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It is shown theoretically that when a thin film of two-level atoms interacting with a resonant
coherent electromagnetic wave is additionally illuminated with a squeezed field, a bistable
transmission/reflection regime for coherent waves is obtained. This regime depends strongly

on the phase difference between the coherent and the squeezed fields. New regimes, including a
bistable regime, for the interaction of a coherent field with a film of resonant atoms are

predicted based on this phenomenon. © 1995 American Institute of Physics.

1. INTRODUCTION

Many optical phenomena, for example, absorption
bistability,! depend strongly on the character of the relax-
ation of the quantum systems interacting with the electro-
magnetic field. In Ref. 2, Gardiner showed how strongly the
relaxation picture changes in the field of a squeezed light
wave. Therefore it is natural to expect that the combined
action of coherent and squeezed fields will lead to the ap-
pearance of both new effects and new features in already
well-known phenomena. For example, in Ref. 3 new echo-
type effects accompanying the successive action of resonant
light pulses in coherent and squeezed states on a quantum
system were investigated. In the present paper the simulta-
neous effect of coherent and squeezed fields on a thin film of
resonant atoms is studied. Because of its simplicity and gen-
erality, investigators have long been attracted to the model of
a film of resonant atoms with thickness much less than the
wavelength of the incident radiation (see, for example, Refs.
4-12). It is well known®® that in the absence of a squeezed
field, for certain values of the film parameters, there exists a
range of intensities of the incident coherent radiation such
that the radiation can pass through the film of resonant atoms
in either of two regimes of high and low transmission of the
film with two correspondingly different values of the inten-
sity of the transmitted radiation. It will be shown below that
this optical bistability effect acquires new features when the
film is additionally irradiated with resonant radiation in a
squeezed state. In this case the bistable regime of the trans-
mission of the film depends not only on the parameters of the
film but also on the state of polarization of the coherent wave
(more precisely, on the phase difference between the coher-
ent and the squeezed waves). Moreover, besides hysteresis in
the amplitude of the transmitted radiation as a function of the
amplitude of the incident radiation, there appears a bistable
dependence of the amplitude and phase of the transmitted
coherent wave on the phase of the incident coherent wave. In
turn, this changes very substantially the character of the
transmission of phase-modulated pulses by the thin film. The
other name for squeezed light—phase-sensitive
thermostat—is thereby strikingly manifested.

This paper is structured as follows. In Sec. 2 a formula-
tion of the problem is given and the basic equations are pre-
sented. In Sec. 3 the analytical and numerical results on op-
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tical bistability in the absence of a Lorentz field are
presented. In Sec. 4 the more complicated case when the
difference of the macroscopic field in the field from the mi-
croscopic field acting on an atom (the Lorentz field) is taken
into account is investigated. Finally, in Sec. 5 the nature of
the transmission of phase-modulated pulses through the film
and possible practical applications are discussed.

2. FORMULATION OF THE PROBLEM AND BASIC
EQUATIONS

Let a film of two-level atoms occupy the z=0 plane. The
thickness [/ of the film is much less than the wavelength of
the coherent radiation incident on the film from the half-
space z<<0. The intensity of the electric field of the radiation
is

En=E, exp[i(kz— wt]+c.c. (1)

The atoms in the film interact resonantly with both the co-
herent radiation (1) and the thermostat photons. We shall
describe this system by the Hamiltonian

H=H,t+Hy+V hintVy,

where

H,,=E,a,+al+E2a;a2, Hb=fd(x)ﬁwb:;bm,
_ + +

Vcoh.int_ _Eatom(dl2al a2+d21a2 al)’

Vb= '—IJ' dwK(w)(dlzafLaz+d2,a2+al)bw+c.c.,

H , is the Hamiltonian of a two-level atom, H, is the Hamil-
tonian of the photon thermostat, V., i, is the operator de-
scribing the interaction of the atom with the coherent elec-
tromagnetic field, the field E,,, (which is different from
E ., because of the boundary conditions for Maxwell’s equa-
tions at the surface of the film and from the Lorentz field)
acts on the atom’~%, and V,, is the operator describing the
interaction of an atom with the thermostat photons. The fol-
lowing additional notation is introduced: a, and a, are anni-
hilation operators for an atom in states with energies E, and
E,, respectively; b, is the annihilation operator for photons
with frequency w; d,,=d3| are the nonzero matrix elements
of the dipole-moment operator of an atom; and, K(w) is a
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coupling constant, which depends on the geometry of the
thermostat.Z We assume that the in-fields of the thermostat®'?

