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SCANNING OF THE e+e�! �+�� CROSS-SECTION BELOW 1 GeVAT DA�NE BY RADIATIVE EVENTSM. I. Kon
hatnij, N. P. Merenkov *National S
ien
e Centre �Kharkov Institute of Physi
s and Te
hnology�61108, Kharkov, UkraineSubmitted 21 February 2002The tagged photon events for the measurement of the e+e� ! �+�� total 
ross-se
tion by the radiative returnmethod at DA�NE is dis
ussed. The e�e
ts 
aused by the not exa
tly head-on 
ollision of beams and by theQED radiative 
orre
tions are investigated. The essential part 
onsists of the analysis of the event sele
tionrules that ensure the reje
tion of the 3-pion hadroni
 state and take the main properties of the multiple purposeKLOE dete
tor into a

ount. The study of the non-head-on e�e
t is performed in the Born approximation byintegrating over the tagged photon angles, whereas the radiative 
orre
tions are 
al
ulated negle
ting this e�e
t.Together with the quasireal ele
tron approa
h, this allows us to derive analyti
al formulas for the 
orre
tionto the 
ross-se
tion of the initial-state radiative pro
ess. Some numeri
al 
al
ulations illustrate our analyti
alresults.PACS: 12.20.-m, 13.40.-f, 13.60.-Hb, 13.88.+e1. INTRODUCTIONThe re
ent measurement of the muon anomalousmagneti
 moment a� = (g � 2)�=2 performed in theBrookhaven E861 experiment with the ele
troweak pre-
ision [1℄ has boosted the interest in a renewed theoret-i
al 
al
ulation of this quantity [2℄. The reported newworld average has shown the dis
repan
y of 2.6 stan-dard deviations with respe
t to the theoreti
al valuebased on the Standard Model 
al
ulation [3℄, and thismay open a window into possible new physi
s beyondthe Standard Model. On the other hand, the 
on
lu-sion about a signi�
ant dis
repan
y between the re-ported data and the Standard Model predi
tion maybe somewhat premature.Theoreti
al estimations of a� in
lude several 
on-tributions involving the nonperturbative hadroni
 se
-tor of the Standard Model: va
uum polarization, light-by-light s
attering, and higher-order ele
troweak 
or-re
tions. Hadroni
 e�e
ts in the two-loop ele
troweak
ontribution are small, of the order of the experimentalerror, and the asso
iated theoreti
al un
ertainty 
an bebrought under safe 
ontrol [4℄.The situation with hadroni
 e�e
ts in the light-by-*E-mail: merenkov�kipt.kharkov.ua

light s
attering radi
ally 
hanged in re
ent months (af-ter the E861 data were reported) due to works 
itedin Ref. [5℄. In these works, the authors used the de-s
ription of the �0
�
� transition formfa
tor based ona large-NC expansion and short-distan
e properties ofQCD to 
al
ulate the pseudos
alar 
hannel 
ontribu-tion (in the 
�
� system). The 
orresponding resultdisagrees by only its overall sign with the latest pre-vious 
al
ulations of two di�erent groups [6, 7℄. It isinteresting to note that the result in Ref. [5℄ for
edboth these groups to 
arefully 
he
k their programs,and they re
ently found their own (di�erent) sour
esof the wrong sign for the pseudos
alar 
hannel [8, 9℄.The main ingredient of the theoreti
al predi
tion ofa�, whi
h is responsible for the bulk of the theoreti
alerror, is the 
ontribution of the hadron va
uum polar-ization. The problem is that it 
annot be 
omputedanalyti
ally be
ause perturbative QCD loses its pre-di
tion power at low and intermediate energies, whereon the other hand, the 
orresponding e�e
t is maxi-mum. But this 
ontribution 
an be 
al
ulated fromthe data on the total hadroni
 
ross-se
tion �h for thepro
ess e+e� ! hadrons using a dispersion relation[10℄. Be
ause the existing data about �h 
ome fromdi�erent sour
es and do not always meet the requireda

ura
y, they are supplemented with a theoreti
al in-3 ÆÝÒÔ, âûï. 1 (7) 33
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hatnij, N. P. Merenkov ÆÝÒÔ, òîì 122, âûï. 1 (7), 2002put. Therefore, di�erent estimations give di�erent re-sults, whi
h either strengthen the di�eren
e betweentheoreti
al and experimental values of a� or make itonly marginal [11�14℄.The 
ross-se
tion �h also plays an important rolein the evolution of the running ele
tromagneti
 
ou-pling �QED from low to high energies. This meansthat the interpretation of measurements at high-energyele
tron�positron and ele
tron�proton 
olliders de-pends on the pre
ise knowledge of �h, with one per
enta

ura
y or even better.The updated hadroni
 light-by-light 
ontribution[5, 8, 9℄ de
reases the dis
repan
y between the theoryand the experiment for a� to 1.5 standard deviations,and the disagreement between the Standard Model andthe reported experimental value be
omes not so sharp.Nevertheless, when the full set of data at the BNL 
ol-laboration is analyzed, the experimental error bars areexpe
ted to de
rease by the additional fa
tor three atleast, and this 
hallenges a new test of the StandardModel. The high-pre
ision data about �h will play thekey role in this test.We note that the data re
ently derived in the dire
ts
anning of �h by CMD-2 [15℄ and BES II [16℄ 
ol-laborations were in
luded in a new analysis [17℄. Thissigni�
antly redu
es the error in the hadroni
 
ontri-bution to the shift of �QED but does not remove thedis
repan
y in a�. Therefore, there exists an eminentphysi
al reason for new measurements to a

umulatehigh-pre
ision data about �h at the total 
enter-of-massframe energies below 1 GeV.The old idea to use the initial-state radiative eventsin the ele
tron�positron annihilation pro
esse�(p1) + e+(p2)! 
(k) + hadrons(q) (1)for the s
anning of the total hadroni
 
ross-se
tion �hhas be
ome quite attra
tive re
ently [18�22℄. This ra-diative return approa
h allows performing the s
anningmeasurements at the a

elerators running at a �xedenergy, and this 
ir
umstan
e is the main advantage
ompared to the traditional dire
t s
anning. The rea-son is that the most important physi
al parameters, theluminosity and the beam energy, remain the same dur-ing the entire s
anning at �xed-energy 
olliders. Theymust therefore be determined only on
e, whi
h 
an bedone with a very high a

ura
y. The drawba
k is of
ourse a loss in the event number, and it is obviousthat only high-luminosity a

elerators 
an be 
ompeti-tive when the radiative return method is used.It is a general opinion that the high-luminosityDA�NE ma
hine operating in the � resonan
e region

with multiple-purpose dete
tor KLOE is the ideal 
ol-lider to s
an �h(q2) with the 
enter-of-mass energypq2varying from the threshold to 1 GeV just by radiativeevents. It is now well understood that in this energy re-gion, the total hadroni
 
