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The bremsstrahlung field radiated by a system of two identical charged particles as they scatter a 
monochromatic plane wave is examined theoretically. Explicit analytic expressions are derived 
for the intensity and angular distribution of this radiation as a function of the distance between the 
charges. The physical mechanisms responsible for coherence effects in these characteristics of the 
radiation field are discussed. 

1. INTRODUCTION energetic flux of electrons with a zero transverse divergence 

The radiative interactions of moving charges with ma- 
terial media (including external fields) are the primary 
source of electromagnetic radiation in microwave electron- 
i c ~ . ' - ~  A coherence of the elementary radiators in corre- 
sponding generators and amplifiers of electromagnetic fields 
causes the radiative energy loss of intense charged-particle 
fluxes to be far higher (by many orders of magnitude) than 
the sum of the radiative energy losses of the particles making 
up these fluxes. This assertion, which follows directly from a 
comparison of the absolute values of these losses in standard 
microwave electronics devices, has found confirmation in a 
direct derivation of the spatial and temporal growth rates of 
several coherent radiative instabilities of electron fluxes 
from the spontaneous radiation fields of the individual elec- 
t ron~.~- '  This assertion has also been confirmed by an analy- 
sis" of the experimental data which have been accumulated 
on devices of the free-electron-laser type.9 

The primary thrust in theoretical microwave electron- 
ics today is a search for ways to significantly reduce the 
wavelength of this intense coherent electromagnetic radi- 
ation (Refs. 11 and 12, for example). Here it is necessary to 
identify the conditions which must be arranged to achieve 
coherence among the elementary radiators in the given 
wavelength region. This question is most important for 
sources of coherent microwave radiation of the free-elec- 
tron-laser type, which are expected to eventually generate 
coherent electromagnetic radiation at wavelengths on the 
order of hundreds or even tens of  angstrom^.'^ However, - 
analysis of the experimental data a~ai lable ,~ along with a 
semiphenomenological description of the collective radia- 
tive instability in the intensity of an electron beam in an 
undulator,' has shown that the degree of coherence of the 
radiation emitted by the electrons in an undulator falls off 
substantially with decreasing wavelength A, = D /2? of the 
electromagnetic field radiated by these electrons (D is the 
undulator period, and y is the relativistic factor of the elec- 
tron). Such a decrease in coherence is to be expected, since 
the number of elementary radiators in a given coherent 
bunch is being reduced.' Furthermore, it is clear on physical 
grounds that in the limit y+  co (A, +0) the total radiative 
power loss of an electron flux of finite density in an undula- 
tor must be equal to the sum of the intensities of the magne- 
tobremsstrahlung (the undulator radiation) of the individ- 
ual electrons making up this flux. 

Under these conditions, determining the lower wave- 
length limit on the coherent emission of an idealized mono- 

and ; given density is extremely important for the physics 
and technology of intense sources of ultrashort-wave elec- 
tromagnetic radiation. To estimate this limit, we consider an 
extremely simple model in which the degree of coherence of 
the electrons (the radiators) can be changed in a controlla- 
ble way, and the corresponding response of various charac- 
teristics of the radiated field can be described most simply in 
an explicit analytic fashion. 

As this basic model we consider the problem of the 
Thomson scattering of a monochromatic plane electromag- 
netic wave by two identical charged particles. To some ex- 
tent, this model corresponds to the interaction of two elec- 
trons of a beam with the field of a plane undulator in the 
frame of reference in which the electrons are at rest, since the 
undulator field configuration in this frame is similar to the 
field configuration of a monochromatic plane wave. In addi- 
tion, the electrons emit bremsstrahlung in both frames. Fin- 
ally, by altering the distance between the scattering charges 
(thereby modeling a change in the beam density), we can 
change the degree of coherence and the total intensity of the 
Thomson scattering of the pair of charges. We can further- 
more alter the directional pattern of their resultant brems- 
strahlung. For these reasons, a quantitative analysis of the 
characteristics of the scattered field in this key problem 
should give us a comprehensive answer to the question of the 
conditions required for achieving coherence of the elemen- 
tary radiators in microwave-electronics systems operating 
on the basis of the bremsstrahlung of moving electrons. 

