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It is shown that the combined mechanism of multiphonon light scattering in polar semiconductors 
involving free electron-hole pair states (exciton states of the continuous spectrum) and 
exciton states of the discrete spectrum as intermediate states of the system leads to significant 
enhancement of the scattering efficiency in a strong magnetic field and to outgoing 
excitonic resonance. Taken separately, each of these mechanisms leads either to enhancement of 
the scattering efficiency in the presence of a strong magnetic field (in the case of free 
electron-hole pairs) or to outgoing excitonic resonance at the frequency of the exciton energy 
gap (in the case of discrete excitons). O 1996 American Institute of Physics. 
[S 1063-7761 (96)01709-XI 

1. INTRODUCTION 

The multiphonon resonant Raman spectra of bulk semi- 
conductor compounds (CdS, CdSe, ZnO, ZnS, ZnSe, ZnTe, 
Gap, InAs, InBr, and InI) exhibit so-called outgoing exci- 
tonic resonance, i.e., an increase in the scattering intensity 
when the frequency of the scattered light ws=ol-Nwm 
approaches the value we,, that corresponds to the energy of 
the exciton ground state (w, is the frequency of the exciting 
light, o , ~  is the frequency of longitudinal optical (LO) 
phonons, and N is the number of LO phonons emitted). 
Hence, it follows that the theory of multiphonon resonant 
Raman scattering should take into account the exciton states 
(of the discrete spectrum) as intermediate states in the light 
scattering process. However, a theory which utilizes only 
exciton states of the discrete spectrum predicts a rapid de- 
crease in the scattering efficiency with increasing N, if the 
decay of these discrete exciton states with a transition to the 
continuum (exciton states of the continuous spectrum) is 
taken into account. Such a result, however, is not consistent 
with experiment, where up to 20 phonon replicas have been 
observed (N = 9 for CdS, N= 20 for In1 and InBr). 

Multiphonon resonant Raman scattering via exciton 
states of the discrete spectrum can be described as follows: 
an incident photon creates a hot Wamier-Mott exciton by 
means of an indirect transition with the emission of an opti- 
cal (LO) phonon. Then the exciton successively emits N-2 
LO phonons, decreasing its energy by hwm in each step of 
the cascade process. The process ends with indirect recom- 
bination of the exciton accompanied by the emission of the 
last LO phonon and a quantum of secondary radiation 
fro, . The scattering cross section u? for this process is 

proportional to the first power of the Frijhlich constant cu of 
the electron-phonon interaction for arbitrary scattering order 
N. An increase in N by unity leads to the appearance of the 
factor y, 1 ye,, , where ye,,-- ys + yd is the total reciprocal 
lifetime of the exciton, yd and y, are the probabilities of 
scattering into the continuum (exciton decay) and into a dis- 
crete state, respectively. It has been shown that when 
me9mh,  where m, (mh) is the electron (hole) effective 
mass, this factor amounts to y l e X c - - I ,  while 
y, 1 yeXc9 1 when me=mh . The factors ys 1 ye,,< 1 accumu- 
late as N increases, and this should have resulted in a rapid 
decrease in the cross section a? . In such a case a theory of 
multiphonon resonant Raman scattering that takes into ac- 
count only exciton states of the discrete spectrum as inter- 
mediate states cannot describe scattering processes of high 
order with respect to N. 

On the other hand, the efficiency of multiphonon reso- 
nant Raman scattering that takes into account only uncorre- 
lated electron-hole pair states as intermediate states does not 
contain any decreasing parameter. It is qualitatively clear 
that a negligibly small value of yd in the probability of the 
cascade process via electron-hole pairs protects the cross 
section from a rapid decrease with increasing N. The cross 
section ugHP is proportional to a3 for N 2 4. However, this 
mechanism cannot account for the strong outgoing resonance 
at o, = we,, . 

A combined scattering mechanism involving states of 
electron-hole pairs (the exciton continuum) and discrete en- 
ergy states of Wannier-Mott excitons was recently proposed 
in Ref. 1 to explain the observation of both high-order pho- 
non replicas and outgoing excitonic resonance. 