b)) =) [ do expl—iati= 1210,
satisfy the conditions for squeezed white noise

(ban(Dbin(1))y=N&(t—1"),

(bin(Dby(1"))=(N+1)8(1—1"),

(bin(Dbin(t"))=M(t—1t"),

(b ()b (")) =M*8(t—1"),

where the brackets denote averaging, and M and N are the
thermostat parameters, with |M|<{N(N+1). Setting
K(w)=(x/27)"? and using the apparatus of the Ito quantum
stochastic equation (Ref. 12; see also Ref. 13) the following
expressions for the density matrix p of the atoms, assuming a
slowly varying amplitude of the coherent field:

P21=pP2) exp(—iwt),

d _ . . i

ar pu=i(w—(E,—E,)/t)py+ % E,dy(p11—P22)
—T'21p21=My1p12,

d i ~ -
“17 P11=g (dIZPZIE:"p;leIEa)—Flpll+r2p22’

2)

d i ~ ~
P2 g (d12p21Ef —p31d0Ey) —Top0n+Tpy1,s

1
F21=x|d21/ﬁ|2(N+ '2—), Fl=x|d21/ﬁ|2N,

To=x|dy 1K|A(N+1), My =x|dy /5| M|,

where the complex amplitude E, of the field acting on the
atoms in the film is related to the amplitude E. of the inci-
dent coherent wave (1) by

E,=E.A2mwc™ ' pyd (i +8). (3)

Here ¢ is a parameter characterizing the difference between
the coherent field inside the film

Egm=Esexp(—iwt)+c.c.,
Ej=E +2mioc™ ' pyd),

and the coherent field E,,=E ,exp(—iwf)+ c.c. acting on
an atom. The coherent field Eg, inside the film determines
the reflected E . and transmitted E,,, coherent fields ac-
cording to the formulas

Eref:Eﬁlm_Ecoh’ E(rans:Eﬁlm'

The parameter & originates from the Lorentz field and scales
as §=2N§y/31, where &=~1 and X=1/k. For transition-
metal films in a quantizing magnetic field, £=0. It should
also be emphasized that for §=0 the transmission of a co-
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herent wave through low-Q cavities filled with resonant at-
oms can be described in the mean-field approximation® with
the aid of Egs. (2) and (3).

The initial conditions for Egs. (2), which correspond to
the coherent field (1) being switched on at the time t=0, are

Piili=0=Ni,  P2li=0=N2,

where N, and N, are the equilibrium values (in the absence
of the wave (1)) of the surface density of the atoms occupy-
ing the energy levels E; and E,, respectively.

The basic equations can be written in dimensionless
form as

52||r=0=0,

d
Ep=(iA—yO)p+ien—6p*,

d
——n=2%(o¥p—popk)— +
e 2i(e*p—ep*)—vyn+y,

e=a+(&+i)p, p(0)=0, n(0)=1, 4

where

n=(p11—p22)No ', pP=pndisldis| 'Ng ",

€=Ea/80, a=EC/eo, Sozh/t0|d21|,
to=fc(2mwNoldn|?) ™!, vo=Taute, 7=Tito,
Y2=Dato, ¥y=nt7v2, 6=Myty, Noy=N,—N,,

A=((J)"(E2"E1)/ﬁ)f0

The quantity ¢ is the dimensionless amplitude of the
local electric field acting on an atom, £,=a+ip is the di-
mensionless amplitude of the coherent field in the film and is
also equal to the amplitude & » of the transmitted field, and
ip=g, is the dimensionless amplitude of the coherent field
reflected from the film. We note that although our result pre-
sumes that the relation y=21v, holds, in what follows we
shall treat the relaxation constants y, and y as being inde-
pendent of one another so as to cover other possible relax-
ation mechanisms which are not related to the squeezed ther-
mostat.

It is convenient to write the first equation of the system
(4) in the form

d

Ep=i(A+§n)p—(yo+n)p+ian—é‘p*, (4a)
which reflects clearly the role of the Lorentz field, resulting
in a shift of the resonance frequency by an amount — ¢n, as
well as the role in the film of the radiation field reradiated by
the atoms which gives rise to the collective relaxation of
polarization (the term —np). These terms essentially deter-
mine the positive feedback mechanism which is necessary
for the formation of bistable regimes.