ross-se
tion is mainly ful�lledby the 
ontribution of the � resonan
e. This in turnimplies that the dominant hadroni
 �nal state is thatof the 
harged pion pair �+��, and the KLOE dete
-tor allows measuring both the photon energy depositedin 
alorimeters and the 3-momenta of pions runningthrough the drift 
hamber [20; 23℄.Su
h a wide range of experimental possibilities ofthe KLOE dete
tor 
an provide a realization of twoapproa
hes to s
anning the �+�� 
hannel 
ontributionto �h(q2): with tagged photon events [19; 20; 22℄ andwithout photon tagging [22; 24; 25℄. The last methodhas some advantages be
ause it allows in
luding theevents with 
ollinear initial-state radiative photons,whi
h leads to the in
rease of the 
ross-se
tion by theenergy logarithm enhan
ement fa
tor [26℄.On the other hand, the �rst data about the tradi-tional tagged photon s
anning of �h(q2) at DA�NE arereported [26℄ (we also note that large radiative eventrates were observed by the BaBar Collaboration [27℄).To extra
t �h(q2) at di�erent squared di-pion invari-nat masses with one per 
ent a

ura
y, one must pre-
isely analyze the initial-state radiative events and takethe �nal-state radiative events and the initial-state ra-diative interferen
e as a ba
kground. Moreover, theradiative 
orre
tions must be 
al
ulated for all these
ontributions [21℄. For a realisti
 experimental eventsele
tion, this task 
an usually be solved by means ofMonte Carlo event generators. But for some ideal 
on-ditions, analyti
al 
al
ulations may be performed withhigh a

ura
y, and this is a very important test of therequired one per
ent a

ura
y produ
ed by the MonteCarlo generators.The high-pre
ision analysis of the initial-state ra-diative events is the main attribute of the radiative re-turn method. The 
orresponding radiation 
orre
tionswere 
onsidered in a number of papers by both theMonte Carlo generators [19; 22℄ and analyti
al 
al
ula-tions [18; 22; 24℄. In present paper, we derive analyti
alformulas for di�erent 
ontributions to the initial-stateradiative 
ross-se
tion in
luding the �rst-order radia-tive 
orre
tions. We use the same rules for the eventsele
tion as given in [24℄. These sele
tion rules are max-imum draw near the experimental ones [20; 23℄ ex
eptthe di-pion angular phase spa
e, for whi
h we use theentire 4� opening angle. This is not the 
ase with therealisti
 measurements at DA�NE be
ause there ex-ists a so-
alled blind zone in the KLOE dete
tor with34
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anning of the e+e� ! �+�� 
ross-se
tion : : :the opening angle about 15Æ along the ele
tron andpositron beam dire
tions. Any parti
le inside this blindzone 
annot be dete
ted either by the KLOE 
alorime-ters or by the KLOE drift 
hamber.In Se
. 2, we brie�y re
all the sele
tion rules usedhere and analyze the Born 
ross-se
tion by numeri
allyintegrating the su�
iently 
ompli
ated analyti
al for-mulas given in [24℄, whi
h take the non-head-on beam
ollision into a

ount. In Se
. 3, the 
ontributions toradiative 
orre
tions due to the virtual and soft pho-ton emission are obtained by analyti
ally integratingover the angular phase spa
e of the photon that de-posits its energy in 
alorimeters. In Se
. 4, the e�e
tof an additional hard photon emission inside the blindzone is investigated and the 
orresponding 
ontribu-tion to radiative 
orre
tions is derived. To performthe analyti
al 
al
ulation, we use the quasireal ele
-tron approximation [28℄ for both the di�erential 
ross-se
tion and underlying kinemati
s. In Se
. 5, the totalradiative 
orre
tion is derived and some numeri
al es-timates are given. The elimination of the auxiliary in-frared parameter is demonstrated and the dependen
eof the radiative 
orre
tions to the initial-state radiative
ross-se
tion on the squared di-pion invariant mass q2and physi
al parameters de�ning the sele
tion rules isinvestigated. We brie�y summarize our results in Con-
lusion. In the Appendi
es, we give some formulas thatare useful in our intermediate 
al
ulations.2. SELECTION RULES AND THEINITIAL-STATE BORN RADIATIVECROSS-SECTIONAs mentioned above, the multiple purpose KLOEdete
tor allows independently measuring the photonenergy with two 
alorimeters QCAL and EMCAL andthe 3-momenta of the 
harged pions with the drift
hamber. The sele
tion rules that we 
onsider here
an be formulated as follows: any event is in
ludedif only one hard photon with the energy ! > !m,!m = 50 MeV, hits the 
alorimeters and if the dif-feren
e between the lost energy 
 and the lost 3-momentum modulus jKj does not ex
eed a small value�E; � � 1; where E is the beam energy. The lost en-ergy is de�ned as the di�eren
e between the total initialenergy and the sum of the 
harged pion energies, andthe lost 3-momentum is de�ned similarly.The �rst rule implies that in addition to one hardphoton, only soft photons that 
annot be re
orded bythe KLOE dete
tor 
an hit the 
alorimeters. The ra-diation of the additional hard photon is allowed insidethe blind zone. The se
ond rule ensures the removal

of the 3-pion hadroni
 state arising due to possible� ! �+���0 and ! ! �+���0 de
ays. The neutralpion qui
kly de
ays into two 
 quanta; one of these hastime to light in the 
alorimeters, whereas the other 
an�y away into the blind zone. It is easy to see that thisrule does not allow the lost invariant mass to be greaterthan 2E2�, and the 3-pion state is therefore forbiddenif � < 0:035: Thus, the following event sele
tion 
utsare imposed [20℄:
� jKj � �E; ! > !m;� = 0:02; !m = 50 MeV: (2)The �rst inequality in (2) is important in 
al
ulat-ing the 
ontribution 
aused by the emission of two hardphotons (one inside the 
alorimeters and the other inthe blind zone) be
ause it only a�e
ts the phase spa
eof two hard photons. At the Born level (with only onephoton inside the 
alorimeters), we must therefore takethe se
ond restri
tion in (2) into a

ount by introdu
-tion the trivial � fun
tion. The di�erential distributionover the di-pion invariant mass 
an be written as [24℄d�Bdq2 = �2�2�(q2) (S � q2)d 
os �d'4S(2E � jP�j sin � 
os')2 �� (S + T1)2 + (S + T2)2T1T2 �(! � !m); (3)! = S � q22(2E � jP�j sin � 
os') ;where � and '(!) are the polar and azimuthal an-gles (energy) of the photon dete
ted by the KLOE
alorimeters. The approximation used here is valid ifE2�20 � m2; where 2�0 is the opening angle of theblind zone and m is the ele
tron mass. The 
ross-se
tion �(q2) of the pro
ess e+e� ! �+�� is expressedthrough the pion ele
tromagneti
 formfa
tor F�(q2) as�(q2) = ��2jF�(q2)j23q2 �1� 4m2�q2 �3=2 ;where m� is the pion mass. The invariants enteringEq. (3) are given byT1 = �2p1k = �! (2E � 2Pz 
os � � jP�j sin � 
os') ;Pz = E�1� jP�j28E2 � ;T2 = �2p2k = �! (2E + 2Pz 
os � � jP�j sin � 
os') ;S = 2p1p2 = 4E2 � jP�j2; q2 = S + T1 + T2:In writing these expressions, we took into a

