)Æul(r0; t0) + �i� ÆV�(r; t)Æul(r0; t0) = 0;êîòîðîå â êîîðäèíàòíîé �îðìå èìååò âèä ñèñòåìûóðàâíåíèé� ��t + �� ÆVi(r; t)Æul(r0; t0) = 2
 ÆWi(r; t)Æul(r0; t0) ;� ��t + �� ÆWi(r; t)Æul(r0; t0) = �2
 ÆVi(r; t)Æul(r0; t0)ñ íà÷àëüíûìè óñëîâèÿìè ïðè t = t0ÆVi(r; t0)Æul(r0; t0) = �ÆilÆ(r� r0); ÆWi(r; t0)Æul(r0; t0) = ��ilÆ(r� r0):�åøåíèå ýòîé ñèñòåìû èìååò âèäÆÆul(r0; t0)  Vi(r; t)Wi(r; t) ! == �e��(t�t0)Æ(r� r0)A(t� t0) Æil�il ! ;336
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os(2
t) sin(2
t)� sin(2
t) 
os(2
t) ! :Òàêèì îáðàçîì, äëÿ âàðèàöèîííîé ïðîèçâîäíîé ïî�ëó÷àåì îêîí÷àòåëüíîå âûðàæåíèåÆVi(r; t)Æul(r0; t0) = �Æ(r � r0)e��(t�t0) �� fÆil 
os [2
 (t� t0)℄ + �il sin [2
 (t� t0)℄g : (49)4.1. Ïðîñòðàíñòâåííûé êîððåëÿöèîííûéòåíçîð ïîëÿ V(r; t)Èç óðàâíåíèÿ (48) äëÿ îäíîâðåìåííîãî ïðîñòðàí�ñòâåííîãî êîððåëÿöèîííîãî òåíçîðà ñëåäóåò óðàâíå�íèå��t hVi(r; t)Vj(r1; t)i++�i� hV�(r; t)Vj(r1; t)i+ �j� hVi(r; t)V�(r1; t)i == � hui(r; t)Vj(r1; t)i+ � huj(r1; t)Vi(r; t)i : (50)Ñ ïîìîùüþ �îðìóëû Ôóðóòöó�Íîâèêîâà (17) è âû�ðàæåíèÿ (49) ïîëó÷àåì, ÷òî ñòàöèîíàðíûé êîððåëÿ�öèîííûé òåíçîð îïèñûâàåòñÿ óðàâíåíèåì2� hVi(r; t)Vj(r1; t)i �� 2
 [hWi(r; t)Vj(r1; t)i+ hVi(r; t)Wj(r1; t)i℄ == 2�2 1Z0 d�e��� 
os(2
�)Bij(r� r1; �) ++ �2 1Z0 d�e��� sin 2
� �� [�j�Bi�(r � r1; �) + �i�Bj�(r� r1; �)℄ : (51)Ñëåäîâàòåëüíî, ïîëàãàÿ â (51) r = r1 è i = j, ìîæ�íî ïîëó÷èòü ñòàöèîíàðíîå çíà÷åíèå äëÿ äèñïåðñèè
V2(r; t)�:
V2(r; t)� = � 1Z0 d�e��� 
os(2
�)Bii(0; �); (52)â ñèëó òîãî ÷òîBil(0; �)�il � 0; �i� hVi(r; t)V�(r; t)i � 0:Îáñóäèì òåïåðü ñòàòèñòè÷åñêèå õàðàêòåðèñòèêèïðîñòðàíñòâåííûõ ïðîèçâîäíûõ ïîëÿ V(r; t) òèïàh(�Vi(r; t)=�rk)(�Vj(r; t)=�rl)i :Äëÿ äâóìåðíîãî ïîëÿ

ñêîðîñòåé u(r; t) ñ ïîìîùüþ ðàâåíñòâà (15) ïîëó÷à�åì âûðàæåíèå��2Bij(0; �)�rk�rl = 18D(�) (3ÆklÆij�ÆkiÆlj�ÆkjÆli) ; (53)ãäå D(�) = R dkk2E(k; �) è, ñëåäîâàòåëüíî, èç óðàâ�íåíèÿ (51) ïðèõîäèì ê óðàâíåíèþ2���Vi(r; t)�rk �Vj(r; t)�rl ��� 2
 ���Wi(r; t)�rk �Vj(r; t)�rl �++ ��Vi(r; t)�rk �Wj(r; t)�rl �� == �24 D2(�;
) (3ÆklÆij � ÆkiÆlj � ÆkjÆli)���28 D3(�;