The equations (4) obtained above differ from the stan-
dard equations for a thin film of resonant atoms in the field
of a coherent wave by the presence of the relaxation term
— 8p*, which is zero in the absence of squeezing. However,
this term changes the character of the relaxation, increasing
the rate of relaxation of the real part of the polarization p and
decreasing the relaxation of the imaginary part of p. This in
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turn gives rise to new resonant interactions of the coherent
field which depend on the phase of this field. We emphasize
that the quantity & in Eqgs. (2) is assumed to be real, so that
the phase ¢ (of the amplitude) of the coherent film (1)
a=|a|e'? represents the phase difference between the coher-
ent and squeezed fields. Moreover, it should be noted that
8<(7172)"*~v,.

In concluding this section, we note the following equa-
tion, which follows from Eq. (4) and will be helpful for what
follows, for the relaxation of the square of the “Bloch vec-
tor”’

d 1 2
= (lp|2+ 7 nz) =—2ylp|*= 8(p*+p*")

1
+5 yn(1—n).

It is obvious that in the stationary state

pYts Yo 1, 1
5 +p 5 +4n " (5)

p

3. OPTICAL BISTABILITY IN THE ABSENCE OF A LORENTZ
FIELD

To see most simply the effect produced by squeezing the
electromagnetic field of the thermostat, we confine our atten-
tion to the particular case of exact resonance (A=0) and
neglect the Lorentz field, assuming £=0. Then the amplitude
is e=g;. The stationary solutions of the system (4) can be
easily found in two cases: when the phase of the coherent
wave is equal to the phase of the squeezed thermostat and
when the phase of the coherent wave is shifted relative to the
phase of the squeezed thermostat by /2.

When the phase of the coherent wave (1) is equal to the
phase of the squeezed field ¢=0 (or ¢ =), the field inside
the film also has the same phase. The polarization p is then
purely imaginary p*= —p. We obtain the stationary solution
of the system (4) in the form

a=g(1+(yo—6+4|e[y)™)» (©6)

which is identical to the classical absorption bistability for-
mula y=x(1+2C/(1+x?%)) with the Bonifacio—Lugiato co-
operativeness parameter'* C=Cy=3y,—6)"'. We recall
that for C> 4, the amplitude & of the field in the film (and the
amplitude of the transmitted field) exhibit hysteresis as a
function of the amplitude a of the incident field. Here, just as
in the standard absorption bistability, of the three roots of Eq.
(6), which we denote by € in<€unst Emax » the solution of
the system (4) corresponding to the middle root is unstable.

One can see that the cooperativeness parameter C itself
depends on the degree of squeezing of the field: The stronger
the squeezing, the more favorable the conditions for forma-
tion of a bistable regime are.

When the phase of the incident coherent wave is shifted
relative to the squeezed field by /2 (or 3 7/2), the polariza-
tion of the film is real. Then it is easily found that

a=g[l+(yo+o+4le|Yy)"].
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FIG. 1. Magnitude of the field amplitude in the film as a function of the
phase of the incident coherent wave. Here Cy=20, C,,=4, |a|=0.42,
£=A=0, y=21,.

In the case at hand, the cooperativeness parameter is
C=C,»=%Yo+ 6! and the squeezing of the thermostat
makes it more difficult to reach a bistable regime.

In the general case, the coherent field in the film
e=|g|e'? can be expressed in terms of the stationary over-
population n of the energy levels as

cos ¢ 2+ sin @ \2]172
lel=lal 1+2Con 1+2C,n
_ 1+2C0n 7
tan = 132Cn tan ¢, @)

where n is the solution of the equation

8n|al?

(n—1)(14+2Con)X(14+2C,pn)*+

X(Co(1+2C 43n)? cos? ¢
+Cn(1+2Cyn)? sin® ¢)=0.

It is evident from Eq. (7) that the absolute value of the
field amplitude in the film varies strongly with the phase ¢ of
the incident field (1), vanishing in the absence of squeezing
(6=0).

The simple situations studied above make it possible to
predict the existence of unique bistable regimes for transmis-
sion of a coherent wave through a thin film of resonant at-
oms. The first regime evidently is bistable transmission of a
coherent wave through the thin film depending on the phase
¢ of the wave (more accurately, the phase difference be-
tween the coherent and squeezed fields), since for the same
values of the parameters y, and ¢ the system has parameters
such that bistability occurs for =0 (C>4) and instability
occurs for ¢=/2 (C<4). Then, if we choose a value of a
corresponding to the transmission of a coherent wave
through the film for ¢=0 under conditions of low transmis-
sion, as ¢ increases, for some value of ¢ <<7r/2 a transition
will occur to a regime of high transmission; this is illustrated
in Fig. 1. The figure also illustrates the characteristic depen-
dence of the magnitude of the field amplitude on the phase
¢ in regions where there is no bistability. We also note the
bistable dependence of the phase of the field in the film on
the absolute value of the amplitude of the incident coherent
field (Fig. 2). Obviously, these effects are entirely deter-
mined by the presence of the phase-sensitive thermostat.
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FIG. 2. Bistable behavior of the phase of the field in the film as a function
of the absolute value of the amplitude of the incident coherent wave.
Co=20, C,p=4, ¢=0.5, £&=A=0, y=27,