The importance of taking into account the states of the 
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exciton continuum also follows from the theory of the mono- 
molecular creation of discrete excitons from hot electron- 
hole pairs. In the monomolecular process a discrete exciton 
is created by a hot electron and a hot hole, which are created 
simultaneously in a photon absorption event and subse- 
quently maintain their spatial correlation until the last step of 
the process, in which they bind to form an exciton after 
cooling as a result of the emission of several LO phonons. 
The initial steps in the direct creation of a hot electron-hole 
pair followed by the emission of N- 1 phonons are the same 
as in multiphonon resonant Raman scattering involving free 
electron-hole pairs. 

We have shown2 that the strong outgoing excitonic reso- 
nance in multiphonon resonant Raman scattering in polar 
semiconductors occurs because the high-energy intermediate 
electron states are exciton states of the continuous spectrum 
(states of the exciton continuum); the electron-hole pairs 
bind to form excitons (exciton states of the discrete spec- 
trum) only in the last step of the light scattering process. The 
electron-hole pairs cooled as a result of the emission of LO 
phonons bind to form excitons, whose energy is no longer 
sufficient for decay into electron-hole pairs with the emis- 
sion of LO phonons. 

The high probability of exciton decay (transitions to the 
continuum) strongly inhibits attributing the experimentally 
observed outgoing excitonic resonance to multiphonon reso- 
nant Raman scattering involving only bound excitonic inter- 
mediate states. Below, we analyze the influence of a strong 
magnetic field on the monomolecular mechanism for creat- 
ing a "cold exciton" from pairs created by light and on 
outgoing excitonic resonance. Although they lose energy, 
electron-hole pairs maintain their spatial correlation when 
they interact with LO phonons. 

2. WAVE FUNCTION OF AN EXClTON IN A MAGNETIC 
FIELD 

The main contribution to Nth-order multiphonon reso- 
nant Raman scattering comes from processes represented in 
Figs. l(a) and l(b) with one or two excitonic intermediate 
states in the last step of the process. Only these contributions 
correspond to cascade transitions, in which the bound exci- 
ton states cannot undergo transitions to continuum states 
with the emission of LO phonons. It will be assumed below 
that the hole effective mass is considerably greater than the 
electron effective mass, i.e., mh%me , and that the hole en- 
ergy is consequently small, so that all phonons emitted by 
electron-hole pairs before they bind to form an exciton are 
emitted by the electron. 

We consider only the ground state ( n  = 0 )  of an exciton 
in a strong magnetic field. The gauge of the vector potential 
of the external constant uniform magnetic field is chosen in 
the form A= A(0,  xH, 0 ) .  The wave function of an exciton, 
which depends on its exciton wave vector K ,  has the 

where a ,  = d m ,  L:(x) is an associated Laguerre poly- 
nomial, and r , ( ~ , ) =  ( ~ ~ I H ) ( H K , ) .  

The function QLKL can be written as the sum 

where 

and k l  ( k 2 )  is the wave vector of the electron (hole). It can 
be shown that the right-hand sides of the expressions for 
qlKl in (1) and (2) are exactly equal to one another. 

The longitudinal part of the exciton wave function from 
(1) can be written in the form 

where ( ( r )  is a certain function for which t ( r = O ) =  1. The 
constant 3 is given by the normalization condition 

The coordinates of the electron (hole) are denoted by x l  , y ,  
(x2  , y z ) ,  and the coordinates of the total and relative motion 
of the electron-hole pair are: 
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3. BASIC ELEMENTS OF THE DIAGRAM TECHNIQUE 

The exciton wave function defined in Ref. 3 transforms 
into the function (1) if the Landau gauge, rather than a sym- 
metric gauge of the vector potential, is chosen. The functions 
(2) and (4) were used in Ref. 2, the unimportant phase factor 
iC(Kx ,K,) being omitted, the function ((t) being taken in 
the form ((t) = exp(-&4), and 5 being equal to (2~)- ' I4 .  
We use the exciton wave function (1) to devise a diagram 
technique. We formulate the rules of the diagram technique1) 
for calculating the scattering tensor SayPx in the presence of 
a strong magnetic field. The intermediate states of the system 
are taken into account in the form of Wannier-Mott excitons 
in the internal ground state. 

1. A contour consists of two segments of a single 
straight line. The vertices of the interaction with light labeled 
(Y and y, are located on the left-hand segment, and the ver- 
tices labeled P and y are located on the right-hand segment. 