2. FORMULATION AND SOLUTION OFTHE PROBLEM 

We thus consider two identical charged particles, each 
having a charge q and a mass m. They are separated by a 
distance d = 2a. We assume that a monochromatic plane 
electromagnetic wave with a frequency w, and an electric 
field amplitude E, is propagating along the z  axis of the sys- 
tem. This axis passes through the equilibrium positions of 

- 
the scattering charges on this axis: x ,  
= 7, = 0, Z , = + a. We assume that the xz plane is par- 
allel to the electric vector of the field of the scattered wave: 

Under these conditions we are to determine the func- 
tional relationships between the distance between charges 
and the following basic characteristics of the scattered radi- 
ation field: 
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a the total intensity of the scattered radiation (or, 
equivalently, the scattering cross section) and 

a the angular distribution of the energy flux of this radi- 
ation. 

A. Radiation intensity. We find the total intensity of the 
bremsstrahlung of this system of scatterers as a function of 
the distance between scatterers by calculating the radiative 
energy loss of the radiating charges in the bremsstrahlung 
fields which are acting on these charges (in their near 
zones) : l 3  

HereI,,, (0)  is the intensity of the radiative loss of the system 
of charges ( [ I ]  = watts); 8 = kod is the distance between 
the scattering charges, divided by the wavelength of the inci- 
dent wave, A, = l/ko; j (r,t) is the total current density of the 
charges, which is determined by their oscillatory transverse 
motion in the electric field of the wave which they are scat- 
tering, 

j (r. t )  =qn, {v- ( t )  6 [s-$- ( t )  ] 6 ( z + a )  

.Z= ( t )  =a cos (o,t=k,a). v, ( t )  =5, ( t )  . 

CC= -qEe/noo2, ( l b )  

and E(r,t) is the electric component of the electromagnetic 
field radiated by the current in ( la) ,  which is determined by 
the solution of Maxwell's equations stimulated by this cur- 
rent. 

If one of the charges oscillates about its equilibrium 
point X = j  = 0, T = b in accordance with the expression 
2 ( t )  = a cos(oot - k,b), the configuration of the field Ex 
which this charge produces at the frequency o = 0, near the 
z axis is (Ref. 13, for example) 

+ sin $(q 6) } b(2, t )  =~.t-kob-ko~~-b~. ( lc)  
(ko I z-b 1 ) '  

where R,  eq2 /mc2  is the classical radius of the scattering 
charge. 

Substituting ( la)-( lc)  into the right side of ( 1), we 
find an explicit expression for the total bremsstrahlung ener- 
gy flux as a function of the distance between the scattering 
charges: 

) ( : [ t z ) +  7" } 
( )  1 -  - -- - cos 0 , 

3 

The superscript 2 here is the number of scatterers. 
B. Directional pattern. The simplest way to calculate 

the angular distribution of the scattered radiation for this 
system is to work from the classical expressions for dipole 
radiation in the far zone:13 

1 .- 
d l  = -< [P  ( t ' ) ,  n'lZ>d8, 

(13 C3 

where P(t ') is the dipole moment of the system, which de- 
pends on the retarded time t ';n' is a unit vector toward the 
observation point; dl2 =sinifdifdp is the element of the cor- 
responding solid angle; and the angle brackets mean a time 
average over the field period To = 27r/00. 

It is simple to show that the effective dipole moment of 
this system of oscillating charges, Px (t) ,  calculated from the 
field in the common far zone of the charges [i.e., at a distance 
r= (x2 + y2 + z2) 112%a from the center of symmetry of the 
sys tem,x=y=z=O] , i s  

Substituting (3b) and (3a), we find the energy flux 
density of the scattered radiation as a function of the angle I? 
and of the dimensionless distance 0 between charges: 

AS expected, the integral of the right side of (3) over all if 
(0<6<7r) is exactly equal to the right side of (2).  

3. DISCUSSION OF RESULTS 

Expressions (2) and ( 3) give a complete solution of the 
problem formulated above (in Sec. 2). Let us examine the 
physical content of the results described by these expres- 
sions. 

We should first point out that the first term inside the 
braces on the right side of each of these expressions does not 
depend on the parameter 0. There is an unambiguous phys- 
ical explanation for this result: These are terms which quan- 
titatively describe the incoherent scattering of the incident 
wave by the charges, due to the effect of their own radiative- 
friction forces (in their near zones) on their transverse mo- 
tion. Only these fields, which are proportional to the third 
time derivatives of the corresponding transverse dipole mo- 
ments of these charges,13 

make 0-independent contributions to the radiative energy 
loss of the system: 

Furthermore, the overall intensity of the scattered radi- 
ation is precisely twice the intensity of the Thomson scatter- 
ing of the same way by a single charge, I ':' (Ref. 13): 

( 21  I ~ ~ ~ * = ~ I ~ " ,  I ~ ' ' = I ~ / ~ .  