The other regime is associated with the variation of the
degree of squeezing of the additional illumination. Choosing
parameters so that for =0 we have C<4 and the coopera-
tiveness parameter satisfies C>4 as ¢ increases, we obtain a
bistable transmission of a coherent wave through the reso-
nant film depending on the degree of squeezing of the illu-
mination (Fig. 3). When these factors act together, the bista-
bility picture becomes even more complicated.

4. OPTICAL BISTABILITY IN THE GENERAL CASE

When the Lorentz field is taken into account (£ # 0) and
there is detuning from resonance (A # 0), simple formulas of
the form (6), clearly demonstrating the effect of the squeez-
ing of the thermostat on the conditions of formation of a
bistable regime, cannot be obtained. However, even here the
squeezing of the thermostat gives rise to diametrically oppo-
site effects in the typical cases when the phase of the coher-
ent wave is unshifted (¢=0) and shifted by 7/2 (¢=7/2)
relative to the squeezed thermostat. It is convenient to inves-
tigate the stationary solution (4) by means of Egs. (4) and

_ nlal(('yo+n+ 8)sin ¢+ (A+Egn)cos )
T (Yo+n)*— 8+ (A+ én)? ’
_nfa|((yo+n+ 8)cos ¢—(A+én)sin )

B (vo+n)*=8"+(A+¢n)?

When the phase of the coherent wave is equal to the
phase of the squeezed field (¢ =0 or ¢= 1), we have

"

gl
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FIG. 3. Magnitude of the amplitude of the coherent field in the film as a
function of the degree of squeezing of the thermostat field. Here
Y0=0.128, =0, |a|=0.5, £E=A=0, y=27,.
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FIG. 4. Shift of the plot of |a|? versus n caused by the squeezing of the
thermostat §=0.4 in the cases ¢ =0 (curve /) and ¢ = 7/2 (curve 2) relative
to the curve 3, characterizing |a|? as a function of n in the absence of
squeezing. Here y=2v,=2, A=-5, £=10.

y(1—n)
|a|2= 4n
((yo+ 8+n)(yo— 8+n)+(A+En)?)?
(Yo+ 8)(A+£n)*+(yo— 8)(yotn+8)*

®)

Making the simultaneous replacements y,+ 6— yo— 6 and
Yo— 60— Yo+ 8, we find that the result for a /2 shift of the
phase of the coherent wave relative to the phase of the
squeezed wave, i.e., o= 7/2 or ¢=3 /2, follows from Eq.
(6). Figure 4 illustrates the typical changes produced by the
squeezing of the thermostat (8 # 0), in the plots of |a|? ver-
sus n for ¢=0 (curve 1) and ¢=m/2 (curve 2), compared
with the case of no squeezing (6=0, curve 3). Just as in the
absence of a Lorentz field, squeezing of the thermostat ex-
pands the region of bistability when the phases of the coher-
ent and squeezed fields are equal to one another and it nar-
rows the region of bistability in the case of a /2 phase shift.
Further numerical analysis of this case will make it possible
to draw a conclusion about the presence of bistable regimes,
in which the transmission coefficient of the film depends on
the phase difference ¢ and the degree of squeezing & of the
thermostat, like those of Sec. 2. In summary, the character-
istic features of the optical bistability of the thin film, which
are caused by the additional irradiation of the film with a
wave of resonant squeezed light, are largely independent of
the existence of the Lorentz field and the detuning from reso-
nance.