ountthat at DA�NE, the ele
tron and positron beams ex-er
ise not exa
tly a head-on 
ollision at the intera
tion35 3*
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ross-se
tion d�dz = � �2��(q2)� of the initial-state radiative pro
ess e+e� ! 
 + �+�� at di�erent limitingangles of the blind zone versus variable z: Figure 1a 
orresponds to the 
ontribution of the region D > 1 de�ned by Eq. (4).The sum of 
ontributions of the regions 1 > D > s0 and s0 > D > �1 is shown in Fig. 1b (see Ref. [24℄, Eqs. (19)�(21),for the 
orresponding analyti
al formulas). It depends on the minimum energy of the tagged photon !m, whi
h we 
hooseas 50 MeV. �0 = 5Æ (1 ), 10Æ (2 ), 15Æ (3 )point, but there exists a small 
rossing angle betweenthem that is equal to jP�j=E, where jP�j = 12:5 MeV.Be
ause of a nonzero 
rossing angle, the energy of thetagged photon be
omes dependent on its angular po-sition, whi
h 
ompli
ates the exa
t analyti
al 
al
ula-tions. Thus, the question arises as to the magnitude ofthe 
orresponding e�e
t. As shown in [24℄, there existthree regions,D > 1; 1 > D > sin �0; sin �0 > D > �1;where D = 4E(E � !m)� q2 � jP�j22!mjP�j ;and the form of the initial-state radiative 
ross-se
tionis di�erent in ea
h region. The analyti
al expressionsfor the distribution over the di-pion invariant mass issimple in the �rst two regions, but it seems that only anumeri
al integration with respe
t to the photon polarangle is possible in the third region. We also note thatin the limiting 
ase as jP�j ! 0, only the �rst region
an o

ur with the obvious restri
tion4E(E � !m) > q2:The results of our 
al
ulations of the Born 
ross-se
tion are shown in Figs. 1 and 2. It follows fromFig. 1 that the 
ontribution of the �rst region (D > 1)dominates in a wide interval of the di-pion invariantmasses. Within the approximation4E2(1� 
0)� P2�;

RΦ
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0.05Fig. 2. The e�e
t of a non-head-on 
ollision of the ele
-tron and positron beams at DA�NE is shown for the
ontribution of the region D > 1 in terms of the ratiode�ned by Eq. (6) at di�erent �0 = 5Æ (1 ), 10Æ (2 ),15Æ (3 ). The approximation 4E2(1 � 
0) � jP�j2 isused in 
al
ulating this ratio. The quantity R� is givenper 
entthe 
orresponding 
ross-se
tion 
an be written as [24℄d�B0dq2 = �2� �(q2)2E2 F0�(D � 1);F0 = � SS � q2 � 1 + S � q22S ��� �2 ln 1 + 
01� 
0 + jP�j22E2 �ln 1 + 
01� 
0 + 
0s20���� S � q2S 
0 �1 + jP�j22E2 (3� 
20)� ; (4)36
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anning of the e+e� ! �+�� 
ross-se
tion : : :where 
0 = 
os �0, s0 = sin �0; and the � fun
tion de-�nes the maximum possible value of q2:The form of F0 and D in Eq. (4) is valid if all po-lar angles between �0 and � � �0 are permitted for thetagged photon. If large-angle photons radiated between�l and � � �l are not re
orded, we must writed�Bldq2 = �2� �(q2)2E2 (F0 � Fl)�(Dl � 1); (5)where Fl 
an be derived from F0 by simply repla
ing�0 with �l andDl = 4E(E � !m)� q2 � jP�j22!mjP�jsl ; sl = sin �l:In Se
. 3, we 
onsider this 
ase with �l = 40Æ and 
allit the modi�ed EMCAL setup.To indi
ate the e�e
t of nonzero P� in the �rst re-gion, we show in Fig. 2 the ratioR� = F0 � F (z; 
0)F (z; 
0) ; F (z; 
0) = F0(P� = 0) == �1 + z21� z ln 1 + 
01� 
0 � (1� z)
0� ; z = q24E2 : (6)For the modi�ed EMCAL setup, the 
orresponding ra-tio is given byRl� = F0 � Fl � [F (z; 
0)� F (z; 
l)℄F (z; 
0)� F (z; 
l) : (7)As 
an be seen from Fig. 2, this e�e
t does not ex
eed�ve per mille at �0 = 5Æ and de
reases as the angle �0grows.The 
ontribution of the third region (sin �0 >> D > �1) is negligible everywhere, and the se
ondregion (1 > D > sin �0) 
ontributes only inside a verynarrow interval of the order 2 �10�3 near the maximumpossible di-pion invariant mass squared (see Fig. 1b).We therefore 
on
lude that for restri
tions (2) 
onsid-ered here, the e�e
t of non-head-on 
ollisions on theevent sele
tion at DA�NE is about several per millein the most important � resonan
e region and is under
ontrol where it 
annot be negle
ted. In this region,the 
orresponding 
ross-se
tion 
an therefore be givenby Eq. (4) with the F (z; 
0) instead of F0 with the re-quired a

ura
y.3. VIRTUAL AND SOFT CORRECTIONSHigh-pre
ision theoreti
al predi
tions are ne
essaryin order to rea
h the a

ura
y of one per 
ent in themeasurement of the pion 
ontribution to the hadroni



ross-se
tion at DA�NE by radiative events. Thesepredi
tions must at least in
lude the �rst-order radia-tive 
orre
tions that a

ount for the virtual and realsoft photon 
ontribution in the overall phase spa
e andan additional 
ontribution due to a hard photon emis-sion inside the blind zone. In 
al
ulating radiative 
or-re
tions, we negle
t P� at the very beginning and sets; t1, and t2 equal to S; T1, and T2 at P� = 0; respe
-tively.To 
al
ulate the virtual and soft 
orre
tions, westart from the 
orresponding expression derived inRef. [24℄ (Eq. (30)), perform the trivial azimuthal angleintegration, and write the result in the 
onvenient formd�V+Sdq2 = � �2��2 �(q2) (1� z)d 
os �2s �� �� (q2 � t1)2 + (q2 � t2)2t1t2 + T��(1� xm � z); (8)whereT = 32Tg � 18q2 �T11(q2 � t1)2 + T22(q2 � t2)2++(T12 + T21)(sq2 � t1t2)� ; s = 4E2;� = 4(Ls � 1) ln� + 3Lq + 2�23 � 92 ++ 4�ln �1� ln 1 + 
01� 
0 + ln �2�1 ln 1 + 
11� 
1� ;Ls = ln sm2 ; Lq = ln q2m2 ; xm = !mE :The above expression for � 
ontains three soft pa-rameters �, �1, and �2: The �rst restri
ts the softphoton energy inside the blind zone with the value �E:It is auxiliary and 
an
els when the 
ontribution 
ausedby the hard photon emission is added (see Se
. 5). Theparameters �1 and �2 are physi
al. They are de�nedby the sensitivity �1E of the QCAL 
alorimeter thatsurrounds the blind zone and 
overs polar angles ofthe dete
ted photon from �0 to �1 = 20Æ with respe
tto both the ele
tron and the positron beam dire
tions(
1 = 
os �1) and by the sensitivity�2E of the EMCAL
alorimeter that 
overs the photon angles between �1and ���1. The 
ase of a slightly modi�ed geometry ofEMCAL (with the polar angles from �l = 40Æ to �� �lnot 
overed [20℄) is 
onsidered in Appendix A. The 
o-e�
ients Tg and Tik in the right-hand side of Eq. (5)are 
al
ulated as fun
tions of the invariants s, t1, andt2 in Ref. [24℄ (see also [29; 22℄).Our aim is to analyti
ally integrate di�erential dis-tribution (8) with respe
t to the tagged photon polar37
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ontaining � is triv-ial and yieldsd�S+V�dq2 = � �2��2 �(q2)2E2 �F (z; 
0)�(1� xm � z): (9)To perform the remaining integrations, it is 
onve-nient to represent the quantity T asT = L2q�L2s+ 2sq2 � s�2Lqs+�2s(s� 2q2)(q2 � s)2 + 1�Lq++2(2q2�s)s(q2�s)2 Ls+L1q �� 4s2(q2�s)t2�2(q4 + s2)(q2�s)t1 +2�++ ln �t1m2 � sq2(s+ t2)2 + q2 + 3ss+ t2 � 1� 2(Lq � Ls) �� �1��2s2t2 + q4 + s2t1 � 1q2 � s��++2(q4+3s2) �6Lqs+3(L2s�L2q)+�2��3(q4�2sq2�s2)6(q2�s)t1 �� � sq2(s+ t1)2 � (q2 + 3s)s+ t1 �Lq � �23 ++ ss+ t1 + 12 + (t1 $ t2); (10)whereLqs = Li2�1� q2s � ; L1q = Li2�1� t1q2� :The Spen
e fun
tion L1q has a nonzero imaginary part,but we must take into a

