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The bremsstrahlung of a monoenergetic beam of charged particles which are classically fast and
which do not interact with each other is analyzed for the case in which these particles undergo
repeated elastic collisions with randomly distributed atoms of a medium. A systematic kinetic
analysis of the radiation process in the medium yields the spectral density of the bremsstrahlung
emitted by these particles. The spectrum found here differs from that in the case of an isolated
radiator, which has been studied previously, in being very nonmonotonic and in having at least
one extremum. The value of the radiation energy at the extremum, the position of this extremum,
and its width all depend on parameters which characterize the initial beam of radiating particles
and the scattering medium. A detailed study is made of the radiation by a collimated
monoenergetic beam of charged particles and also of the bremsstrahlung of a highly anisotropic

point source of ultrarelativistic radiators.

1.INTRODUCTION

The bremsstrahlung of a classically fast charged parti-
cle in a scattering medium was first studied by Landau and
Pomeranchuk."? They derived expressions for the spectral
energy density of the bremsstrahlung. They pointed out that
the bremsstrahlung intensity was suppressed at low frequen-
cies by repeated elastic collisions of the carriers with the
atoms of the medium (the Landau-Pomeranchuk effect).
Migdal® derived a quantitative theory for the bremsstrah-
lung of such a particle by averaging the spectrum of the radi-
ation energy over all possible carrier trajectories in an amor-
phous medium. The method proposed by Migdal® for
calculating the spectrum of the bremsstrahlung of a classi-
cally fast particle in a medium was developed further*” in
research on how the dispersion properties of the scattering
medium,*® its boundaries,” and inelastic processes which
occur in the medium®’ affect the frequency distribution of
the bremsstrahlung.

However, only the radiation of an individual particle
was studied in Refs. 1-7. In many cases (Refs. 8 and 9, for
example), the source of the bremsstrahlung as fast carriers
move through a scattering medium is a set of radiating parti-
cles. In addition, there is general physical interest in a study
of the bremsstrahlung of a system of charged particles in a
medium, since in this case an interference mechanism as well
as the collisional mechanism shapes the radiation spectrum.
As aresult, the frequency distribution of the bremsstrahlung
and the dependence of the bremsstrahlung intensity on the
thickness of the medium and on parameters characterizing
the scattering of the particles in the medium are markedly
different from those in the case of an individual radiator.

In the present paper we examine the bremsstrahlung of
a system of monoenergetic, classically fast charged particles
which do not interact with each other but which do undergo
repeated elastic scattering by randomly positioned atoms of
the medium. We derive the spectrum of the bremsstrahlung
of such particles through a systematic kinetic analysis of the
radiation process in the medium. The spectrum found differs
from that in the case of a individual radiator'~ in being very
nonmonotonic and in having at least one extremum, which
results from interference of the waves emitted by the individ-
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ual particles. In the limit of very low frequencies, the brems-
strahlung of a system of noninteracting carriers in a medium
is formed under conditions corresponding to complete co-
herence of the individual radiators, while in the extreme
short-wave part of the spectrum the bremsstrahlung intensi-
ty is proportional to the number of particles.

We analyze in detail the radiation by a collimated beam
of charged particles with a §-function momentum distribu-
tion and also the bremsstrahlung of a highly anisotropic
point source of ultrarelativistic radiators. We show that in
these cases, even if there are no spatially distributed radi-
ation sources along the bremsstrahlung propagation direc-
tion, the bremsstrahlung spectrum of the system of particles
in the medium always has a maximum, and this maximum is
unique. The value of the radiation energy at this maximum
and also the shape of this maximum depend strongly on the
characteristics of the scattering medium and also on param-
eters which specify the initial beam of ultrarelativistic parti-
cles.

2. STATEMENT OF THE PROBLEM; TWO-TIME
DISTRIBUTION FUNCTION IN THE K REPRESENTATION

Let’s study the system of charged ultrarelativistic
(E'>m) particles which do not interact with each other
(E'>w) is a radiation frequency; E, m, and e are the energy
mass and the charge of each particles. These particles enter a
homogeneous, semi-infinitive, amorphous scattering media.
In the initial period ¢ = 0, particles are located in the points
o1 Foos -+ Fon and are of the velocity of vy, Vg, ---» Von » €qual
to v, = [1 — (m/E)?],"? and they are directed under the
|Au| <1, u =1, ..., N angle to the e, vector (vector of the
inward normal to the boundary of the medium).

The spectral energy density radiated by these particles

is'®

dE., 22 )
o =%2,;=‘ j.dQ.. jdt. exp(—int,) j‘dtz exp (iwt,)
X [nXjis (K, £)] [0X (Gl (K, 22))°], (1)

where N is the number of particles, k is the wave vector of the
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radiation field, d(},, is an element of solid angle in the direc-
tionn = k/k, k = w, and ji_ ,(k,?) is a matrix element of the
current of the transition between the states i/ and f in the
momentum representation. The integration in (1) is over
the time spent by the particle in the medium.

If we ignore the interaction between particles, the func-
tion ji . (k,t) is proportional to the Fourier component of
the one-particle density matrix s RLR, LR, ),
which depends on the coordinates of particle u and also on
the radius vectors R, R,,...,R; . The latter specify the posi-
tions of the scattering centers in the medium (L is the num-
ber of scatterers).