Finally, the angular distribution of this radiation is precisely 
the same as that for a single charge: 

The first term in braces on the right side of both (2)  and 
(3) thus does indeed describe the characteristics of the inco- 
herent scattering of the field of the incident wave by these 
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charged particles. The second terms in these sums, which do 
depend on the parameter 8, should be identified as the result 
of the interaction of these particles with the fields produced 
in their near zones by their neighbors. The nature of this 
interaction and its resultant intensity are determined unam- 
biguously by the phase relations between the bremsstrah- 
lung field of each charge and the current of its neighbor in 
the near zone of the latter. To demonstrate this point, we 
consider the partial energy losses of each of the scatterers in 
the field of the oscillatory motion of its neighbor. Substitut- 
ing currents ( la)  and fields ( l c )  into the right side of Eq. 
( 1 ), we find the total energy losses of each of the scatterers: 
(a )  for the charge on the left, 

(b)  for the charge on the right, 

It is easy to see that the sum I (I)(@ + I y'(8) is pre- 
cisely equal to the difference between the total bremsstrah- 
lung intensity of the scattering charges given by (2)  and the 
incoherent component of this radiation given by (4b). For 
this reason, the Sdependent part of this total bremsstrah- 
lung intensity of the system of charges is indeed the result of 
a coherent "exchange" interaction of these charges through 
the electric fields which they produce: 

A point which deserves particular emphasis is that in 
the dipole approximation which we have used here, and 
which involves the strong inequality k ;a2 48 ', the radiator 
on the right (along the propagation path of the wave being 
scattered) always loses energy [I y' (8) > 01, although the 
loss is small at large distances from the scatterer on the left 
(at 8 $ 1  ) . In the region k ;a2 4 8 4 1, the loss increases, 
but it is offset by the absorption of energy, at the same inten- 
sity, by the scatterer on the left: I(J)(8< 1) -- - I,/2O2 
= - I ? ) ( O ) .  

It follows from ( lc)  that this aspect of the "exchange" 
interaction of these charges is determined unambiguously by 
the behavior of the quasistatic part of the fields produced by 
the charges in their near zones. 

As was mentioned earlier (Sec. 1 ), the degree of coher- 
ence of the system of elementary scatterers is a matter of 
particular interest for the theory and applications of pro- 
cesses involving Thomson scattering by systems of charged 
particles. We accordingly introduce a quantitative measure 
of this effect: a coherence factor. We define it as the ratio of 
the total intensity of the bremsstrahlung of these scatterers 
to the intensity of their incoherent radiation: 

3 sin 0 .I cos 0 
= I + - - [ ~ ( ~ - - ~ ) + ~ ] C O S ~ .  (6a) 

It follows from this expression that in the limit 8-0 this 
factor tends to an absolute maximum of 2: 

The latter result can be found (in the limit 8-0) by 
doubling the mass and charge of the scattering particle in the 
classical expression for the cross section for Thomson scat- 
tering,I3 ag' = 2rR ;/3. In the limit 8- a, on the other 
hand, the coherence of the radiation in the system is com- 
pletely destroyed, as is demonstrated by the fact that the 
right side of (6a) asymptotically approaches unity 

3 sin 20 
~:d", '(e)=j +-- 

2 20 
+o (€I-'), 

The way in which the degree of coherence of the radiation by 
this system of charges decreases with increasing 8 according 
to this expression can be explained unambiguously by the 
particular way in which the amplitude of the bremsstrahlung 
field of the charge on the right decreases near the point 
'Z = - a, which is the position of the charge on the left [see 
(5a)l .  

For clarity, Fig. 1 shows the functional dependence of 
the coherence factor K :::' versus the dimensionless distance 
between charges, 8. We see from this figure that the only 
substantial increase in the total bremsstrahlung intensity of 
this system of charges as a result of their coherence occurs at 
small values of 8, specifically, 85 r/3. As 8 increases to 
8 2 1, the degree of coherence of the bremsstrahlung of the 
elementary scatterers become smaller. At the first maximum 
(after 8, = O), near the point 8, = 5r/4, the increase in 
scattering due to the coherent effect is already down to about 
25%, and at the second maximum (8, = 9r/4) the corre- 
sponding increase is no more than 10%. 