ount only its real part in our
al
ulations,ReL1q = �26 � ln�� t1q2� ln�1� t1q2�� Li2� t1q2� :We also note that the 
oe�
ients Tg and Ti;k 
ontainthe terms involving t�21;2 and t�31;2 [22; 24; 29℄, but thesevanish in the quantity T .Integrating the pie
e of 
ross-se
tion (5) that 
on-tains the quantity T with respe
t to the tagged photonpolar angles, we obtaind�S+VTdq2 = � �2��2 �(q2)4E2 �� (1� z)FT (z; 
0)�(1� xm � z); (11)where the fun
tion FT (z; 
m) is given in Appendix Afor arbitrary values of the limiting angle �m. Here,we 
onsider the 
ase where �m = �0 and use the ap-proximation 1 � 
0 � 1, whi
h is su�
iently good for

�0 � 10Æ (pre
isely this 
ase is suitable for the blindzone of the KLOE dete
tor),(1� z)FT (z; 
0 ! 1) = 4 ln3 z3(1� z) ++ 2(1 + z2)1� z ln 1� zz ln2 z � (3� z) ln (1� z)2z ln z ++ 4(1� 2z)1� z ln z + 4(1� z) ln(1� z)�� 2 �3� z � 2(1 + z) ln 1� zz �Li2(1� z) ++ 81� z �Li3(1� z) + z2Li3�z � 1z ���� 5 + z � 2(1 + z2)1� z ln z ln2 1� 
02 ++ �1� z � 21� z � 2(1 + z2)1� z �� �ln (1� z)2z ln z + 2Li2(1� z)�� ln 1� 
02 : (12)The total virtual and soft 
orre
tion is the sum of (9)and (11).For the modi�ed form of the EMCAL 
alorime-ter, the expressions for � and F (z; 
0) in Eq. (9) andFT (z; 
0) in Eq. (11) must be 
hanged as�! �+ 4 ln ��2 ln 1 + 
l1� 
l ;F (z; 
0)! F (z; 
0)� F (z; 
l);FT (z; 
0)! FT (z; 
0)� FT (z; 
l); (13)where the expression given in Appendix A must be usedfor the fun
tion FT (z; 
l) at 
m = 
l:In 
al
ulating the virtual and soft 
orre
tions, wenegle
ted terms of the order �i; i = 1; 2 
ompared tounity. This a

ura
y implies the same relation betweenthe tagged photon energy ! and the squared di-pion in-variant mass q2 as in the Born approximation,! = E(1� z) (14)(provided that P� = 0); and it su�
es to guaranteethe one per 
ent pre
ision.4. HARD PHOTON EMISSION INSIDE THEBLIND ZONESele
tion rules (2) used here permit the radiationof an additional invisible photon inside the blind zone.For the eventse�(p1) + e+(p2)! 
(k1) + 
(k2) + �+��(q); (15)38
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anning of the e+e� ! �+�� 
ross-se
tion : : :one photon with the 4-momentum k2 hits the photondete
tor and the other photon (with the 4-momentumk1) is 
ollinear and es
apes it. It is obvious that re-lation (14) between the tagged photon energy and thesquared di-pion invariant mass is violated in this 
ase.To 
al
ulate the 
orresponding 
ontribution into ra-diative 
orre
tions analyti
ally, we start with using thequasireal ele
tron approximation for both the form ofthe 
ross-se
tion and the underlying kinemati
s. Phys-i
ally, this implies that we negle
t terms of the order1� 
0 � �20=2 and m2=E2�20 
ompared to unity. We re-
all that �20=2 � 0:02 for the KLOE dete
tor. In a

or-dan
e with the quasireal ele
tron approximation, thedi�erential 
ross-se
tion of pro
ess (15) 
an be writtenin the same form as for the in
lusive (untagged photon)event sele
tion [25℄,d�H = 2� �2��2 �(q2)4E2xP (x; L0)dx �� � (q2 � xu1)2 + (q2 � u2)2xu1u2 ��� !2 d!2 d
2�(!2 � !m); (16)P (x; L0) = 1 + x21� x L0 � 2x1� x ;L0 = ln E2�20m2 ; 
2 = 
os �2;x = 1� !1E ; u1 = �2k2p1; u2 = �2k2p2;where !2(�2) is the energy (the polar angle) of thetagged photon and !1 is the energy of the invisible
ollinear photon.The fa
tor (�=2�)P (x; L0)dx des
ribes the radia-tion probability of the 
ollinear photon by the initialele
tron, the fa
tor 2 a

ounts for the same 
ontribu-tion 
aused by the initial positron 
ollinear radiation,and the rest is in fa
t the 
ross-se
tion of pro
ess (1)with the redu
ed ele
tron 4-momentum (p1 ! xp1) atP� = 0:Our aim is now to derive the di�erential distribu-tion over the squared di-pion invariant mass q2; and itis 
onvenient to use the relation between q2 and 
2 inorder to avoid the integration over 
2 in the right-handside of Eq. (16). To disentangle the sele
tion rules andobtain the integration region, it is also useful to in-trodu
e the total photon energy 
 = !1 + !2 insteadof !2, q2 = 4E(E �
) + 2!1!2(1� 
2);d
2 ! dq22!1!2 ; d!2 ! d
2: (17)

Taking into a

ount that in terms of new variables,u1 = �4E2
z!1 ; u2 = �4E!1 [!1(
�!1)�E
z℄;
z = 
�E(1� z); (18)we 
an rewrite Eq. (16) asd�Hdq2 = 2� �2��2 �(q2)4E2 M(z; L0; !1;
)�� d!1d
E
z �(
� !1 � !m); (19)whereM(z; L0; !1;
) = �L0 � 4(L0 � 1)E
z!21 �� zE2L0(E � !1)2 + [2z � (1 + z)L0℄EE � !1 ++[2(1+z2)L0�4z�(1�z)2℄E2�(1�z)(
�2!1)E!1(
� !1)�E
z :(20)We note that although the term 
ontaining !21 in thedenominator 
an be negle
ted in the 
ase of the in
lu-sive event sele
tion [25℄, it is now important and even
ontributes to the 
an
ellation of the auxiliary infraredparameter �:We now �nd the integration region for the variables!1 and 
 determined by restri
tions (2) and by theinequalities�
m < 
2 < 
m; E� < !1 < 
�Exm (21)limiting the possible angles for the tagged non
ollinearphoton and the energies of the invisible 
ollinear pho-ton. Here, we do not require 1�
m to be small, bearingin mind a further appli
ation to the modi�ed EMCALsetup. The �rst restri
tion in (2) de�nes the maximumvalue of 
; the minimum value of 
 
an be obtainedfrom relation (17) at !1 = �E and 
2 = 
m,
max = E(1� z)�1 + �2� ;
min = E(1� z)�1 + �(1� 
m)2 � : (22)The 
ondition 
2 > �
m implies that!� < !1 < !+;!� = 
2 "1�s1� 8E
z
2(1 + 
m) # : (23)39
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hatnij, N. P. Merenkov ÆÝÒÔ, òîì 122, âûï. 1 (7), 2002Finally, the inequality 
2 < 
m 
an be formulatedas follows: if the values of 
 are su
h as
 < 