) (Æki�jl+Æli�jk+Ælj�ik+Ækj�il) ; (54)ãäå êîý��èöèåíòûD2(�;
) = 1Z0 d�e��� 
os(2
�)D (�) ;D3(�;
) = 1Z0 d�e��� sin(2
�)D(�):Ïîëîæèì i = k, j = l â óðàâíåíèè (54). Â ýòîìñëó÷àå ïîëó÷èì ñòàöèîíàðíîå óðàâíåíèå� 
d2(r; t)� = 2
 h�(r; t)d(r; t)i ; (55)ãäå d(r; t) = �V(r; t)�r ; �(r; t) = �W(r; t)�r :Ïîëîæèì òåïåðü i = j, k = l â óðàâíåíèè (54). Ïî�ëó÷èì ñòàöèîíàðíîå âûðàæåíèå äëÿ âèõðåâîé ÷àñòèïîëÿ ñêîðîñòåé V(r; t):�hV(r; t)�V(r; t)i = �D2(�;
): (56)Òåïåðü âûïèøåì óðàâíåíèå äëÿ ìàòðèöû��Vi(r; t)�rk d(r; t)�:���Vi(r; t)�rk d(r; t)� ��
�i���V�(r; t)�rk d(r; t)��
��(r; t)�Vi(r; t)�rk � = 0;è, óìíîæàÿ åãî íà �ki, ïîëó÷àåì óðàâíåíèå:� h�(r; t)d(r; t)i = 
 �
�2(r; t)� � 
d2(r; t)�� : (57)9 ÆÝÒÔ, âûï. 2 (8) 337



Â. È. Êëÿöêèí, Ò. Ýëüïåðèí ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002Óìíîæàÿ òåïåðü óðàâíåíèå (54) íà �ki�lj , ïîëó÷àåìòðåòüå ñòàöèîíàðíîå óðàâíåíèå:� 
�2(r; t)� + 2
 hd(r; t)�(r; t)i = �2D2(�;
): (58)Òàêèì îáðàçîì, ìû ïîëó÷èëè ñèñòåìó óðàâíå�íèé (55)�(58), ðåøåíèå êîòîðîé
�2(r; t)� = ��2 + 2
2�2 + 4
2D2(�;
);
d2(r; t)� = 2�
2�2 + 4
2D2(�;
);h�(r; t)d(r; t)i = �2
�2 + 4
2D2(�;
): (59)Åñëè �=
� 1 è 
�0 � 1, òî D2(�;
) � (�=4
2)D(0)è ìû ïîëó÷àåì
�2(r; t)� = 
d2(r; t)� = �28
2D(0);h�(r; t)d(r; t)i = �316
3D(0): (60)Åñëè æå �=
� 1; íî 
�0 � 1, òî D2(�;
) � D(0)=�,è, ñëåäîâàòåëüíî,
�2(r; t)� = D(0); 
d2(r; t)� = 2
2�2 D(0);h�(r; t)d(r; t)i = 
�D(0): (61)Òàêèì îáðàçîì, ðåøåíèå çàäà÷è èìååò ïîðÿäîê�2u: Åñëè æå ïàðàìåòð 
! 0, òî, êàê ìû âèäåëè ðà�íåå, ðåøåíèå çàäà÷è èìååò ïîðÿäîê �4u è íåîáõîäèìîó÷èòûâàòü àäâåêòèâíûå ý��åêòû.4.2. Âðåìåííîé êîððåëÿöèîííûé òåíçîð ïîëÿV(r; t)Ïðè t > t1 ìû èìååì óðàâíåíèå äëÿ ïðîñòðàí�ñòâåííî-âðåìåííîãî êîððåëÿöèîííîãî òåíçîðà:��t hVi(r; t)Vj(r1; t1)i+�i� hV�(r; t)Vj(r1; t1)i == � hui(r; t)Vj(r1; t1)i ;êîòîðîå, ïîñëå èñïîëüçîâàíèÿ �îðìóëû Ôóðóò�öó�Íîâèêîâà (17) è ðàâåíñòâà (49) ìîæåò áûòüçàïèñàíî â ñòàöèîíàðíîì ðåæèìå â âèäå��� hVi(r; t+ �)Vj(r1; t)i++� hVi(r; t+�)Vj (r1; t)i�2
�i� hV�(r; t+�)Vj(r1; t)i == �2e�� 1Z� d�1Bij(r� r1; �1)e���1 
os(2