To calculate the spectral energy density de,, /dw of the
bremsstrahlung which would be observed in the medium, we
should average expression (1) over all possible carrier tra-
jectories in the scattering medium.® To do this we need to
find the expectation value (over all R,,R,,...,R; ) of a bilin-
ear combination of the density matrices
(e, RLR, LR, ) and p¥ (7,75 Ry, R,,..,R.). Mul-
tiplying the equations of motion for the operators
1R ,.,R, ) and p¥(r,,r;R,,..,R, ) from the right
and left by the matrices p*(r,.r.,R,,..,R;) and
P4, R, R, ), respectively, and then summing the re-
sults, we find the following equations for the operator &,
which is the product of p* and p”:

P -

i5:= [H“y?(rlh l"‘/; rVyrvl;Rh~'-vRL)]1

0P @
io, =B P@nr Ry R

The Hamiltonian H* acts on the variables r,, the Hamilto-
nian H*¥ acts on the variables r,, and r,, and we have
T=1t —1t and t =t,. In the problem of the radiation by a
charged particle, the quantity 7 is the time scale of the pho-
ton formation (the coherence time), and ¢ is the time at
which the photon is emitted.”

We expand the operator & in (2) in a complete set of
plane waves u *exp (ipr) (pisthe momentum of the particle,
and A is the spin variable'® ), and we take an average over the
positions of the scatterers in the medium in the resulting
equations. Ignoring the “mixing” of the spin components of
the wave functions caused by a scattering center (this simpli-
fication is legitimate for ultrarelativistic particles''), we
then find the following expressions for FP!PzP3P4 (t,t 4+ 7), the
coefficients in the expansion of the operator & (we are omit-
ting the spinor indices):

7}
i P) <me:m(tv t+T) >— (Em_Em) <Flhlhlhm(tv t+T))
T

=Z {< V(g)FP(+‘,M.Fl.PA(t7 t+T)>
[ 4

~<V(g)FP(.m—!,m,m(tv t+T)>}v (3)

ad

l(%‘ <Fl’mﬂhm(tv t+T) >— (Em—Em_._Em—Em) <mepsm(tv t+T) >

=Z {<V(g)an+¢.m.m,m(tv t+1)>—( V(g)pm,m—z,m,m(t» t+1)
1

+< V(g)FP‘,Pz.m+l,m (tv t+1:) > _< V(g)Fm,m,m.m—a(tv t+T) >} )
4)
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where

V(g)= Y, U(g)exp(~igRy),

A==1

U(g) is a Fourier component of the potential of the scatter-
ing center, E, is the energy of a particle with a momentum p,
and the angle brackets mean an average over the positions of
the scatterers.

Equations (3) and (4) constitute systems of integrodif-
ferential equations which are not closed with respect to the
unknown function (F, , .. (#,¢+ 7)), which depends on
two time variables. The latter circumstance makes a calcula-
tion of the correlation function on the right sides of Egs. (3)
and (4) and also the derivation of (F,, ., (t,t+ 7)) far
more complicated than in the case of ordinary one-time
problems of kinetic theory.'> However, by virtue of the very
formulation of the problem of the emission by a charged
particle in a medium, the times # and 7 satisfy the inequality
7<t: The photon must manage to be emitted during the time
the particle spends in the medium. To first order in the pa-
rameter 7/¢<1 we can then ignore the dependence of the
function <FP|PzPJP4(t’t + 7)) on the variable 7 in Eq. (4),
since the time scale of the variation in (Fl,‘plp3p4 (tt+71))

specified by this equation is of order ¢> 7, while the deriva-
tives of the function (mem (t,t + 7)) with respect to the
variable ¢ are fairly smooth functions of ¢ by virtue of the
homogeneity of the medium.

Setting 7 = 0 in (4), we can then successively construct
equations'>  for the functions of the type
(V( ) F, 1 eppip, () ) which appear on the right side of (4).
Substituting the solutions of the latter equations into (4),
with 7 = 0, and using the standard rules'? for splitting up
the correlation functions of the type

<V(gi) V(gi)Fpmmm(t) >=<meml’s(t) ><V(gl) V(g2)>v

which arise in the process, we find an equation for
(F, 0w, (1)). Proceeding in the same way, we find an equa-
tion for the function (Fmpzpm(t,t + 7)) from (3) (but in
this case with 7#0). Expanding the collision integrals in the
equations found for (F, , . . (#)) and (F, , ., (£,¢+ 7)) in
the small momentum transfer gand alsoin w/E € 1—thisis a
legitimate step in the case of ultrarelativistic, classically fast
particles—we find the following equations for the functions
(Fy 0, (1)) and (F, , o (8t + 7)) [a detailed derivation
of Egs. (5) and (6) is given in the Appendix]:

OFc(Vy vt T) ikv, (1) F (V,, Va, £, T)

ot
q 2
=4*5:‘;Fk(vmv\'yt7 t)y (5)
P8 B0 (v () o ) (3 %0 £,0)
q[ @ P ]
=2 —+— | Fy(vy v t,0). 6
4 a'!] a; k(vuv ) (6)

Here F (v,,v,,.,7) is the two-time distribution function in
the k& representation,” which is found from
(F, pow, (1 + 7)) by making the change of variables
P12 =P, FK/2, p;4 =p, + k/2. This distribution func-
tion completely determines the kinetics of the radiation pro-
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cess in the medium. The quantities v,,, v,, p,, and p, are the
velocities and momenta of particles # and v; g is the mean
square value of the multiple-scattering angle per unit path
length;'* and q and § are angular vectors which satisfy

vi=vee. (1—1*/2) +von, enm=0, [n|<A,

e, £=0,

(N

vy=vee, (1—E*/2) + v, |E|<1.