Of particular interest from the physical standpoint is 
how the angular distribution of the bremsstrahlung of this 
system of scattering charges varies with the coherence pa- 
rameter 8. For this distribution we can again introduce a 
coherence factor, K '2 ' (~ ,8) ,  determining it from (3)  as the 
ratio of the energy flux density of the radiation field at the 
angle 8 (for a given distance between charges, 8) to the ener- 
gy flux density of the field of the incoherent radiation in the 
same direction: 

In the limit 8-0, this factor reaches an absolute maxi- 

FIG. 1 .  The coherence factor in the total energy flux of the scattered 
radiation, K ::: (O), versus the distance O between charges. 
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mum of 2, which is independent of 9 .  An increase in the 
distance between charges leads to a modulation of the spec- 
tra and angular distribution of the energy flux density of the 
bremsstrahlung of the charges. The depth of this modulation 
is one. The physical meaning of this result is that there exist 
directions in which the coherence of the scatterers either 
doubles the flux density of their incoherent radiation 
[K'2'(9:Lx,8) = 21 or causes the resultant flux to vanish 
[K'2 ' (9$~,8)  = 01. The corresponding angles are 

( 1 ) -  6,,,., - arecos ( 1-ZrrliH), 

( [ ... ] means the largest integer). These angles depend on 8, 
i.e., on the distance between charges, and the number of ex- 
trema in the flux density increases in proportion to [ 8  /n ]  as 
this distance increases. 

Figure 2 shows the right side of (7)  as a function of the 
angle 9 for three different values of the parameter 8. We see 
from these figures [and also directly from (7 ) ] that the ener- 
gy flux density is very anisotropic at 8 ~ 7 7  (there is a signifi- 
cant change in absolute value when 9 changes by an amount - 
9 = .rr - 9 ) .  Physically, this anisotropy can be attributed to 
a particular feature of the phase relations between the oscil- 
lations (the currents) of the radition charges and the fields 
which they radiate. In particular, at 9 = 0, at which the 
phase shift of the stimulating field geXt(z,t) is exactly equal 
to the phase difference between the fields radiated by the 
charges, regardless of the distance between the charges, the 
bremsstrahlung of these charges is completely coherent 
[K'2'(0,8) = 21. For other directions, the difference be- 
tween the phases of the bremsstrahlung fields of the two scat- 
terers depends strongly on 8. It is this dependence which 
ultimately leads to the 8 dependence of the right side of (7).  

As expected, the anisotropy disappears as 8-0, in 
which limit the two charges radiate as a single unit. In pre- 
cisely the same way, the ansiotropy disappears at values of 8 
corresponding to integer numbers of half-wavelengths 

(8 = 8, = rs,  wheres = 1,2,3  ,... ). In this case the right side 
is symmetric under the replacement of 9 by 3. Finally, at 
8) 1, this anisotropy weakens substantially because there is 
no coherent exchange interaction between the charges. As 
follows from (6c), each charge radiates completely indepen- 
dently in this case, so there is no amplification of the brems- 
strahlung of the system [K  ::: (8) = 1 + O(8 -') 1. The ex- 
trema in the spectrum and angular distribution of the energy 
flux of their radiation lead to only a redistribution of the 
fixed total (incoherent) radiation flux between minima 
(6 2,; ) and maxima ( 6  :Lx ). Since the number of these ex- 
trema is large, the maximum at the point2' 9 = 0 (with a 
half-width on the order of 8 -"' < 1 ) turns out to be relative- 
ly small, on the order of 8 -' (curve 3 in Fig. 2). 

Our analysis of the dependence of the total intensity and 
the spectral and angular distribution of the flux density of 
the bremsstrahlung in a system of two scatterers thus shows 
that an increase in the intensity (or cross section) of the 
scattering due to the coherence of these scatterers can occur 
only if the distance between the scatterers is smaller than the 
wavelength (84 1 ) . 

4. CONCLUSION 

The basic results of this analysis can be formulated as 
follows. 

Analytic expressions have been derived for the total in- 
tensity of the bremsstrahlung of two charges and for the an- 
gular distribution of the energy flux of this radiation as a 
function of the distance between charges. 

The physical mechanisms which are responsible for the 
coherent intensification of the radiation at a relatively small 
distance between the charges and which are responsible for 
the decrease in the radiation as this distance increases have 
been identified. The mechanism responsible for the nonmon- 
otonic dependence of the energy flux density of the radiation 
on the angle 9 has also been determined. 