2. Wave vectors K! ( K , )  are associated with the photon 
lines, i.e., the dotted lines. We set K/=  ~ ~ 2 1 0 .  

3. Electron (solid) lines are located above the contour 
line, and Hole lines are located below it. The indices n, 
k,, and k, are associated with them. 

4. Solid exciton lines lie on the contour line. The wave 
vector K  is associated with the exciton lines. Phonon lines 
are dashed. The wave vector q is associated with them. 

We write out the factors corresponding to the vertices on 
the left-hand segment of the contour C ,. 

5. An unfilled point (vertex) into which a photon line 
enters and from which an electron line and a hole line 
emerge corresponds to a factor 

where e is the absolute value of the electron charge, mo is 
the free-electron mass, and p,, is an interband matrix ele- 
ment of the momentum operator. The indices n of the elec- 
tron and hole lines should coincide. 

An unfilled point (vertex) into which a K=O exciton 
line enters and from which a photon line emerges is associ- 
ated with a factor 

6. Filled points (vertices) denote interactions of the elec- 
tronic system with LO phonons. 

A vertex into which an electron (hole) line with indices 
n, k,, and k, enters and from which an electron (hole) line 
with indices n ' ,  ki and k: and q phonon line emerges is 
associated with a factor 

where the upper (lower) signs correspond to the electron 
(hole), 

EO (E,) is the static (high-frequency) dielectric constant, and 
K,,l(p)=K,,l(p, ,py) is defined by (1). 

7. A vertex into which a K exciton line enters and from 
which a q phonon line and a K' = K- q exciton line emerge 
corresponds to a factor - (ilh)Cexc, where 

the upper (lower) signs correspond to e (h) ,  

The vertex into which the electron line labeled 
n, ,kly , klz and the hole line labeled n2 ,k2, ,k2, enter and 
from which the K exciton line and the q phonon line emerge 
corresponds to a factor - (i/h)CEHP-exc, where 

where 
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FIG. 1. Two diagrams with one (a) and 
two (b) discrete excitonic intermediate 
states making the dominant contribution 
to the multiphonon resonant Raman scat- 
tering in the region of outgoing reso- 
nance. The filled points (vertices) corre- 
spond to an electron-phonon interaction, 
and the unfilled points (vertices) corre- 
spond to transitions between discrete 
states and transitions between discrete 
and continuum states. 

are the components of the wave vector for the relative mo- 
tion of the electron and the hole, and 

8. Vertices on the right-hand segment of the contour that 
are mirror images of vertices on the left-hand segment cor- 
respond to complex-conjugate quantities. 

When ((1) = exp(- It[), we have 

9. Vertical sections labeled j on the left-hand part of the 
contour (between the unfilled points) are associated with a 
factor 

where E j  is the sum of the energies of all the lines intersect- 
ing these sections and y, is the sum of the reciprocal life- 
times. 

On the right-hand side of the contour the section labeled 
j' corresponds to a factor 

( w l - ~ , ,  lh - i  yj1/2)-'. 

The energy of an electron line is 

and the energy of a hole line is 

where Eg= h u g  is the band gap of the semiconductor in the 
absence of a magnetic field, 

Each exciton line has energy Eexc(K, ,IK,I), which is 
measured from the ground-state energy of the crystal. The 
damping of an electron in the presence of a strong magnetic 
field is denoted by y,(n,lkzl), the damping of a hole is de- 
noted by yh(n,lkzl), and the damping of an exciton is de- 
noted by yex,(K, , I K , J ) .  The damping of phonons is ne- 
glected. 

10. The entire result is multiplied by 

4. BASIC DIAGRAMS 

Figures l(a) and l(b) display the diagrams which, under 
the condition mhS-me, make the main contribution to the 
scattering cross sections near the resonance 
~ o ~ = E ~ ~ = ~ o ~ ~ ,  where EIH=Eexc(KI=O, Kz=O). The 
diagram in Fig. l(a) describes a process in which all inter- 
mediate states except the last are free electron-hole pair 
states, and only the last (N+ 1)th intermediate state corre- 
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FIG. 2. Raman-scattering frequency intervals. 

sponds to an exciton. Figure l b  displays a diagram in which 
the last two intermediate states are exciton states. The num- 
bers of these states are N and N+ 1. 