Here e, is the unit vector along the inward normal to the
boundary of the medium.

Expanding the scalar products kv, and kv, on the left
sides of (5) and (6) in the small quantities ||, ||, |8, <1
[0, is an angular vector associated with the radiation angle
6, and the wave vector k by equations like (7) (with
vo —k) ], we find the following expression for the function
F (v,,v,,4,7) from Egs. (5) and (6):

Fyv(m,§,t,1)= (nqt)"5 d'n’ &n"Gc(n—0", 1)
Xex(n',m' —n"+F)

X exp{—ivotk (n—8) —ikvot (0" —E) (0’ —"/2(n"—E)]

—(M"-7m")*(qgt)!

—(i/2) (0" —n") (n—=8) kvot—gk*v,’t* (0" —E)*} /48, (8)
Here ¢, (x,p) is the Fourier component of the particle distri-
bution function at the time of entrance into the medium
(t=7=0), and G, (9 — 7n",7) is the Green’s function of
Eq. (6), given by
Ge(M—7", 1)

a(n—m")* 2
" qthat q

a at
— _ h— )2
nshat exp{ ¢ 2 (")

2
+ —q—ath %E (0x—1n") (n—M") +ikvet }, (9)
= (ikvogl2)".

We then find the following result for the expectation
value (over the positions of the scattering centers) of the
bilinear combination of matrix elements of the transition
current in the expression for the bremsstrahlung energy den-
sity in the medium:

< [nx‘j:‘—»f (ka t) ] [nx (ji"—»f (kv t)).] >
= {euz+"l§“‘"|9k—c9h}Fk ("L CV ta 1") ) ( 10)

where F, (0,§,2,7) is determined by (7)-(9).

3.SPECTRAL ENERGY DISTRIBUTION OF THE
BREMSSTRAHLUNG OF A SYSTEM OF NONINTERACTING,
CLASSICALLY FAST CHARGED PARTICLESIN A
SCATTERING MEDIUM

We assume that the system of classically fast charged
particles consists of NV carriers which at the time ¢ = O are in
the plane coinciding with the boundary of the medium and
have the coordinates ry, Tgyses Ton; (For), = (Foz),
=...= (roy), = 0. The velocities of the particles and the
time at which they enter the medium are

v, =vee,(1—A2/2) +voA,, €.A,=0,

|AJ<1, p=1, ..., N. (10a)

We can then write the following expression for the func-
tion @, (A,, A,), which determines the state of the system
of particles at the time t = 7 =0:
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Px (A AY)=8(m—A,)8(E—A,) exp (ikd,),

duv=r0n—r0v.

(11)

Substituting the expectation value found for the bilinear
combination of matrix elements of the transition current
[see (10)]into (1), and integrating over the variables 1 and
¢ in the resulting expression [allowing for (8), (9), and
(11)], we then find the following expression for the spectral
energy distribution of the bremsstrahlung which would be
observed in the medium, de,,/do = (dEw/dw) :

L Z Jdtex (Lol p, 2 2T,
uv

do vt o 48
_ q‘!‘:’z (d,.,, + —"g— b, )z Fiod,A, }
X{[:j-t—;il—ss—exp[———(iz—-:iﬁv—*{cths]
-H* (8 t610) ] —ak~? j el p[ (H-L)s — 1y cth s]
X by (duHosthi) } 1, (12)

where x=¢ ~(g/0)"?, y=qw’/4a(d,, +v,h,,)>
E=m/E b, =A, —A,, a= (iogu/2)'"? k=0,5,, is
the Kronecker delta, and T is the total time spent by the
particles in the medium (the thickness of the layer of the
medium).?

Let us analyze the frequency distribution given by (12).
In the extreme long-wavelength part of the spectrum
(g€ ~*>w—0), we find the following result by setting the
frequency w equal to zero and by replacing tanh z by unity in
the integral over the variable z:

deo _ N2 ez(qm)"’T'

do 1 (13)

In other words, at sufficiently small values of @, where the
Landau-Pomeranchuk effect occurs, the bremsstrahlung of
a system of noninteracting charged particles in the medium
is formed under conditions of complete coherence of the ra-
diators (de,/dwo«<N?), and the bremsstrahlung energy

de,/dw
4 I
2T TS
;! \é\
T
7 I 7
|
a |
1
w w

FIG. 1. Energy spectrum of the bremsstrahlung of a beam of fast charged
particles with a §-function momentum distribution in a medium (w is the
frequency of the radiation). Level I) The value V- le’qT/ 317'2§ Z level IT)
the value V31e*qT /3w &2 a—ax N (qw) ' b—
«22,,_exp( — wéd,,)(wéd,,) "2
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does not depend on the relative positions of the particles.
The reason is that in the limit @ —0 the wavelength of the
radiation is long in comparison with the difference between
the path lengths of bremsstrahlung photons coming from
any two individual radiators.

For very high frequencies, w>max{gé ~*(qT)"/?
X [min(d,,,; votb,, )]~ '}, we expand the preexponential
coefficient and the argument of the exponential function in
powers of the small quantity z«1 in the integrals over the
variable z. From (12) we then find

de, 2e2qT { 2t3
NI dt by
do 3nE (2n§)'/’ 2’ j exp

uskv=1 0
w’t 2 ) vol EA
q4 (duv - b,w) }mf: d,w+—20—b,w
. 2eqT
X exp{—§|d,Tvith.|} -;-:N Ewr
de,
E(E;)BH~ (14)

We thus see that at sufficiently high values of @ the term in
the spectrum (14) which stems from the interference of the
bremsstrahlung photons emitted by different particles tends
toward zero with increasing frequency, while the quantity
de,/dw becomes equal to (de,/dw)gy, ie., the Bethe-
Heitler bremsstrahlung energy for N independent radiators.