; 

 = E(1� z)�1 + (1� 
m)(1� z)8 � ;then !1 > !+ or !1 < !�;!� = 
2 "1�s1� 8E
z
2(1� 
m) # : (24)The 
onsistent 
ombination of the set of inequalities(21)�(24) for !1 and 
 de�nes the integration region.In general, this region depends on the di-pion invariantmass through z; it is shown in Fig. 3, where we use thenotation 
� = E(1� z)(1 +�);
x = E(1� z) �1 + (1� 
0)xmy)2(1� z) � ;y = 1� z � xm: (25)This region di�ers from the 
orresponding region forthe in
lusive event sele
tion [25℄.We note that in the 
al
ulation, we 
ontrolled ouranalyti
al integration by means of the numeri
al one.This allowed us to 
on
lude that in the 
ase wherez < z
 = 1� 4�1� 
m ;the 
ontribution of the top region in Fig. 3a is small,and we ex
luded it from 
onsideration. Although theregions in Figs. 3b and 
 are di�erent, the respe
tive
ontributions to 
ross-se
tion (19) have the same ana-lyti
al form.The list of the integrals that are reguired in both
ases, z < z
 and z > z
, is given in Appendix B. Usingthese integrals, we write the 
ontribution of the addi-tional hard photon emission inside blind zone to theradiative 
orre
tions asd�Hdq2 = � �2��2 �(q2)2E2 �� [G� ln� + P (z; L0)Gp + L0G1 +G0℄ : (26)If the tagged photon is dete
ted in the angular region� � �0 > � > �0; the 
oe�
ients Gi(i = �; p; 1; 0) aregiven byG� = 4(L0�1) �1�z+1+z21�z l0� ; l0 = ln �204 ; (27)

Gp = � ln2 (1� z)�2(1� z � xm)xm � 2 ln 1� zxm �� ln 4(1� z)xm�2 � 4Li2� xm1� z�+ �2 �� 2l0 ln (1� z)(1� z � xm)�2xm ; (28)G1 = xm �2 +�1 + 1z + xm� ln 1� zxm ��� 2(1� z)�2 ln �2 + 3�++ (2z + xm)� 1z + xm � 1����l0 + ln 2(1� z � xm)� �� (1 + z)�� �12 ln2 z � ln z ln xm1� z � ln(z + xm) ���1� l0 � ln 2xm(1� z)��+ Li2(1� z) ++Li2 ��xmz �� Li2(z + xm) + �26 � ; (29)G0 = ��23 (2� 3z) + 4(1� z)�1 + ln �2�++ 2z �12 ln2 z � ln z ln xm1� z + ln(z + xm) ���l0 + ln 2xm(1� z)��++ Li2(1� z) + Li2 ��xmz �� Li2(z + xm)i++ (1� z) �ln2 2(1� z � xm)xm(1� z)� ++ ln 1� zxm ln 4(1� z)xm�2 + 2l0 ln (1� z � xm)�2 ++ 2Li2� xm1� z�+ Li2� (1� z)�2(1� z � xm)xm�� ; (30)where we pass to the limit 1� 
0 � 1 and take into a
-
ount that only the regions in Figs. 3b and 
 
ontributein this limiting 
ase.To des
ribe the 
ontribution into radiative 
orre
-tions 
aused by the double hard photon emission withthe tagged photon in the range � � �0 > � > � � �l,�l > � > �0; whi
h 
orresponds to the modi�edEMCAL setup, we must evaluate the di�eren
ed�Hdq2 (�m = �0)� d�Hdq2 (�m = �l): (31)We have40
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anning of the e+e� ! �+�� 
ross-se
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Fig. 3. The integration region for the 
ontribution of the hard photon emission inside the blind zone in the regions z < z
 (3a),z
 < z < 1� 2xm (3b), and 1� 2xm < z < 1� xm (3
). We negle
t the 
ontribution of the top pie
e in Fig. 3a, whi
h isjusti�ed by numeri
al 
ontrold�HMdq2 = � �2��2 �(q2)2E2 �(G� �Gl�) ln�++P (z; L0)(Gp�Glp)+L0(G1�Gl1)+G0�Gl� ; (32)where the expressions for the fun
tions Gli are given inAppendix C.In this 
ase, there also exists an additional regionwhere the radiation of the hard photon at large angles
an 
ontribute. It 
overs polar angles from �l up to� � �l: We take only one pie
e of the 
orresponding
ontribution into a

ount (the one that is proportionalto ln�) and write it as [24℄d�LMdq2 = d�Bldq2 �2� 4 ln 1� ln 1 + 
l1� 
l ; (33)where d�Bl =dq2 is de�ned by Eq. (5). The remaining
ontribution is small be
ause of restri
tion (2) and weexpe
t that it is parameteri
ally equal to ��=2�l0 rel-ative to the Born 
ross-se
tion.5. THE TOTAL RADIATIVE CORRECTIONThe total radiative 
orre
tion to the 
ross-se
tionof the initial-state radiation pro
ess (1) with the �+��hadroni
 �nal sate is de�ned by the sum of the 
ontri-butions 
aused by the virtual and real soft photon emis-sion and by the radiation of the hard 
ollinear photoninside the blind zone of the KLOE dete
tor. In 
al
ulat-ing the radiative 
orre
tion, we suppose that P� = 0,be
ause the 
orresponding e�e
t due to the non-head-on 
ollision of beams 
annot be greater than 10�3 atthe radiative 
orre
tion level. It is easy to see that theauxiliary infrared 
ut-o� parameter� vanishes for bothforms of the EMCAL 
alorimeter. If �� �0 > � > �0 itenters this sum in the 
ombination