The following approximations are used to calculate the 
contributions of the diagrams in Fig. 1. Assuming that 
mh+me, we set mi ' = O  and yh= o in the energy denomi- 
nators. We assume that p,-A- ', where A is the electron 
mean free path, which is restricted by the possibility of the 
emission of an LO phonon. Therefore, we assume that 

where K j  is the resonant value of the projection of the elec- 
tron wave vector onto the z axis (see below). We consider 
only the contributions of diagrams for which 

We calculate the tensor according to the same scheme as 
in Ref. 5. The scattering efficiency is expressed in terms of 
the light scattering tensor in the following manner: 

d 2 s  w:fwl n, 
-- - 7 -e,*,espely el*hSayph(~l 9 0 s  9 ~ 1  ,K,), dodw, c nl 

where Sayp, is the fourth-rank light scattering tensor, c is 
the speed of light in vacuum, nl (n,), el (e,), and K/ (K,) are 
the refractive index, the polarization vector, and the wave 
vector of the incident (scattered) light, respectively. For the 
contributions of the diagrams in Fig. 1 we obtain the result 

d2sNa(b) wsns ~ e l ~ c u 1 2 1 e s ~ c u ~ 2  -- - co- 
dodo, olnl mifi2 a( w1- w, - N%o) 

x [ ( ~ , - ~ I H ) ~  

+ ( Y ~ ~ C H ( O ) / ~ ) ~ I - ' ( ~ ~ ~ ) - ~ L N ~ ( ~ )  9 (8) 

where ao=(e2/moc2)2, yexcH(O) is the lifetime of an exci- 
ton in the ground state. The quantity L;J(,,, has the dimen- 
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sions of reciprocal length and various values for the contri- 
butions of the diagrams in Figs. l(a) and l(b). 

For the diagram in Fig. l(a) we have 

where the subscript /3 labels the "trajectory" that the elec- 
tron follows among the Landau bands, while successively 
emitting N- 1 phonons. Examples of such "trajectories" are 
shown in Fig. 2. The subscript /3 consists of the set of indices 
no, n l ,  . . . ,  nN-' of the Landau bands, and the set of 
indices i ,  i2 ,  . . . , iN- ,, each of which can take two val- 
ues: 0 and 1. The subscript 0 denotes the absence of turning 
of the electron as it moves along the z axis and emits an LO 
phonon, and the subscript 1 indicates turning of the electron. 
For example, in Fig. 2(a) n o = l ,  n l = 3 ,  n2=0,  il=O, 
i2=O; in Fig. 2(b) no=O, n I = 3 ,  n2= 1, i , =  1,  i2= 1. The 
following notation is used: 

are the values of the projection k ,  of the electron wave vector 
after the emission of j LO phonons according to the energy 
conservation law (see Fig. 2), E,H=E,q+fieH/2p~ is the 
band gap of the semiconductor in a strong magnetic field, 
p=m,mhlM, 
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and 

the upper minus sign corresponding to i= 0 (no turning) and 
the lower plus sign corresponding to i = 1 (turning). The su- 
perscript in indicates whether the direction of k, after the 
emission of N- 1 phonons coincides with its original direc- 
tion. It is easily seen that iN= 0 ,  if s is an even number, and 
iN = 1, if s is odd, where 

The overline on the right-hand side of (10) denotes averaging 
over the angles that specify the directions of the vectors 
91,. , 42~ , . . . ,%I-- lI in the xy plane, if 

-q2,.- . . . -*-11. 

The following notation is also used: 

If the reciprocal lifetime yj= ye(nj ,Kj) of the electron 
is defined by the emission probability of an LO phonon, 
according to Ref. 5 we have 

x~xO(lk,l.lk:l.~)+xl(lk,l.lk:l,x)l, (16) 

ki = Jk:+(2m,/h)[~,~(n-n ' )-  oLo. 