Since the second term on the right side of (14) is non-
negative at any o, it follows from the asymptotic expressions
in (13) and (14) that the frequency distribution of the
bremsstrahlung of a system of noninteraction charged parti-
cles always has at least one extremum (Fig. 1). This result
stands in contrast with the result for an individual radia-
tor,'™ in which case the bremsstrahlung energy spectrum in
the medium is a monotonically increasing function of . In
the case d,,, A, #0, there is generally more than one extre-
mum, because the system of ultrarelativistic radiators has a
nonzero dimension along the radiation propagation direc-
tion.

Below we will study in detail the cases in which either

A# =0foru = 1,...,,N (this is the case of a plane, collimated
beam of emitting particles) or |d,, |=0 for |A,|#0,
v =1,...,N (this is the case of a highly anisotropic point

source of ultrarelativistic radiators). These situations have
been singled out because in the case A, =0 or |d,, | =0,
even if there is no ordinary interference of waves from
sources which are spatially separated along the radiation
propagation direction, the bremsstrahlung energy spectrum
of the system of particles in the medium always has an extre-
mum because of the transverse coherence of the radiating
particles (“transverse” with respect to the radiation propa-
gation direction).

4.SPECTRUM OF THE RADIATIONEMITTEDBY A
COLLIMATED BEAM OF ULTRARELATIVISTIC CHARGED
PARTICLES IN A MEDIUM

Since the initial (z =0) distances between the beam
particles, |d,, |, and the angle at which they are moving
apart, |b,, | =A, —A,, and at 7 = 0 are generally random
quantities, we need to average expression (12) over all possi-
ble values of the vectors d,, and b,, in order to find the
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spectral energy density of the radiation which would be ob-
served experimentally. Setting A, =0,u=1,.,N,and find-
ing the average of d,,, over the cross section of the collimated
beam (we approximate this cross section as a circle of diame-
ter D), we find

de, de, ds
[ (1+i)s]
XOXP| T T
4{1 —expl—(gtw*+qw*/ath s)/16D*]} , (15)
gto’t+qw’/aths

where (de,/do), is the spectral energy density of the
bremsstrahlung of an individual radiator in a medium,
which was found by Migdal.?

In the low-frequency region, w S g€ ~*, we set tanhs — 1
in the last expression, and we wuse the relations
t~T>71, =¢, [1, = (qgw) ~ ' is the formation time of a
bremsstrahlung photon under the conditions corresponding
to the Landau-Pomeranchuk effect” ]. We find

jf.ﬂ:N e*(qu)"T n 16e*N (N—1) { T

do n (q0)"onD? T
qo’t,D* ) ( q0*TD? )}
—E\— F+E\——)F, 16
E‘( 16 16 (16)

where E,, (s) is the integral exponential function.'
From (16) we find

QT Nt
7 64n
de., o < min{gg~*; (¢TD*) "}
» = (16a)
N e*(qo)"T n 16e’N(N—1) ( )
o\ —
n (90) "onD? Tq
(¢D") <o <gE™

At frequencies o & g€ ~* the derivative de,, /dw is thus an
increasing function of w. As the frequency increases, the in-
terference term in (16) increases more slowly as a function
of the time T than the term responsible for the intrinsic
bremsstrahlung of the individual radiators.

In the short-wavelength part of the spectrum,
© R g€ ~* we expand the preexponential coefficient and the
argument of the exponential function in powers of the small

dsw/dw
a’
~ —— - —_ _H_ —_—
2 |
| N
P
o e — | Sy ~
| I
a | )
i !
g&” 0lgT) Z w

FIG. 2. Energy spectrum of the bremsstrahlung of a collimated beam of
fast charged particles in a medium (o is the frequency of the radiation).
1—qDE ~3» 1;2—qDE "3 S £(qT) ~'/2«1; 3—qDE ~3«<£(qT) ~ V2« .
Levels I, II) The same as in Fig. 1. a1 «Nw'? a": «N2'% b:
N(N—-1o™ 2
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quantity s € 1 in the integrals over the variable s in expression
(15). Note that the relations t~T> 7, = 7, are typical.?
We find

2 2 _
dsm=N 2eqT+ 4e’N (N 1){81n(T/1'5) —Kz(ng)

do 3nE? 3n (Dab): 2
e (5)-a (255} an

where 7, = (7, )y =¢~ '€% and K, (s) is the modified
Bessel function. '

Using asymptotic expansions of the functions E, (s)
and K, (s) in the cases s> 1 and s<1 (Refs. 14 and 15), we
find from (17)

(\e 2697 _ N(N=1)e* (qoDT)*
3nt? 96n 1 ’
gt ‘<< (¢TD*)-"
Zewﬂ 2e%qT 32¢* In(T/ (1®
o | y2e4l v 1)-————" n(I7w)
3nE? 3nD*oE’

0> max{q§~*; (DE)~'}.