� �2��2 �(q2)2E2 �� ln���4(Ls�1)+4 ln 1�
01+
0 �F (z; 
0)+G�� ; (34)where the expression inside the 
urly bra
kets vanishesin the limiting 
ase where 1�
0 � 1, whi
h was used in
al
ulating G�: We 
an therefore write the analyti
alexpression for the derived radiative 
orre
tion asd�RCdq2 = d�Bdq2 ÆRC ; ÆRC = �2� VF (z; 
0) ; (35)V = ~�F (z; 
0) + 12(1� z)FT (z; 
0) ++ P (z; L0)Gp + L0G1 +G0; (36)where d�B=dq2 is de�ned by Eq. (4) at P� = 0, ~�is � without the terms 
ontaining ln�, and the limit1�
0 � 1 must be taken for the fun
tions F (z; 
0) andFT (z; 
0):For the modi�ed EMCAL 
alorimeter, the expres-sion in the 
urly bra
kets in (34) is repla
ed by4��Ls � 1 + ln (1� 
0)(1 + 
l)(1 + 
0)(1� 
l)��� ln 1 + 
l1� 
l � L0 + 1� [F (z; 
0)� F (z; 
l)℄ ; (37)where the terms in the square bra
kets 
orrespond tothe 
ontribution of the virtual and soft photon emissionand the remaining terms are 
aused by the large-angle(larger than �l) and small-angle (smaller than �0) hardphoton radiation.The total radiative 
orre
tion 
an then be written as41
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1
2

a
0 0.2 0.4 0.6 0.8 1.0

z

δ
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−0.20

12
b

0 0.2 0.4 0.6 0.8 1.0

z

δ
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−0.20

−0.22

−0.24

−0.26

−0.14

Fig. 4. Trends in the z dependen
e of the quantity ÆRC de�ned by Eq. (35) under the variation of the physi
al parameters�0 and xm: a � �0 = 10Æ, xm = 0:098 (1 ); �0 = 5Æ, xm = 0:098 (2 ); b � �0 = 7:5Æ, xm = 0:039 (1 ); �0 = 7:5Æ,xm = 0:098 (2 ). All 
urves are 
al
ulated at � = 0:02, �1 = 0:002, and �2 = 0:0121a0 0:2 0:4 0:6 0:8 1:0z

ÆRC�0:16�0:18�0:20�0:22�0:24�0:26
�0:14 21

b0 0:2 0:4 0:6 0:8 1:0z

ÆRC
�0:26�0:24�0:22�0:20�0:18�0:16�0:14�0:12

Fig. 5. In�uen
e of the physi
al parameters �, �1, and �2 on the z dependen
e of ÆRC : The minimum energy of the taggedphoton is 50 MeV (xm = 0:098); a � �0 = 7:5Æ, � = 0:02, �2 = 0:01, �1 = 0:002 (1 ) 0.01 (2 ); b � �0 = 7:5Æ, � = 0:03,�2 = 0:015, �1 = 0:002 (1 ) 0.015 (2 )ÆRCl = �2� VM[F (z; 
0)� F (z; 
l)℄ ; (38)VM = ~�M [F (z; 
0)� F (z; 
l)℄ + 1� z2 �� [FT (z; 
0)� FT (z; 
l)℄ + P (z; L0) �Gp �Glp�++L0 �G1�Gl1�+G0�Gl0;~�M = ~�+4 ln�2 ln 1�
l1+
l : (39)To identify trends in the behavior of the radiative
orre
tion, we study its dependen
e on the physi
al pa-rameters that de�ne event sele
tion rules (2), namely� and xm, and the dependen
e on the opening angle of

the blind zone �0 and the respe
tive sensitiveness �1and �2 of the QCAL and EMCAL 
alorimeters.The results for ÆRC given by Eq. (35) are shown inFigs. 4 and 5. As was expe
ted, the radiative 
orre
tionis large and negative be
ause the positive 
ontribution
aused by the real photon radiation 
annot 
ompen-sate the negative one-loop 
orre
tion. This e�e
t in-tensi�es be
ause the �rst inequality in (2) de
reasesthe phase spa
e of the additional invisible real photon.The absolute value of radiative 
orre
tion depends on zand 
hanges from 14% near the �+�� pair produ
tionthreshold to 25% at the maximum possible squared di-pion invariant mass. In the more interesting region ofthe � resonan
e (0:5 < z < 0:7), it amounts to about42
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21a0 0:2 0:4 0:6 0:8 1:0z

�0:14�0:16�0:18�0:20�0:22�0:24�0:26�0:28
ÆRCl

21b0 0:2 0:4 0:6 0:8 1:0z
�0:12�0:14�0:16�0:18�0:20�0:22�0:24�0:26�0:28

ÆRCl

Fig. 6. The z dependen
e of ÆRCl de�ned by Eq. (38) at di�erent values of �0 and xm: a � �l = 40Æ, xm = 0:098,�0 = 10Æ (1 ), 5Æ (2 ); b � �0 = 7:5Æ, �l = 40Æ, xm = 0:039, (1 ), 0.098 (2 )14�20%.The main pe
uliarities in the behaviour of the ra-diative 
orre
tion are related to the 
hange of the pos-itive 
ontribution 
aused by the radiation of an addi-tional invisible hard photon. If the limiting angle �0de
reases, the absolute value in
reases be
ause the in-visible photon angular phase spa
e is then 
ompressed.Conversely, the de
rease of the minimal energy of thetagged photon leads to an expansion of the energyphase spa
e of the invisible photon at a �xed value of
 (see Fig. 3), and therefore, to a de
rease of the abso-lute value. A similar e�e
t o

urs as the parameter �grows. But the total energy 
 of both the tagged andthe invisible photons then in
reases, and the absolutevalue de
reases as in the previous 
ase.The 
hange of the parameters �1 and �2 a�e
tsthe energy phase spa
e of an additional real invisiblesoft photon inside the KLOE 
alorimeters. If these pa-rameters are in
reased, the 
orresponding phase spa
eexpands and the absolute value de
reases.The total �rst-order radiative 
orre
tion ÆRCl for themodi�ed EMCAL setup is shown in Fig. 6. Near thethreshold, it is somewhat smaller than ÆRC in the abso-lute value, but it grows more rapidly with the in
reaseof z:Our 
al
ulations are restri
ted by 
onsidering onlythe �rst-order 
orre
tion to the Born 
ross-se
tion. Buta large value of the absolute value requires evaluatingthe e�e
ts of higher-order QED 
orre
tions to 
larifythe question of whether our approximation su�
es toprovide the one per 
ent a

ura
y even in the regionof the � resonan
e. We hope to 
al
ulate these e�e
tselsewhere.

6. CONCLUSIONSThe radiative return method with tagged photonso�ers a unique opportunity for a measurement of thetotal hadroni
 
ross-se
tion �(e+e� ! hadrons) over awide range of energies. The de
rease of the event num-ber is easily 
ompensated by a high luminosity of thenew ele
tron�positron 
olliders. Of a parti
ular inter-est are the experimental e�orts at low and intermediateenergies be
ause they are mandatory for the future ofthe ele
troweak pre
ision physi
s.Su

ess of the pre
ision studies of the hadroni

ross-se
tion through the measurement of radiativeevents relies on the mat
hing level of reliability of thetheoreti
al expe
tation. The prin
ipal problem is theanalysis of radiative 
orre
tions to the initial-state ra-diative 
ross-se
tion at realisti
 
onditions as regardsthe event sele
tion. In the present work, we have de-veloped the approa
h proposed in Ref. [24℄ for a high-pre
ision analyti
al 
al
ulation of the e+e� ! �+��
hannel 
ontribution to the hadroni
 
ross-se
tion.This 
hannel dominates in the range below 1 GeV be-
ause of the radiative return on the � resonan
e andthe 
orresponding 
ontribution 
an be measured witha high-pre
ision at the DA�NE a

elerator with themultiple-purpose KLOE dete
tor [26℄.Our 
al
ulations in
lude the analysis of the e�e
tsrelated to non-head-on 
ollision of beams and the �rst-order radiative 
orre
tion. We have demonstrated thatat the Born level, the non-head-on e�e
ts do not ex
eedseveral per mille. To derive the radiative 
orre
tion,we negle
ted this e�e
ts and also applied the quasi-real43



M. I. Kon
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tron method [28℄ to des
ribe events with two hardphotons, one tagged by the KLOE 
alorimeters and theother invisible inside the blind zone. This approa
h hasallowed us to analyti
ally disentangle realisti
 restri
-tions related to the event sele
tion rules and the KLOEdete
tor geometry. The �rst-order QED radiative 
or-re
tion obtained in this way is negative and large in theabsolute value. We investigated the main trends in itsbehaviour at the variation of the physi
al parametersthat de�ne experimental restri
tions on event sele
tion;we 
on
lude that the higher-order 
orre
tions must beevaluated in order to ensure the one per 
ent a

ura
yrequired for the theoreti
al predi
tions.