On the right-hand side of (16) only the indices for which 
k: is real are included in the sum over n' . If all the param- 
eters yo, yl  , . . . , yN- I are determined by the real emission 
of LO phonons, then, substituting (16) into (15), we obtain 
the expression for YNp presented in Ref. 5 (Eq. (134)), i.e., 

However, near the resonance point h ws = E h w l H  the 
emission of an LO phonon by an electron that has already 
emitted N- 1 phonons is impossible due to a lack of energy, 
and yN-, is determined by some other processes, so that we 
can set 

Y N - I = ~ ~ - ~ ,  rN-14yj ,  j = O ,  I , .  . . , N-2. 
(18) 

We then obtain 

where YN- I,p is determined from (17). The quantity AN@ 
(with dimensions of length) is defined as 

. .  . 
f i j ( ~ = ~ ) ,  fNp(z)= f l'"..'N-l (2). (20) 

For example, 

0, r>O, 
Y - ( t )  = 

e', K O .  

In the p-representation, for example, we have 

-iA2p)(1 - i ~ ~ ~ ) ] - ' .  (23) 

Finally, we use the notation 
CI 

CnO.nN-I  = [ ~o,0e2(allKO) + anN- ,0e2(allKN- 1) 

5. CONTRIBUTION OF THE DIAGRAM IN FIG. I b  

Before presenting the result for the contribution of the 
diagram in Fig. l(b) to the scattering efficiency, we interpret 
the notation E,,,(K, ,IK,/) for the exciton energy in the in- 
ternal ground state with the wave vector K, since the dia- 
gram in Fig. l(b) corresponds to the next-to-last intermediate 
state for which K # 0. We write the exciton energy as 
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Expressions for E(K,) in some limiting cases were pre- 
sented in Ref. 3, but we shall not use them, and we merely 
note that E(K, =O)= -AEIH is the binding energy of the 
exciton in the ground state in a strong magnetic field, and 
EIH=EgH-AEIH. 

Thus, for the contribution of the diagram in Fig. l(b) we 
obtain the result (8), where 

X dxe -,[ ?(allKZomh/M) - ~ ( a l l ~ z o m e / ~ ) ] 2  
~ 4 ( x + a i ~ ~ ~ / 2 ) 2 1 ~ z ~ ~ e x c ( x , ~ z ~ )  

Here we have introduced the integration variable x and the 
following notation: 

which is the absolute value of the projection of the exciton 
wave vector in the real intermediate (next-to-last) state of the 
crystal onto the z, and K,,, , which is the maximum value 
of K, permitted by the energy conservation law, i.e., the 
maximum value at which Kzo is real. As K, varies from zero 
to infinity, E(x) varies from - AE,, to zero;2) therefore, 
over the range 

we have xmaxt", and over the range 

K,,, and x,, are specified by 

fiol-EgH- ( N -  1)hwL0- E(K,,,). (28) 

We also introduce the notation 

where p denotes the set of indices 
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In (30) we introduced the integration variables 

The overline on the right-hand side of (30) denotes averaging 
over the angles that specify the direction of the vectors 
qll , q2,, . . . , %-,, , K, in the xy plane. The expo- 
nent p on the right-hand side of (32) is 

2 2 
Finally, ?'exc(x,Kzo) = yexc(K, ,Kzo), where x = aHK,/2. 

6. APPLICABILITY OF THE THEORY 

Let us first determine the permissible values of the fre- 
quency wl. We infer that AEH<fiwLO. For a given scatter- 
ing order N  we consider four ranges of wl , which we define 
as 

d)  wl>wgH+ NuLo. 

The widths of bands a and c are AEHlh, and the width of 
band b is wLo- AEH Ifi. The excitonic resonance point lies 
on the boundary between ranges b and c. Let us examine the 
applicability of (8) and (9) to the contribution of the diagram 
in Fig. ](a). The expressions are applicable if KN- I is real 
when nN- =O (see the definition (1 I)), i.e., in ranges b ,  c, 
and d. 

When nN = 0,  KN is imaginary in ranges b and c and real 
in range d. This means that the value of yN- is specified by 



Eq. (18), and Eq. (19) is applicable in ranges b and c ,  par- 
ticularly in the vicinity of the excitonic resonance. We shall 
show that the value of rN-' does not influence the result 
obtained for the contribution of the diagram in Fig. l(a) to 
the scattering efficiency. Let us consider the factor 
(YNBANB)-'  appearing on the right-hand side of (9). It can 
be shown that when yN- +rN- the value of A N p  , which 
is defined in (20), is proportional to the mean free path 

where PNp is a dimensionless quantity that depends on 
A o , A I , .  . . ,AN-2.  For example, for N = 2  we have2 

therefore, 

For N = 3 we have 

Assuming that A2-sL2, we obtain 

Using (19), (35), and (36), we obtain 

Thus, T N -  drops out of the final result and does not influ- 
ence its order of magnitude, Q.E.D. 