The results in (17) and (18) show that de, /da) is an
increasing function of the frequency at w S g€ ~*, and at
o2 g€ ~* the derivative de,,/dw decreases with increasing
o. It follows that the spectral energy density of the brems-
strahlung of a collimated beam in a medium has a maximum,
and this maximum is unique. If ¢gD& ~3>1, then
@ pae ~q€ ~*, and the bremsstrahlung energy de,,/dw at
©=®,,, is on the same order of magnitude as the ‘back-
ground” due to Bethe-Heitler radiation (Fig. 2). In the case
gDEé ~3 S £(qT) ~ /> <1, the maximum of the de, /dw spec-
trum is again at the frequency o, ~g€ ~*, but in this case
we have a ratio (de,/dw) ./ (de,/dw) gy =N (N is the
number of radiating particles). If, on the other hand, the
conditions gD& ~3<£(gT) ~'/?«1 hold, the maximum is a
plateau with a width equal in order of magnitude to
D ~'(¢gT)~* (Fig. 2), and we have (de,/dw) ../
(de,,/dw) gy =N.

The reason for the existence of a maximum in the
bremsstrahlung energy spectrum is the following: As the fre-
quency o decreases, the particles radiate more coherently, so
de,/dw increases. As o increases, on the other hand,
de,,/dw for an individual radiator increases.> These two op-
posite tendencies in the frequency dependence of de,,/dw
give rise to the maximum which we have been discussing.
This result differs from that in the case of an individual radi-
ator, in which case the spectral energy density of the brems-
strahlung in the medium is a monotonic function of w.

5. BREMSSTRAHLUNG ENERGY SPECTRUM OF A HIGHLY
ANISOTROPIC POINT SOURCE OF ULTRARELATIVISTIC
RADIATORS IN A MEDIUM

In (12) wesetd,, =0 (i.e., |d,, |<|A, — A, |r). We
then take an average over all possible values of the angular
vectorsb,,, in acircle of radius y, €1in the resulting expres-
sion (y, is a characteristic value of the cone vertex angle
which includes the initial velocities of the particles). We
then find the following expression for the bremsstrahlung
energy spectrum of a highly anisotropic point source of radi-
ators:
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T
deq ( de, ) eEEN(N—1) {
de do Ko { !
(1+i)s ]{ [ 2( Fo*t
Xexp[ o™ 1—exp| —%o 12

e -5
ams) reso(5) sdtsﬁ;m[— ]

Itﬂ mztz
x{1-oxp| o L2+ 22 ) ]}
*Pl %\ 5~ " Zams

qmztﬂ qmztz —-l}
X (——— 4+ 300
12 4aths ) ’ (19)

where 7, is the formation time of a bremsstrahlung photon
in the medium, and? 7, <t~T.

In the long-wave part of the spectrum, for o S g€ ~
and 7, = 7, = (qo) ~ "2, we find from (19)

d ° 2 ’Iz 1
deo _nEWOT v D 12¢° (ﬂ)
do 14

o'\ g
T
dt
X jF[i—exp(—

It follows, in particular, from this expression that for
o S gé ~* the spectral energy density of the bremsstrahlung
in (19) is an increasing function of the frequency. At very
small values of ® (g€ ~*>w—0) the bremsstrahlung spec-
trum in the medium is formed under conditions of a com-
plete coherence of the radiating particles.

At sufficiently high frequencies, » 2 g& ~*, on the other
hand, we find the following expression by expanding the
preexponential coefficient and the argument of the exponen-
tial function in powers of the small quantity s <1 in the inte-
grand of the integral over the variable s in (19):

qmzt.’ixoz ) ]

12 (20)

de, . 2e'qT +8e*N (N-1) dt { Kot E?
do 3nE* T ny'te® P 2
2t3 2
sz(mtgm)exp(—ﬂ"E—h—)}. (21)
Here 7, =¢ '€? is the maximum formation time of a

bremsstrahlung photon for w2 ¢& ~—*
Using the asymptotic expansion'®
K, (z), we find

, 2¢:qT  N(N—1)e*g oy, T

of the function

’

3nEr 144mE?

de. g8 <0< (gl "

do N 2eqT | 4e*N(N-1) (22)
3nt? nyo Elwit®

o>max{gt; ¢t %"}

Analysis of (20) and (22) shows that the bremsstrah-
lung energy spectrum of a highly anisotropic point source of
ultrarelativistic radiators in a medium always has a maxi-
mum, and this maximum is unique. If the characteristic cone
vertex angle y, which includes the velocities of the emitting
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particles is such that the relations qy,7¢& ~*
<£(gT) ~'/?«1 hold, the maximum is a plateau with a
width on the order of (y,7) ~'(¢T) ~"2. The ratio of
(de,,/d®) oy t0 (de,/dw) gy is roughly equal to N. In the
opposite limit, qy,7¢ ~°>1, we find (de,/dw),,,
~(de,/dw)gy.

6.SPECTRAL ENERGY DENSITY OF THE BREMS-
STRAHLUNG OF A BEAM OF NONINTERACTING
ULTRARELATIVISTIC CHARGED PARTICLES IN A MEDIUM

Let us generalize the results derived above to the case of
a beam of ultrarelativistic radiators which has a finite size
lg €T in the direction in which the particles are moving.