APPENDIX AHere, we give the exa
t result of the analyti
al an-gular integration of the quantity T (see Eq. (8)) withrespe
t to the tagged photon polar angles at arbitraryvalues of the limiting angle �m and the squared di-pioninvariant mass, 
mZ�
m Td
 = 2FT (z; 
m); (A.1)
(1� z)FT (z; 
m) = �21 + z21� z ln z ln2 1� 
m2 + T1(z; 
m) ln 1� 
m2 + T0(z; 
m);whereT0(z; 
m) = 43(1� z) ln3 z + 2
m �z � 52 + (1� z)[�4z ln z + ((1� 
2m)(1� z2) + 8z) ln(1� z)℄[1 + 
m + (1� 
m)z℄[1� 
m + (1 + 
m)z℄ ++ 3� 6z + z21� z ln z�+ 2[2� 
m(1� z)℄ ��1 + ln 1 + 
m2 � ln�1� (1� 
m)(1� z)2 �++ Li2 �� (1 + 
m)(1� z)2z ��� 2[2 + 
m(1� z)℄�� �ln�1� (1 + 
m)(1� z)2 � ln 1� zz + Li2�� (1� 
m)(1� z)2z ��++ 4(1� z)
mLi2��1� zz �+ 4(1 + z2)1� z ln 1� zz �� �Li2�� (1� 
m)(1� z)2z �� Li2�� (1 + 
m)(1� z)2z ��++ 81� z �2 ln zLi2 �1� 
m2 �+ ln 1� zz �� �Li2� (1� 
m)(1� z)2 �� Li2� (1 + 
m)(1� z)2 ���� z2 �Li3�� (1� 
m)(1� z)2z �� Li3�� (1 + 
m)(1� z)2z ���Li3�� 1� 
m(1 + 
m)z�+ Li3�� (1� 
m)z1 + 
m �� Li3� (1� 
m)(1� z)2 �+ Li3� (1 + 
m)(1� z)2 �++5+ z24 ln z ln2 1 + 
m2 �+ 21� z ln 1 + 
m2 ����2z2 ln2 z � (3� z)(1� z) ln z + 1+ 2z � z22 + 2(1 + z2) �� �ln z ln(1� z)� Li2�� (1 + 
m)(1� z)2z ��++ 4Li2� (1� 
m)(1� z)2 �+ 2(1� z2)Li2��1� zz �+ (1� z)2(1 + 
m) 3 + 
m + (1� 
m)z1 + 
m + (1� 
m)z� ; (A.2)44
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anning of the e+e� ! �+�� 
ross-se
tion : : :T1(z; 
m) = 21�z �2z2 ln2 z+(3�z)(1�z) �� ln z � 1 + 2z � z22 � 2(1 + z2)�� �ln z ln(1� z)� Li2�� (1� 
m)(1� z)2z ���� 4Li2� (1 + 
m)(1� z)2 �� 2(1� z2)Li2��1� zz ��� (1� z)[2 + 
m(1� z)℄ ln�1� (1 + 
m)(1� z)2 ���(1� z)2(1� 
m)3� 
m + (1 + 
m)z1� 
m + (1 + 
m)z� : (A.3)We here use the standard notation for the Spen
e fun
-tionsLi2(x) = � 1Z0 dtt ln(1�xt); Li3(x) = 1Z0 dtt ln t ln(1�xt):If we assume that 
m = 
0, 1 � 
0 � 1, the result inEq. (12) is re
overed.APPENDIX BIn the 
ase where z > z
, the integration region forthe double hard photon emission is shown in Figs. 3band 
 and the 
orresponding di�erential 
ross-se
tionis de�ned by Eq. (19). The list of the ne
essary in-tegrals is de�ned by expansion (20) of the quantityM(z; L0; !1;
) and is given byI1 = Z d!1d
E
z = y �2� ln y(1� 
m)� ��� xm ln 1� zxm ;y = 1� z � xm; (B.1)
I2 = Z d!1d
(E � !1)
z = �26 + 12 ln2 z ++ ln(z + xm) ln (1� 
m)xm�(1� z) + ln z ln 1� zxm ++ Li2 ��xmz �+ Li2(1� z)� Li2(z + xm); (B.2)I3 = Z E d!1d
(E � !1)2
z = � xmz(z + xm) ln 1� zxm �� 1 + zz ln(z + xm)� yz + xm ln (1� 
m)y� ; (B.3)

I4 = Z (
� 2!1)d!1d
[!1(
� !1)�E
z℄
z == �26 � 12 ln2 1 + 
m2 �� ln 1� 
m1 + 
m ln xmy�2(1� z)�2 �� 12 ln2 2xmy(1� z)� � Li2�1� 
m2 ��� Li2� (1� z)�2xmy � ; (B.4)I5 = Z (1� z)E d!1d
[!1(
� !1)�E
z℄
z == �22 � 4y1� z � 2Li2� xm1� z��� 2(1 + 
m)1� 
m �ln 1 + 
m2 � ln� 21� 
m � xm1� z�++ ln�1 + 
m1� 
m + xm1� z��++ ln 1� 
m1 + 
m ln 2�2xmy(1� z)� � 12 ln2 2y� �� 32 ln2 1� zxm + ln 1� xxm ln y�2x2m ++ Li2�y(1� 
m)2(1� z) �� Li2�� y(1� 
m)(1 + 
m)(1� z)�++Li2�� xm(1�
m)(1+
m)(1�z)��Li2�xm(1�
m)2(1�z) � ; (B.5)I6 = Z d!1d
!21 = (1� z)2 �� �2(1� 
m ln�)� (1 + 
m) ln 1 + 
m� �� (1� 
m)�ln y + xm1� z�� : (B.6)In 
al
ulating these integrals, we negle
ted terms ofthe order x2m and (1� 
m)xm 
ompared to unity; theseterms are of the same order as the parameter �:In the 
ases wherez < 1� 4�1� 
m ;we must integrate over the region shown in Fig. 3a. Asmentioned above, the 
ontribution of the top pie
e ofthis region, where
�Exm > !1 > !+;is small (about 1�2%) 
ompared to the bottomone and 
an be negle
ted. This approximation is suf-�
ient to provide the one per 
ent a

ura
y of radiative45
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orre
tion. We use the notation Ji, similarly to Ii, tolabel separate integrals over this region,J1 = I1 + LK � 2(K+ �K�);K� = 12  1�s1� 4�(1� 
m)(1� z) ! ;LK = ln K+K� ; (B.7)J2 = I2� ln zLK+Li2((1�z)K�)�Li2((1�z)K+)�� Li2�� (1� z)K�z �+ Li2�� (1� z)K+z � ; (B.8)J3 = I3 + 1� zz LK � 1 + zz ln z + (1� z)K+z + (1� z)K� ; (B.9)J4 = I4+ln 1�
m2 �ln 1�
m2 �12 ln 1�
m1+
m� ; (B.10)J5 = 2 ln 1� 
m1 + 
m ln� + �26 + 2Li2(K�)� 4K� ++ 12 ln2 1� 
m1 + 
m � 2 ln(1� z) ln 1� 
m1 + 
m �� 12 ln2 (1� 
m)�2(1 + 
m)(1� z) �� 12 ln (1 + 
m)2�4(1� 
m)(1� z)LK + lnK� lnK+ +