�) ++ �2e���j� 1Z� d�1Bi�(r� r1; �1)e���1 sin(2
�) (62)

ñ íà÷àëüíûì óñëîâèåì ïðè � = 0hVi(r; t+ �)Vj (r1; t1)i�=0 = hVi(r; t)Vj(r1; t)i :Íàñ èíòåðåñóåò âåëè÷èíàKij(r� r1) = 1Z0 d� hVi(r; t+ �)Vj(r1; t)i (63)è âåëè÷èíû (11)D0 = 12Kii(0) = 12�V 
V2(r; t)� ;D(V) = �2Kij(r� r1)�ri�r1j ����r=r1 = �divV*��V(r; t)�r �2+ ;îïðåäåëÿþùèå êîý��èöèåíòû äè��óçèè â óðàâíå�íèè (10).Äëÿ âåëè÷èíû (63) ìû ïîëó÷àåì èç óðàâíå�íèÿ (62) âûðàæåíèå�Kij(r�r1)�2
�i�K�j(r�r1) = hVi(r; t)Vj(r1; t)i++ � 1Z0 d�Bij(r� r1; �) �1� e���� 
os(2
�) ++ ��j� 1Z0 d�Bi�(r� r1; �) �1� e���� sin(2
�): (64)Ïîëîæèì i = j è r1 = r â (64). Â ðåçóëüòàòåïîëó÷àåì ðàâåíñòâî��V 
V2(r; t)� = 
V2(r; t)�++ � 1Z0 d�Bii(0; �) �1� e��� � 
os(2
�);ãäå �V � âðåìåííîé ðàäèóñ êîððåëÿöèè ïîëÿV(r; t):Ïðèíèìàÿ âî âíèìàíèå âûðàæåíèå (52), ìîæíî ïå�ðåïèñàòü ïîñëåäíåå ðàâåíñòâî â âèäåD0 = 12�V 
V2(r; t)� == 12 1Z0 d�Bii(0; �) 
os(2
�) = �2 Z dk�(k; 2
); (65)ãäå �(k; !) � ïðîñòðàíñòâåííî-âðåìåííàÿ ñïåê�òðàëüíàÿ �óíêöèÿ (12), (13) ïîëÿ u(r; t).Ïîäåéñòâóåì îïåðàòîðîì �2=�rk�r1l íà óðàâíå�íèå (64) è ïîëîæèì r1 = r è j = l. Â ðåçóëüòàòå338



ÆÝÒÔ, òîì 122, âûï. 2 (8), 2002 Êëàñòåðèçàöèÿ ïîëÿ ïëîòíîñòè ÷èñëà ìàëîèíåðöèîííûõ ÷àñòèö : : :äëÿ ìàòðèöû h(�Vi(r; t)=�rk)d(r; t)i ñ ïîìîùüþ âû�ðàæåíèÿ (53) ïîëó÷àåì óðàâíåíèå â âèäå� 1Z0 d� ��Vi(r; t+ �)�rk d(r; t)� � 2
�i� �� 1Z0 d� ��V�(r; t+ �)�rk d(r; t)� == ��Vi(r; t)�rk d(r; t)� : (66)Ïîëîæèì òåïåðü i = k â óðàâíåíèè (66). Â ýòîìñëó÷àå ïðèõîäèì ê ñòàöèîíàðíîìó óðàâíåíèþ� 1Z0 d� hd(r; t+ �)d(r; t)i �� 2
 1Z0 d� h�(r; t+ �)d(r; t)i = 
d2(r; t)� : (67)Óìíîæàÿ (66) íà �ki, èìååì óðàâíåíèå� 1Z0 d� h�(r; t+ �)d(r; t)i ++ 2
 1Z0 d� hd(r; t+ �)d(r; t)i = h�(r; t)d(r; t)i : (68)Òàêèì îáðàçîì, ìû ïîëó÷èëè ñèñòåìó óðàâíå�íèé (67) è (68), ðåøåíèå êîòîðîé ñ ïîìîùüþ âûðà�æåíèé (59) ìîæíî çàïèñàòü â âèäåD(V) = 1Z0 d� hd(r; t+ �)d(r; t)i == � 
d2(r; t)� + 2
 h�(r; t)d(r; t)i�2 + 4
2 == 4�2
2(�2 + 4
2)2 1Z0 d�e��� 
os(2
�)D (�) :Åñëè ïàðàìåòðû f�;
g �0 � 1, òîD(V) = 4�3
2D(0)(�2 + 4
2)3 == ( 4
2D(0)=�3; �� 
;�3D(0)=16
4; �� 