Let us next consider the limits of applicability of Eqs. 
(8) and (26) to the contribution of the diagram in Fig. 1 (b) to 
the scattering efficiency. These equations are applicable if 
KZo is a real number, i.e., in all four ranges a ,  b, c, and d.  In 
ranges b, c, and d, yN-2 is determined by the real emission 
of LO phonons, but in range a 

rNF2+rNP2,  rN-26 y j ,  j=0,1,. . . ,N-3, 

and r,-, does not appear in (26) for range a ,  as shown 
above. 

The behavior of the reciprocal lifetime yexc(K, ,Kzo) ,  
which appears in the denominator of (26), is very important 
for determining the contribution of the diagram in Fig. lb. 
This reciprocal lifetime of the exciton corresponds to its en- 
ergy, 

yexc(K, ,Kz0) is determined by the real probability of emis- 
sion of an LO phonon by the exciton, and is proportional to 
a. In the opposite case, in which 

the real emission of an LO phonon by the exciton is impos- 
sible, and yex,(K, ,KZo) is determined by other, less likely 
processes, for example, by the interaction with acoustic 
phonons. Then 

The transition from (39) to (40) corresponds to the point of 
excitonic resonance. Below this point, where (40) holds, 
there is a sharp increase in the contribution of the diagram of 
Fig. l(b) in comparison with the contribution of the diagram 
of Fig. la. Here additional diagrams containing acoustic pho- 
non lines (see below) must be taken into account. 

Let us determine the restrictions on the order N, which 
depend on the applicability of the polar approximation to the 
calculation of the integrals over k o z ,  k , ,  , . . . , kNw2, ,  in 
the case of the diagram of Fig. l(a) and over 
koz , k . . . , kN- 2,z in the case of Fig. 1 (b). Similar cal- 
culations were described in Ref. 5. It is assumed a priori that 
values of pz of order A-'  are real and that p , 4 K j  and 
p z 6 a i 1 .  If the integrals over p = p ,  like (23) converge at 
large values of p ,  these assumptions are justified. When 
p 4  m, the integrand is proportional to p - N  in the case of the 
diagram of Fig. l(a) and to p - N + '  in the case of the diagram 
of Fig. I(b). Therefore, Eq. (9) is applicable when N 2 2 ,  and 
Eq. (26) is applicable when N 2 3 .  Finally, the following 
condition must hold for the results (9) and (26) to be valid: 

Here j=O, I ,  . . . , N- l in the case of the diagram of Fig. 
1 (a), and j=  0, 1, . . . , N- 2 in the case of the diagram of 
Fig. l(b). 

7. RESONANT VALUES OF THE MAGNETIC FIELD 

We confine ourselves to the condition N 2 3, and then 
both equations, (9) and (26), are applicable. Examining these 
expressions, we see that both quantities increase as we ap- 
proach Ko=O, which corresponds to the condition 
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In the case of a finite-mass hole, instead of this relation we 
obtain the exact expression 

The latter condition (43) means that light creates an electron 
and a hole near the bottoms of the Landau bands. A scatter- 
ing efficiency maximum can be observed not only by varying 
ol at a fixed value of H, but also by varying the magnetic 
field strength at a fixed frequency wl . Solving Eq. (43), we 
find that maxima exist at values 

which do not depend on the scattering order N. 
An additional resonance2 appears only because of the 

contribution of the diagram of Fig. l(b) for N= 3 at values 

due to the resonant increase in the quantity 
(A:)-' = (Ao+ A ,)-I on the right-hand side of (26). In fact, 
the quantity 

increases abruptly when K I - + O ,  since according to (16), 
yo is singular when K1+O (see also Ref. 5). We also note 
that the contribution of the diagram of Fig. l(b) vanishes at 
values 

which depend on the scattering order. 