+ 2(1 + 
m)1� 
m ln 2(1 + 
m + (1� 
m)K�)(1 + 
m)(1 + 
m + (1� 
m)K+) ++ Li2�� (1� 
m)K+1 + 
m ��� Li2�� (1� 
m)K�1 + 
m �+ Li2�� (1� 
m)K�2 ��� Li2�� (1� 
m)K+2 � ; (B.11)
J6 = I6 + (1� z)(1� 
m)2 �ln (1� z)(1� 
m)� �� xm1� z � 2 lnK+ � 2(K+ �K�)� : (B.12)

APPENDIX CIn this Appendix, we give the analyti
al form of thefun
tions Gli for arbitrary values of the limiting taggedphoton angle �l: The only 
ondition on �l used in Ap-pendix B is that (1� 
l)xm � 1:This restri
ts �l by the values about 45Æ: With the ex-
eption of Gl�, the fun
tions Gli are di�erent for z > z
and z < z
: In the �rst 
ase, we haveGl�(z > z
) = 4(L0 � 1) �
l(1� z) + 1 + z21� z ln 1� 
l1 + 
l � ln�; (C.1)Glp(z > z
) = �2 ln 1� 
l1 + 
l ln (1� z)y�2xm � ln2 xm�2(1� z)y � 2 ln 1� zxm ln (1� z)xmy2 + �2 � 8y1� z �� 4(1 + 
l)1� 
l ln (1 + 
l)[(1� 
l)(1� z) + xm(1� 
l)℄2[2(1� z)� xm(1� 
l)℄ � 4Li2� xm1� z)�+ 2Li2� (1� 
l)y2(1� z) ��� 2Li2� (1� 
l)xm2(1� z) �+ 2Li2 �� (1� 
l)xm(1 + 
l)(1� z)�� 2Li2� (1� 
l)y(1 + 
l)(1� z)� ; (C.2)Gl1(z > z
) = xm �2(2� 
l) + 1 + z + xmz + xm ln 1� zxm �+ 2(1� z) �(1� 
l) ln y � (1 + 
l) ln 1 + 
l� � 3�++ y(2z + xm)z + xm ln (1� 
l)y� + (1 + z) �ln 1� zxm ln z + xmz + ln(z + xm)�1� ln 1� 
l� �++Li2�z � 1z �� Li2 ��xmz �+ Li2(z + xm)� �26 � ; (C.3)46
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anning of the e+e� ! �+�� 
ross-se
tion : : :Gl0(z > z
) = �23 (3z � 2)� 2xm(3� 
l)� 2z �ln 1� zxm ln z + xmz � ln(z + xm) ln 1� 
l� ��Li2�z � 1z �+ Li2��xmz �+ Li2(z + xm)�+ (1� z) �8 + 12 ln2 1 + 
l2 � ln2 1� 
l1 + 
l++ ln2 (1� 
l)�2(1 + 
l)y + 4y ln 1� 
l1 + 
l + 2 ln 1� zxm ln 1� zy � 2(1� 
l) ln y + Li2 �1� 
l2 �+ 2Li2� xm1� z�++ Li2� (1� z)�2yxm �+ Li2� (1� 
l)xm2(1� z) �� Li2� (1� 
l)y2(1� z) �� Li2�� (1� 
l)xm(1 + 
l)(1� z)�++Li2�� (1� 
l)y(1 + 
l)(1� z)�+ 21 + 
l1� 
l �ln (1 + 
l)[(1� 
l)(1� z) + xm(1� 
l)℄2[2(1� z)� xm(1� 
l)℄ � ln 1 + 
l� �� : (C.4)In the 
ase where z < z
, the 
orresponding fun
tions Gli are given byGlp(z < z
) = �23 � 8K� � ln2 �2(1� z) � 2 ln 1� 
l1 + 
l ln �(1� z)2 + 2 lnK+ lnK� �� ln (1 + 
l)2�4(1� 
l)(1� z)LK + 4(1 + 
l)1� 
l ln 2[1 + 
l + (1� 
l)K�℄(1 + 
l)[1 + 
l + (1� 
l)K+℄ + 2Li2� (1� 
l)K�2 ��� 4Li2(K�)� 2Li2� (1� 
l)K+2 �+ 2Li2�� (1� 
l)K+1 + 
l �� 2Li2�� (1� 
l)K�1 + 
l � ; (C.5)Gl1(z < z
) = 2xm(3� 2
l) + 2� y1� y �xm ln 1� zxm + y ln y(1� 
l)� �++ 2(1� z) �(3� 2
l)(K+ �K�)� 3� (2� 
l)LK + (1� 
l) ln y + (1 + 
l) ln 1 + 
l� �++ (1 + z) ���26 +�1 + ln (1� z)�(1� 
l)xm� ln(z + xm)+ ln z�Lk � ln 1� zxm �+ ln z + (1� z)K+z + (1� z)K� ++ Li2�z � 1z �+ Li2(z + xm)� Li2 ��xmz �++ Li2� (z � 1)K�z �� Li2� (z � 1)K�z �+ Li2((1� z)K+)� Li2((1� z)K�)� ; (C.6)Gl0(z < z
) = �4xm(1� 
l) + (1� z) �6� �23 � 2(3� 2
l)(K+ �K�) + 12 ln2 (1� z)2yxm �� 2(1� 
l) ln y � 2(1 + 
l) ln 1 + 
l� + ln2 1� 
l2 � 2 ln 1� 
l1 + 
l ln 1� 
l2yxm + ln2 2(1� z)(1 + 
l)�(1� 
l) ++�2(1� 
l) + 12 ln (1 + 
l)2�4(1� 
l)(1� z)�LK � lnK+ lnK� � ln (1� z)2yxm ln 2(1 + 
l)(1� z)(1� 
l)� �� 2Li2(K�)� Li2� (1� 
l)K�2 �+ Li2 � (1� 
l)K+2 �+ Li2�� (1� 
l)K�(1 + 
l) �� Li2�� (1� 
l)K+1 + 
l �++ Li2�1� 
l2 �+ Li2� (1� z)�2yxm �+ 2(1 + 
l)1� 
l ln (1 + 
l)[1 + 
l + (1� 
l)K+℄2[1 + 
l + (1� 
l)K�℄ �++ 2z ��26 + ln (1� 
l)xm(1� z)� ln(z + xm)� ln z�LK � ln 1� zxm �++ Li2 ��xmz �� Li2�z � 1z �� Li2(z + xm) + Li2((1� z)K�)� Li2((1� z)K+) ++ Li2� (z � 1)K+z �� Li2� (z � 1)K+z �� : (C.7)47
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