The most important conclusion to be drawn from these 
results concerns the questions, raised back in Sec. 1, regard- 
ing the conditions required for achieving coherence in the 
radiation by electrons in ultrarelativistic microwave-elec- 
tronics devices of the free-electron-laser type. This conclu- 
sion is based on the established fact that there is a substantial 

FIG. 2. The coherence factor in theangular distribution of the energy flux ofthescattered radiation, K '2 ' (8 ,8 ) ,  versus the angle 9 for several valuesof the 
parameter 8.1-8 = 2?r/3; 2-0 = 3?r/2; 3-8 = ( 5  + 1/4)?r. 
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decrease in the intensity of the radiation by the charges as the 
distance between them increases, because of the decrease in 
the amplitude of the fields radiated by the scattering charges 
themselves in their wave zones (the decrease is in inverse 
proportion to this distance). Since it is this field which is 
responsible for the coherent interaction of the scattering 
charges, it follows from this fact that the density of electrons 
in their rest frame must satisfy the condition n&A h3) 1, 
where A & is the wavelength of the radiated wave in this 
frame, if there is to be any substantial increase in the degree 
of coherence and in the resultant intensity of the radiation by 
the elementary sources (electrons) in microwave-electron- 
ics systems which operate on the basis of the bremsstrahlung 
of electrons. In the particular case of free-electron lasers, 
this inequality leads to the following expression for the lower 
limit on the wavelength for coherent emission, A zqh,, as a 
function of the beam density no and the undulator period D 
in the laboratory frame of reference: 

COh L,,= (2/n,D)'". (8a) 

The energy of the electron beam must be, in order of magni- 
tude (and in units of moc2), 

y.= (~/2h;P,h) 'I.. (8b) 

It follows from these estimates that with D = 2 cm, for 
example, achieving coherent undulator radiation with a 
wavelength A, = 10 b; (Ref. 12) will require producing a 
beam ofelectrons with an energy $, -- 1.5 GeV ( y ,  =:3. lo3) 
and a peak current density up to 1 MA/cm2. We should 
stress that this estimate refers to the idealized model of a 
monoenergetic beam with a zero transverse divergence, and 
the improvement in the radiation intensity due to the coher- 
ence factor is relatively small. If, on the other hand, these 

conditions are not satisfied, the total power of the magneto- 
bremsstrahlung of the electrons of the beam in the undulator 
will be essentially no greater than the sum of the intensities 
of the incoherent undulator radiation of these electrons. 

We sincerely thank our colleagues D. V. Volkov, A. N. 
Lebedev, and A. A. Rukhadze for useful discussions of these 
results. 

"It follows in particular from this analysis that the increase due to the 
coherence factor was more than eight orders of magnitude in the experi- 
ments of Ref. 10, where an electron efficiency 7, ~ 3 6 %  (at /2,=8 mm) 
was achieved. This is the record high efficiency for free-electron lasers. 

"And also at the point 9 = n- in the case 0 = 0, = rs.  

'V. L. Ginzburg, Dokl. Akad. Nauk SSSR 56, 145 ( 1947). 
'V. L. Ginzburg, Dokl. Akad. Nauk SSSR 56,253 ( 1947). 
'V. L. Ginzburg, Izv. Akad. Nauk SSSR, Ser. Fiz. 11, 165 ( 1947). 
4A. V. Gaponov, Izv. Vyssh. Uchebn. Zaved., Radiofiz. 2,443 ( 1959). 
5A. B. Gaponov, Zh. Eksp. Teor. Fiz. 39,326 ( 1960) [Sov. Phys. JETP 
12,463 ( 1961) 1. 
9. I. Kurilko, Dokl. Akad. Nauk SSSR 208, 1059 (1973) [Sov. Phys. 
Dokl. 18, 132 (1973) 1. 

'S. S. Kalmvkova and V. I. Kurilko, USD. Fiz. Nauk 155, 681 (1988) 
[Sov. ~ h ~ s : ~ s ~ .  31,750 (1988)l. 

'V. I. Kurilko and Yu. V. Tkach, Plasma Electronics, Nauk. dumka, 
Kiev, 1989, p. 207. 

9V. I. Kurilko and Yu. V. Tkach, Nucl. Instrum. Methods A 282, 431 
(1989). 

'OT. J. Orzechowski, E. T. Sharleman, B. Anderson etal., IEEE J. Quant. 
Electron. QE-21, 831 (1985); T. J. Orzechowski, IEDM-86, 13.1. 

"A. V. Gaponov and M. I. Petelin, Vest. Akad. Nauk SSSR, No. 4, 11 
(1979). 

"G. Pellegrini, Part. Accel. 33, Part V, 159 ( 1990). 
13L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields, Ad- 

dison-Wesley, Reading, Mass., 1962. 

Translated by D. Parsons 

814 Sov. Phys. JETP 75 (5). November 1992 V. I. Kurilko and V. V. Ognivenko 814 