8. SCATTERING BELOW THE EXClTONlC RESONANCE 
POINT 

Above the excitonic resonance point, the contributions 
of the diagrams of Figs. l(a) and l(b) to the efficiency of 
rnultiphonon resonant Rarnan scattering are comparable. As 
we have already noted, when ol passes through the excitonic 
resonance in the downward direction, the contribution of the 
diagram of Fig. l(b) increases sharply due to the increase in 
the lifetime of the exciton in the real intermediate state, and 
begins to dominate the contribution of the diagram of Fig. 
I(a). The energy of the real exciton becomes too low to emit 
one LO phonon. Therefore, other processes, viz., absorption 
of LO phonons, interaction with acoustic phonons, etc., must 
be included in the theory. 

Let us try to sketch a qualitative picture of the phenom- 
enon with consideration of the distribution function of the 
real excitons with respect to the variables K, and 1 ~ ~ 1 .  We 
introduce the total Nth-order scattering efficiency 

which is distinguished from the quantity in (8) only by the 
absence of the factor S(ol - ws - NwLO) and the presence of 

the additional factor 47r (since the scattering is isotropic in 
our model). The expression for SN can be written 

where f, is the emission probability for a quantum of sec- 
ondary radiation s per unit time normalized to one photon of 
exciting radiation6 

On the other hand, we have 

where Pexc,N- (K, ,I ~ ~ 1 )  is the dimensionless distribution 
function of the real excitons3) with respect to the variables 
K, and 1 ~ ~ 1 .  and yl(K, ,IK,I) is the emission probability for 
a quantum of light together with one LO phonon by an ex- 
citon per unit time. We represent the probability 
yLKi ,lK,l) in the form 

where 

is the emission probability for a quantum of light hw, to- 
gether with an LO phonon by an exciton per unit time, Hi,, is 
the Frohlich interaction of the exciton with LO phonons, and 
Us is the interaction of the exciton with light. The energies 
of the initial, final, and intermediate states are 

the intermediate electron-hole pair state including both ex- 
citon states belonging to the discrete spectrum and states of 
the continuous spectrum. Accordingly, we divide yl into two 
parts: 

Excitonic resonance in light scattering is associated with 
the contribution of a transition via the exciton ground 
(n = 0 )  state to y[,disc. Therefore, we take into account and 
calculate only this contribution, which we denote by 
yl,disc,o. Performing calculations based on (47) and (48), we 
obtain 

For the range above excitonic resonance, i.e., at 
wI>NwLo+ idlH , we have 
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where Wexc,,r- '(KL ,IK~I) is the number of excitons created 
per unit time in the volume Vo together with the emission of 
N- 1 LO phonons normalized to one photon of exciting ra- 
diation. 

This quantity was calculated in Ref. 2 for N- 1 =3.  
Substituting the expression for WexcPN- '(K1 ,lKzl) into (52) 
and then (51) and (52) into (47) and (48), we obtain the 
expression for the contribution of the diagram in Fig. l b  to 
the total Nth-order multiphonon resonant Raman scattering 
efficiency, which coincides with the contribution derived 
from Eqs. (8) and (26). 

We note that above the excitonic resonance point, the 
distribution function of the excitons is nonzero over a very 
narrow energy range. In fact, the expression for 
WexcPN- (KI ,I KZI) contains the 6 function 
q w r -  (N- 1 )wLo- Eexc(K, ,IK,I)] (Ref. 2). However, the 
exciton distribution function becomes more diffuse at values 
of ol below the resonance point. We assume that the exciton 
distribution function is determined by the interaction with 
acoustic phonons. Then to calculate the light scattering effi- 
ciency the diagrams with external lines (joining the two seg- 
ments of the contour) corresponding to acoustic phonons 
must be taken into account in the general case. 

Emitting and absorbing acoustic phonons, the excitons 
slowly lose energy. The diffuseness should be far weaker at 
values of wl in range b than at frequencies in range a (see 
(34)), since real excitons with kinetic energies exceeding the 
exciton binding energy are created in range b. Since the 
probabilities of the exciton scattering and decay processes 
during the interaction with phonons are comparable, each 
exciton decays and "leaves the game" after several phonon 
absorption or emission events. Real excitons whose decay is 
hindered due to a lack of energy are created at values of ol 
in range a. In this case the exciton distribution function de- 
pends on the probability of the nonradiative annihilation of 
the latter, which, in turn, depends on the purity of the crystal. 
The exciton energy distribution function for H=O was ex- 
amined without considering decay, i.e., in range a ,  in Refs. 
7-10. 