We assume that a beam of fast charged particles, which
do not interact with each other, starts to enter a scattering’
medium at ¢ = 0 and continues to enter it for a time ¢, = /5.
The particles are initially (¢ = 0) at the points with the co-
ordinates ro,;, To,,..Ton [(Fo, ), #0)] and have velocities
Vo1 Yoz Yon given by Egs. (10a). The energy spectrum of
the bremsstrahlung of such particles is given by (1). Since
the integration over the variables ¢, and ¢, in (1) is to be
carried out over the time spent by the particles in the medi-
um, the component of de,, /dw which comes from the terms
with 4 = v is exactly the same as the energy of the intrinsic
radiation (# = v) of the particles of a beam with a §-func-
tion momentum distribution [the terms with x = vin (12);
the times ¢, and ¢, refer to the same particle]. To calculate
the interference terms (u#v) in the spectrum (1), we
would generally need to allow for the circumstance that
terms with u v are zero except in the case in which both
particles (particle 4 and particle v) have entered the scatter-
ing medium (we are ignoring effects which are related to the
time at which the particles enter the medium, since they are
small quantities, on the order of 7/T«<1). For a compact
beam (/; € T), on the other hand, consideration of the size of
the beam in the longitudinal direction at the time at which
the radiating particles enter the medium leads to small cor-
rections (on the order of /;/T<1) to the energy of the
bremsstrahlung which these particles emit over the time T’
spent by the particles in the scattering medium.

With these thoughts in mind, we substitute into (1) the
average value of the bilinear combination of current matrix
elements found above, (10), which is expressed in terms of
the two-time distribution function F, (#,7 ;%,§), in which we
have (d,, ), #0, in contrast with the case of a beam with a -
function momentum distribution. Integrating over all 1 and
€ in the resulting expression, we find the following result for
the bremsstrahlung energy spectrum of the beam of ultrare-
lativistic charged particles:

de, N( de, ) e*o,’
do dm M 2ng
d +i
XReZ j‘ 5 sexp[a:;2 i)s/2u]

exp{C—B*/4[ (gt)'+iwaths(24¢)~'(d,).]}
[(gt)'+tiva(d,). th s/24q)A*
X {/l T 44 { [ (dw) LHvothy, ]* — _’(dnv) B[ (dw) L Fvoby]

P (B i_z_[b“v(d“ﬁvotbm,)— 7 ().Bb,. ],

(23)
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where
(dw)L+e,(dw)z, b..=A, A,., a=(iqgwv./2)",
a
A = ?th $ + (dnv)n = (d"y) [(d)&V).L+v0tbllVl
A tb,.,
2 V+m[(dw)ﬁr Voth, ]
t 2
o A} iovth,A,
S TP PR e L L Y
c 4A[(u)J_ Uobu] qt 2
qo*vit’b,:
- _408—"— +io(dwy).;

and (de,/dw),, is the energy of the bremsstrahlung of an
individual radiator.?

If the characteristic longitudinal dimensions (in the di-
rection in which the particles are moving) are such that the
relation min{(d,, ),}> max{w ~';7} holds [but, of course,
max{(d,,),}~I; <T], the terms in the sum on the right
side of (23) are periodic functions of the frequency w. The
following inequality holds at any value of w:

(2=)  —w(%) |/a(5e) <o-nr<t

max(min)
(24)

For a sufficiently large beam of radiating particles, the inter-
ference effects are thus highly suppressed, and the brems-
strahlung energy spectrum de,, /dw has basically® the same
dependence on the frequency w as (de,, /dw) ,, in the case of
an individual radiator.?

In the opposite limit, (d,,)./7<¢ 241, expression
(23) becomes the bremsstrahlung energy spectrum in (12),
for a beam of ultrarelativistic charged particles with a -
function momentum distribution.

7.CONCLUSION

We have derived a systematic kinetic theory of the radi-
ation of a system of monoenergetic, classically fast charged
particles which do not interact with each other but which are
elastically scattered repeatedly by randomly placed atoms of
a medium. We have found the bremsstrahlung spectrum of
such particles. This spectrum differs from that of an individ-
ual radiator'~ in being very nonmonotonic and in having at
least one extremum, which is a consequence of interference
of the waves emitted by the individual particles. The value of
the bremsstrahlung at the extremum, the position of the ex-
tremum, and its width all depend substantially on param-
eters which specify the initial beam of radiating particles and
also on the characteristics of the scattering medium.

We have carried out a detailed study of the radiation
emitted by a collimated, monoenergetic beam
(min{w~',7}>max(d,,),—0) of fast charged particles
with a §-function momentum distribution and of the brems-
strahlung of a highly anisotropic point source of ultrarelati-
vistic radiators, i.e., the radiation emitted by systems of par-
ticles in which there is initially no spatial distribution of the
bremsstrahlung sources along the radiation propagation di-
rection. It has been shown that in these cases the bremsstrah-
lung spectrum in the medium always has a maximum, and
this maximum is unique. If the parameters D and y,, which
characterize the initial (unscattered) beam of radiating par-
ticles, are such that the conditions gD& ~*<£(qT) ~'* <1
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and qy, T ~*<£(gT) ~ > <1 hold, the maximum in the
bremsstrahlung energy spectrum is a plateau, with a width
which depends strongly on D and y,, for both a collimated
beam of charged particles and an anisotropic point source of
ultrarelativistic radiators. The ratio of (de,/dw) ., to the
background level [ the energy of the Bethe-Heitler radiation,
(de, /dw) gy = 2Ne*qT /37 *] is approximately equal to
N, the number of radiating particles. As the parameters D
and y, increase y, [gDE *S&(gT)~'? and
qyoTE ~*SE&(gT) ~ '], this plateau converts into a
“strict” maximum. As before, we have
(de,,/dw) 1oy / (dE,,/do) 5y = N. If, on the other hand, we
have both gD& ~*> 1 and gy, 7€ ~*> 1, then the quantities
(de,/dw) oy and (de,,/dw) gy become the same in order of
magnitude.