; (69)ãäå, êàê è ðàíåå,D(0) = Z dkk2E(k; 0) = �hu(r; t)�u(r; t)i :

Òàêèì îáðàçîì, ïðè âûïîëíåíèè óñëîâèéf�;
g �0 � 1 âèäèì, ÷òî â ðàññìàòðèâàåìîé çàäà÷åïðîöåññ ãåíåðàöèè äèâåðãåíòíîé ÷àñòè ïîëÿ V(r; t)îïèñûâàåòñÿ ëèíåéíûì óðàâíåíèåì áåç ó÷åòà àäâåê�òèâíûõ ÷ëåíîâ. Åñëè ê òîìó æå ïàðàìåòð � � 
,íåîáõîäèìî ïðèíÿòü âî âíèìàíèå ñëåäóþùèå ïîïðà�âî÷íûå ÷ëåíû ïîðÿäêà �4u (41), êîòîðûå ìîãóò áûòüâ íåêîòîðûõ ñëó÷àÿõ ñðàâíèìû ñ (69), ò. å. â ýòîìñëó÷àå ìû ïîëó÷àåìD(V) = 32 �0�2 hu(r; t)�u(r; t)i2 �� 4
2�3 hu(r; t)�u(r; t)i == �4
2�3 hu(r; t)�u(r; t)i ���1� 3��02
2 hu(r; t)�u(r; t)i� : (70)Ïðîñòðàíñòâåííûé êîý��èöèåíò äè��óçèè D0íå çàâèñèò îò ïàðàìåòðà � è îïèñûâàåòñÿ âûðàæå�íèåì (65). 5. ÇÀÊËÞ×ÅÍÈÅÍàñòîÿùàÿ ðàáîòà ïîñâÿùåíà âûâîäó âûðàæå�íèé äëÿ êîý��èöèåíòîâ äè��óçèè, õàðàêòåðèçó�þùèõ êëàñòåðèçàöèþ ïëîòíîñòè ÷èñëà ìàëîèíåð�öèîííûõ ÷àñòèö â ãèäðîäèíàìè÷åñêèõ ïîòîêàõ âðàçëè÷íûõ àñèìïòîòè÷åñêèõ ðåæèìàõ. Ìû íå ñòà�âèëè ñâîåé öåëüþ èçó÷åíèå ýòèõ êîý��èöèåíòîâ (è,ñëåäîâàòåëüíî, ñàìîãî ÿâëåíèÿ êëàñòåðèçàöèè) äëÿêîíêðåòíûõ ãåî�èçè÷åñêèõ èëè àñòðî�èçè÷åñêèõçàäà÷. Ýòî ñîâåðøåííî ñàìîñòîÿòåëüíûå çàäà÷è,êîòîðûå ìîæíî ðåøàòü íà îñíîâå ïîëó÷åííûõâûðàæåíèé. Èñõîäíûì äëÿ íàñ áûëî �åíîìåíî�ëîãè÷åñêîå íåëèíåéíîå óðàâíåíèå (2) â ýéëåðîâîìïðåäñòàâëåíèè. Íåñìîòðÿ íà òî ÷òî â ëàãðàíæåâîìïðåäñòàâëåíèè õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ (3)èìåþò î÷åíü ïðîñòîé âèä, èñõîäíàÿ çàäà÷à (2) î÷åíüñëîæíà. Ýòî ÿñíî õîòÿ áû èç òîãî, ÷òî óðàâíåíèå (2)ÿâëÿåòñÿ êâàçèëèíåéíûì óðàâíåíèåì â ÷àñòíûõïðîèçâîäíûõ, è â îáùåì ñëó÷àå âîçìîæíû íååäèí�ñòâåííîñòü ðåøåíèÿ çàäà÷è, ñóùåñòâîâàíèå â íèõðàçðûâîâ è ò. ï. Â àñèìïòîòè÷åñêîì ñëó÷àå ìàëîéèíåðöèè ÷àñòèö ñèòóàöèÿ ñóùåñòâåííî óïðîùàåòñÿè ìû ïåðåõîäèì ê ëèíåéíîé çàäà÷å â ýéëåðîâîìïðåäñòàâëåíèè. Îäíàêî äàæå äëÿ íåå íå ïðîñòîñðàçó óêàçàòü âîçìîæíûå ïîðÿäêè ìàëîñòè ñîîòâåò�ñòâóþùèõ êîý��èöèåíòîâ äè��óçèè, ÷òî ñâÿçàíî ññóùåñòâîâàíèåì íåñêîëüêèõ áåçðàçìåðíûõ ïàðàìåò�ðîâ. Òàê, íàïðèìåð, äëÿ çàäà÷è ñ âðàùåíèåì ó íàñ339 9*
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