The "erosion" of the exciton distribution function leads 
to considerable broadening of the multiphonon resonant Ra- 
man scattering peaks with respect to w, in range b and es- 
pecially in range a and to a simultaneous increase in the total 
scattering intensity of a particular order in comparison with 
the contribution of the diagram of Fig. l(b) given by (8) and 
(26). In fact, the diagrams that include external lines of 
acoustic phonons make positive contributions to the inte- 
grated scattering intensity. 

Thus, the total intensity of the multiphonon resonant Ra- 
man scattering lines increases sharply upon passage through 
the excitonic resonance point ws= wlH in the downward di- 
rection. Below this point the contribution of the diagram in 
Fig. l(a) becomes relatively insignificant. The contributions 
of the processes not involving intermediate exciton states 
calculated in Ref. 5 are also insignificant when o, G w,,. 
Above the excitonic resonance point the contributions of the 

diagrams in Figs. l(a) and l(b) are comparable to one an- 
other, and at distances W ,  - w 2 wm the contributions of 
diagrams without exciton states are comparable to them. 

9. DISCUSSION 

The main conclusion of this work is the sharp increase in 
the intensity of multiphonon resonant Raman scattering in 
the presence of a strong magnetic field. The values of the 
frequency w, of the scattered light considered range from 
just above the excitonic resonance point a, = w I Ih and ex- 
tend below that point down to us= w ,H - WLO. Above the 
excitonic resonance point there is an increase in the intensity 
by approximately a-2-fold for any scattering order N 2 3, 
since the cross section is proportional to a3 when H=O 
(Ref. 1) and to a in a strong magnetic field, as follows from 
Eqs. (8), (9), and (26). The transition from the dependence 
on a3 to the dependence on a is associated with the partici- 
pation of free electron-hole pairs as the first N or N- I 
intermediate states, since their volume in the 3D case is pro- 
portional to a-3 when H=O and to a-' in a strong mag- 
netic field due to the quasiuniform character of their motion. 

The sharp increase in the multiphonon resonant Raman 
scattering efficiency in the presence of a strong magnetic 
field unquestionably also applies to ranges b and a (see (34)) 
of the frequency wl below the excitonic resonance point, 
although the description of multiphonon resonant Raman 
scattering in these regions requires a calculation of the exci- 
ton distribution function Pexc(Kl ,IK,~) in a strong magnetic 
field with consideration of the interaction with acoustic 
phonons, which, as far as we know, has not yet been per- 
formed. However, it is clear that Pexc(K, ,IK,[) is propor- 
tional to the creation probability of real excitons with a ki- 
netic energy in the range from zero to fiwLO, and this 
probability increases by a factor of a-2 in the presence of a 
strong magnetic field.2 Therefore, according to (1) and (2), 
the intensity of the multiphonon resonant Raman scattering 
below the excitonic resonance point also increases by a fac- 
tor of a-2. 

Measuring the Nth-order multiphonon resonant Raman 
scattering efficiency as a function of wl near the excitonic 
resonance, we should obtain a curve that is asymmetric about 
the point w,= wlH , since passage through this point should 
be accompanied by an increase in the contribution of the 
diagram of Fig. l(b) due to the sharp decrease in the recip- 
rocal lifetime of the real exciton, yexc-+rexc (see (26)), and 
the appearance of contributions of additional diagrams with 
the participation of acoustic phonons. 

Measuring the dependence of the multiphonon resonant 
Raman scattering efficiency on the magnetic field strength 
H ,  we should obtain maxima at the values of H (44) corre- 
sponding to the direct creation of electrons and holes by the 
exciting radiation near the bottoms of the Landau bands. 
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' h e  diagram technique that we used is a modification of the well-known 
technique developed by Keldysh4 for nonequilibrium processes. 

2 ) ~ h e n  U ~ K :  --a21af, the exciton ceases to exist in a strong magnetic field 
( a  is the radius of the exciton when H=O), but since the values x c 1 in 
the integral over x on the right-hand side of (26) are real, it can be assumed 
that x varies fmm zem to infinity. 

' h e  distribution function P,,,,(K, ,IK,I) is defined as the number of 
excitons formed upon emission of N phonons normalized to one photon of 
exciting light. 
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