In the opposite limit, of a fairly large beam of radiating
particles, (d,,, ), ~/z >max{w~ 17}, interference effects are
suppressed, and the bremsstrahlung energy spectrum is basi-
cally the same as the plot of d¢,, /dw versus o for an individ-
ual radiator.

It follows, in particular, that by producing compact
beams [with a small longitudinal dimension max(d,, ), ~/5
< ~ '] of charged particles in accelerators, and by varying
their parameters (N, D, and y, ), one can achieve a prespeci-
fied bremsstrahlung energy in the desired frequency inter-
val.

The range of applicability of the results derived above is
limited by the various approximations which have been
used. The condition E> m, o is a customary condition in the
analysis of topics of this type. It holds fairly accurately, for
example, in cases in which the bremsstrahlung spectrum is
due to fast charged particles in the cosmic rays.® The upper
limit @ < E on the radiation frequency has no substantial ef-
fect on the results found here (the presence of at least one
extremum in the bremsstrahlung spectrum of the system of
particles in a medium), since for  ~E the spectral energy
density of the bremsstrahlung is an increasing function of the
frequency, tending toward zero as @ — E (Ref. 10). Itis legi-
timate to ignore the interaction between the radiating parti-
cles during the emission of bremsstrahlung photons in a me-
dium if the curvature of the particle trajectories caused by
this interaction is small in comparison with the effect of mul-
tiple elastic collisions with the atoms of the medium on the
motion of the particles. Quantitatively, the latter condition

means
2

(Av,)?= %&—2 < v,2qT=(AV,)?,

where (Av,)* and (Av, ) are the squares of the transverse
velocities (transverse with respect to the initial direction)
acquired by a particle as a result of multiple scattering in the
medium and as a result of the interaction with other radiat-
ing particles, respectively. In addition, T is the thickness of
the slab of medium, and d is the characteristic distance be-
tween particles. If the particles undergo Coulomb collisions
with the atoms of the medium, and the mean square value of
the multiple-scattering angle per unit path length is
q = 4mnyz*(e*/m)log(180z ~'/*), this inequality becomes

T>[4nn.d(e*/m)Z? lg (1802 "%)] -,

where n, is the density of scattering centers, and Ze is the
charge of each.
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APPENDIX

Following Ref. 11, we write equations for the functions
on the right side of (4) (for the case 7 =0). We use the
standard rules'? for breaking up the correlation functions of
the type (V(8) V(&) Fy 50,0, (H1 + 7)) which arise in the
process:

(V(g) V(gl)Fmpmm(l, t"'T))
=n°|U(g) lzal.—!'<FP1mD;Pl(tv t+T) >,

where n, is the number of scattering centers per unit volume.

Solving the equations which result (Ref. 11, for exam-
ple) under the initial condition (V(g)F, s, (0,0))
= (V(8)){Fyp0:ps (0,0)) =0 (this condition means that
there are not correlations at the time ¢ = 7 = 0), we find the
functions (V(g)F, | gpp.p, (61)), (V(8)F, 0, _gp.p, (1) ),
(V(8)F, 5.0, + 20 (t,0)), (V(8)F, ;. pip.—g(B1)). Substi-
tuting the expressions for the latter functions into the right
side of Eq. (4) with 7 =0, we find

7]
i E(Flhmp:m (t) >~ (EF|+EP1_ED!—EPA) <Flhlhlhm (t) >
— —iny YU [* | " (explit (Bpoa=Ept En—Ey) ]
'] -t

X [(FD|mP3P‘(t+tl) )+<Fp:+!,m,m—g,lu(t+t,) )

- <Fm+s.m+l.pa.m (H't') ?

—<Fyprappnta(tTt)>]+exp (i’ (Ep+Epire~Ep—Ep)] -

X L <F pipupp (EH2') > H < Fpimgprprrap (E127) D

- <Fll|-lh+!,m+l.m (t+tl) >

"(Fp-.m.m+¢.m+¢(t+t’) >]—exp [‘it, (Em+Em"Ev:—:'Em) I
X[ Fp-gprtmp(tHt) >H<Fpy pug g ()

—F o (tH1'))

— Py p-tmpra (L) 2] — explit’ (Ep,+Ep—Ep—E;—4) ]

X [<Fpr-gmmpspi-g () >F<Fy, p gy pi-a (EF27) D
'—<Fm.ln+I.m.m—¢ (H_t' ) >—<mepm (t+t,) > ] } . (25 )

Proceeding in a similar way with the correlation func-
tions which appear on the right side of Eq. (3), we find

7}
l"_”; <thmlh(tv T) )— (Em"‘Ep:) <Fl4mm(t» T)>

——ing 2 U@ | | dr {explic’ (Bpae—En)]

X [ (Flhlhpslh(t1 T+T,) >

'_<FP|+!,P:+!,P:|,IM(tv T+T,) > ] “eXPl iT, (Elh_Em—!) ]
X [<Fm—s,n-¢.pm(t, T+T,)>‘“<Fmpzpm(t, T+TI)>]}

+ Z{<V(g) FP|+!,P2,PMDA(t) >—<V(g)FP|.m—E.P!.m(t) >}
. (26)

Inhomogeneities arise on the right side of (26) because
of the requirement that the correlation functions of the type
(V(8)F,, 1 gp,p.e, (7)) be continuous as functions of the

variable 7 at the time 7 = 0:
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<V(g)Fm+m.p,,p.(t. 29 D p—
=<V (&) Fpisg,psps0: () 2.