5. CONCLUSIONS

If the coherent field (1) is an ultrashort pulse whose du-
ration is much less than the characteristic times 1/7y, then the
approach presented above can not reveal how much the illu-
mination influences the resonant interaction of the field (1)
with the film, and the problem must be formulated and in-
vestigated separately. However, in the opposite case, when
the coherent pulse lasts longer than the time 1/ of the char-
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FIG. 5. Profile of the magnitude of the field
amplitude in the film |¢/| as a function of time
for the incident pulse a(7)=|a(7)|exp(ie(7))
with phase modulation ¢(7)=¢,7 and pulse
shape |a(7)|=aqsin(7/7,) in the absence (a)
and presence (b) of squeezing of the thermostat.
Here A=0, £=10, y=2y,=30, §=15, a5=3,

254 @ 2.5 b
151 1.5
05} 0.5}
2 4 6 8 10t 2 4

acteristic relaxation processes in the medium, the bistable
interaction regime predicted above, depending on the phase
of the coherent field, makes it possible to predict that the
interaction of coherent pulses depends on the presence or
absence of phase modulation. The phase modulation of a
coherent pulse when the thermostat is squeezed gives rise to
amplitude modulation of the transmitted and reflected pulses,
while in the absence of squeezing the interaction picture is
different. This is illustrated in Fig. 5. This result, like the
others, holds with and without a Lorentz field.

In summary, the main result of the present investigation
is the discovery of a clear dependence of the regimes of the
resonance interaction of a coherent wave on the phase of the
wave. This phenomenon found could find application both
for measuring of different phase relations and in optical in-
formation processing systems, where the basic operations are
implemented by means of bistable optical devices.! The
states of such devices do not depend on the phase of the
incident radiation. This will increase the volume of informa-
tion that can be processed, since an additional degree of
freedom—the phase of a light wave—becomes available to
encode information. In the present paper, it is proposed to
use additional illumination of such devices with a squeezed
electromagnetic wave to produce phase-sensitive states of
bistable optical devices. A thin film of resonant atoms, with
thickness less than the wavelength of the incident radiation,
was considered as a model of such devices. This model al-
lowed the different regimes of operation of bistable optical
devices to be effectively analyzed. The role of the squeezed
electromagnetic wave reduces here, under certain conditions,
to the relaxation of resonant atoms in a phase-sensitive ther-
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+ 70=10, @o=10.

mostat (squeezed vacuum), so that quite simple equations,
which can be investigated analytically, are obtained for a thin
film, and the phase difference between the coherent wave
and the illumination acquired an independent significance.

I thank the “Russkoe Zoloto” corporation for financial
support.

'H. M. Gibbs, Optical Bistability: Controlling Light with Light, Academic
Press, Orlando, 1985.

2C. W. Gardiner, Phys. Rev. Lett. 56, 1917 (1986); C. W. Gardiner and
M. J. Collett, Phys. Rev. A 31, 3761 (1985).

%A. S. Parkins and C. W. Gardiner, Phys. Rev. A 40, 2534 (1989).

4V. I. Rupasov and V. I. Yudson, Kvant. Elektron. 9, 2179 (1982) [Sov. J.
Quantum Electron. 12, 415 (1982)].

%Y. Ben-Aryeh, C. M. Bowden, and J. C. Englund, Phys. Rev. A 34, 3917
(1986).

SR. Friedberg, S. R. Hartmann, and J. T. Manassah, Phys. Rev. A 39, 3444
(1989).

7S. M. Zakharov and E A. Manykin, Poverkhnost’, No. 2, 137 (1988).

8 A. M. Basharov, Zh. Eksp Teor. Fiz. 94(3), 12 (1988) [Sov. Phys. JETP
67, 1741 (1988)].

M. G. Benedikt, A. I. Zaitsev, V. A. Malyshev, and E. D. Trifonov, Opt.
Spektrosk. 66, 726 (1989) [Opt. Spectrosc. 66, 424 (1989); ibid. 68, 812
(1990) [Opt. Spectrosc. 68, 473 (1990)].

yu. A. Logvin, A. M. Samson, and S. I. Turovets, Kvant. Blektron. 17,
1521 (1990) [Sov. J. Quantum Electron. 20, 1425 (1990)].

"yu. A. Logvin and A. M. Samson, Kvant. Elektron. 19, 807 (1992) [Sov. J.
Quantum Electron. 22, 747 (1992)]. 3

12A. M. Basharov, A. L. Maimistov, and E. A. Manykin, Zh. Eksp. Teor. Fiz.
97, 1530 (1990) [Sov. _Phys. JETP 70, 864 (1990)].
13A. M. Basharov, Zh. Eksp. Teor. Fiz. 101, 1126 (1992) [Sov. Phys. JETP
75, 611 (1992)].

14R. Bonifacio and L. A. Lugiato, Phys. Rev. A 18, 1129 (1978).

Translated by M. E. Alferieff

A. M. Basharov 463