Since the time scales of the interaction of a particle with
a scattering center, 7,, are small in comparison with z and 7,
we can extend the integration over the variables ¢ and 7 in
(25) and (26) to — o0, and in the zeroth approximation in
(F, pop, (t+17+4¢')) we can replace the functions
To/7<€1 and 7,/t <1 by (Fp‘pzpsm (¢,7)). Introducing a two-
time distribution function in the k representation,

Fk (P—k/27 P+k/2, Pl+k/21 p,—‘k/zv I3 T) E<mepapz(tv T)),

we then find the following result from Egs. (25) and (26):
9
dat

==l Z l U(g) IZ{G— (Ep,+!—E,,) [Fk(Pn P2, Ps, Pis £, T)

—Fi(p,+g,p.+8 ps, Pis 8, 7))

Fu(pi, P2y Ps Pis 8, T) Hi(Ep—Ey) Fi (P, Po, Ps, Pis 8, T)

—6- (EP'—EIh—() [Fk (Pa_'g, P:—8&, Ps, P tv T)
_Fk (’Pn Pz, Ps, Pss ta T)] } _"2 {< V (g)FPH-!.Pz.P:,m (t, 1=0) >
[

_<V(g)Fm,lh—!,Pa,m(tv T=O)>}v (27)
7}
E{Fk (P4, P2, P, Py £, 0)}

+i (Em_Em-*—Ev;'—Em)Fk (P1s P2, P, P, £, 0)

=0 YL\ U(®) |H6- (Epra—EntEs—E,)

4
X LF(py, P2 sy Pi, £, 0)
+F(pitg, 0, Ps—8, Pi, £,0)—Fu (p,+g, P, Hg, s, ., £, 0)
~Fu(ptg, 2, ps, P8, £,0) ] +6_ (Ey"E,,+E,, —E,,)
X[Fx(P1, Pz. Ps, Pis 1,0) +Fu (D1 —g, s, Ps €, Ps, 2, 0)
—Fy(p,, p.tg. Pst8, Py t,0) —Fu(py, P2, pstg, pitg,t,0)]
+6_(Ey—Ep_g+E,—E,)
X[Fx(ps, P2y Ps, Piy £, 0) TFu (D, P—8, Ps, Pi 18, 2, 0)
—Fye(py, P:—8, Ps—8& Pi, t, 0) —Fy (p,—g, P.—8, Ps, Ps, £,0) ]
+6-(Ep,—Ep,+Ep—Ep )
X[Fu(ps, P2, Ps, Pi, 8, 0) +Fy (py, P28, Ps, Pi—g, £, 0)
—Fy(pi—g, P2, Ps, Pi—&, £, 0) —F i (P4, P2, Ps—&, Pi— 8, £,0) 1},

(28)

Here 6 _ (x) is a one-sided 8-function,'® p, , = p F k/2, and
Pie =P £ k/2.

Equations (27) and (28) describe the kinetics of the
emission of bremsstrahlung photons in a medium both in the
definitely classical case (E>w) and in the quantum-me-
chanical case, with E~w. In this case the function
F, (p,p',t,7) alsodepends on the spin variables A,,1,, 4, and

4

Taking the classical limit E>w, and expanding the

functions F, (p, + 8,p, + &p; + 8P, + &27) on the right

958 Sov. Phys. JETP 73 (6), December 1991

sides of Egs. (27) and (28) in the small quantity |g| <|p, ]|
(po is the momentum of the particle as it enters the medi-
um), we find the following result in the small-angle diffusion
approximation:'?

oF (v, v, t,
—k(——t)— — ikvF(v,v',t, 1)

ot
LA (29)
= v,V
4 anz { k\V, 1y T)g,
dF ’ Ivtv -
J_Li — ik (v—v')Fy(v, V', t, 1)
ot
q [ 7} 7} ]2 ,
212+ % F
4 01‘ og k(V,V vtvo)v (30)
Here v=p/E, v =p'/E, q=2n,p32,|U(8) |

XS8(E, —E, , ;)& is the mean square multiple-scattering
angle per unit path length,'? and the angular vectors 7 and £,
in which we havev, =v,v, =V, are givenby (7). In deriving
Eq. (29) we noted that the terms proportional to correlation
functions of the type (¥( 8)F, o op. (2)) [see (27)] have

been discarded, since they are small quantities on the order
of 7/t €1 with respect to the other terms in the equation.

! The function F, (v,,,V,,5,7) is related to the standard two-time distribu-
tion function'? by a Fourier transformation in the coordinates of the
particles. In the case u = v the function F, (v,,v,,t,7) is the Fourier
component of a conditional probability density.

2 In deriving (12) we made use of the relations ¢~ I'> 7, (where 7, is the
time scale for the formation of a bremsstrahlung photon in the medi-
um), which follows from the very formulation of this problem of the
radiation by a charged particle in a medium. If wSgé ~*, then
7o = (qw) ~'/%, while if o> g¢ ~* the quantity 7, is @~ '€ =2

» In general, de,, /dw is an oscillatory function of the frequency w, but the
value of the radiation energy at the extremum is small [see (24)] in
comparison with the background created by the system of N indepen-
dent radiators.
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