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A general approach is suggested to the solution of a broad range of problems in nonlinear-

polarization spectroscopy (NPS). The experimental geometry which makes it possible to isolate
the individual contributions C,, of the multipole moments of rank » = 0, 1, 2 induced by a strong
light wave is determined. A general expression for C,, in the case of a rarefied gas of atoms witha

hyperfine structure and in the ground state under conditions of optical pumping is proposed. A
comparison is muue with the experimental data obtained for the D,-line of *’Rb by isolating the
NPS signal generated by the scalar part of the scattering tensor (proportional to C,). Satisfactory
agreement is noted with the calculations carried out according to a theory developed for the
amplitudes of nonlinear Doppler-free resonances. Finally, formulas are given for calculating the
NPS signal for the most common experimental geometries.

Methods of nonlinear polarization spectroscopy
(NPS) '-* have made it possible in recent years to initiate an
experimental study of nonlinear resonances associated with
the existence of hyperfine components of atomic levels. NPS
signals in such systems are quite complicated due to the ap-
pearance of various types of crossover resonances,* optical
pumping in the ground state of the atoms,**® and effects due
to the polarization and the geometry of the interaction of the
strong wave and weak waves. Although at present there are a
number of experimental papers dedicated to the study of the
hyperfine structure by NPS methods, a satisfactory quanti-
tative calculation of the amplitudes of the nonlinear reson-
ances is lacking. Thus, the authors of Ref. 7 make an effort to
provide a quantitative analysis numerically. However, it
cannot be said to be fully satisfactory since the calculation is
made in fact only with allowance for the population redis-
tribution over the hyperfine levels of the ground state, while
neglecting polarization effects associated with the presence
of induced moments of higher rank (magnetic and quadru-
pole), whose influence is in fact commensurate with the sca-
lar part. On the other hand, in those few papers*® where the
NPS signal is calculated correctly, only one special case of
the polarizations of the strong and the weak wave is consid-
ered, without a sufficient degree of generality and physical
clarity, and the calculations themselves are cumbersome and
laborious. Therefore a study of NPS effects based on the
most general formulation of the problem for arbitrary ellipti-
cal polarizations and arbitrary directions of propagation
would be of unquestioned interest, specifically one which
would make it possible to determine the various geometries
and polarization relations which would be useful in the plan-
ning and interpretation of experiments. The present paper is
dedicated to a general theoretical analysis and its quantita-
tive experimental confirmation in the case of the D,-line of
87Rb.

THEORY

1. Geometrical analysis of the NPS signal in media with
photoinduced anisotropy

We write the nonlinear polarizability P, (v) of the me-
dium at the frequency of the probe field v in two equivalent
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forms:
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Here {... ® ...} represents a tensor product of rank » (Ref.
9); e, and e are the unit complex vectors of the strong and
weak fields, respectively, which in general have arbitrary
elliptical polarizations. The coefficients C, describe the
nonlinear interaction of the probe wave

L=FL(r)ecexpl —i(2avt-kr)] + cc. (2)
and the pump wave
E,=FE,(r)e.cxp[—i(2av,t—k,r) |+ c.c. (3)

and contain all the spectral information. Their explicit form
is determined by the model of the medium, the angular mo-
menta of the resonance levels, collision processes (in the
gas), etc. However, all geometric and polarizational aspects
of the interaction can be studied independently of the explic-
it formof C,,.

As to their physical content, the quantities C,, deter-
mine, respectively, thescalar (C,), the antisymmetric (mag-
netic dipole) (C,), and the symmetric (quadrupole) (C,)
scattering.

The experiments usually yield some linear combination
of the constants C,, C,, and C,. Since the spectral properties
of these coefficients are in general diverse, it is more conven-
ient for the sake of physical visualization to isolate in the
polarization signal each individual term proportional to the
corresponding multipole moment of rank » =0, 1, or 2 in-
duced by the strong field. Toward this end, starting with Eq.
(1), we obtain expressions for the intensities ! « |E |? and
I' < |E'|? by isolating the components of the probe field at
the exit from the medium—the component whose direction
coincides with the direction of the polarization vector e at
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the entrance to the medium (/') and the component whose
direction coincides with the direction of the polarization
vector e, orthogonal toit (/'):

c, C, C,+C, . .
]”(L)=I(O){142a[4 RO[D(\’)— 3 ENT | (ese) [*
C.—C,
-2 o 1]}, )
I+ (L)y=1I(0) (a.l)®
- . Z“Ci - * :
X gz_;L_C_, (e*e,) (ece) + ¢ 5 (ete) (ese) (5)

al<1.

Here « is the linear coefficient of absorption by the weak
field, L is the interaction length of the waves, I(0) is the
intensity of the probe wave at the entrance to the medium,
and D(v) is the Doppler contour of linear absorption [see
Eq. (12)]. The scalar products of the unit vectors contain all
of the dependence on the relative polarizations and on the
geometry of the interaction. We note that in general e, e,
and e' have elliptical polarization.

From Egs. (1), (4), and (5) it is possible to find the
experimental geometries (polarization of the waves and
their directions of propagation) for which the terms in C,,
C,, and C, separate out in the NPS signal. We carry out such
a separation.

a) The scalar scattering signal.

Scalar scattering C, is not present in the signal of the
orthogonal component (5) since it does not lead to a change
in the polarization of the probe wave. The very existence of
scalar scattering is associated with the formation of a popu-
lation difference in the atomic levels which are resonant with
the field, and also with the redistribution of the population
among the hyperfine levels of the ground state under optical
pumping. C, usually does not separate out in pure form.
Finding the conditions under which scalar scattering sepa-
rates out would correspond to the determination of the limits
of applicability of the scalar model of the interaction of light
with the medium, when it is possible to ignore the degener-
acy of the atomic levels and polarization effects.

For this it is necessary, as follows from Eq. (1), that the
following conditions be fulfilled when the expressions for C,
and C, vanish:

y(e,e0) (6,0) /2 (6,8,) (e,8) =(e,e) /3,

. . - (6)
(e.e,) (e,e) —(ewe,) (ee) =0,
where e, is the probe-field component which separates out
from the NPS exit signal.

As an example let us consider the case of oppositely
directed, linearly polarized waves with angle 8 between e
and e,. Then, in order that conditions (6) be satisfied, it is
necessary to isolate (with a polarizer) e, at the exit from the
medium the probe-field component oriented at the angle £
to e:

_ 3cos® 0—1
" 3cosfsinh

tg N

In particular, if one isolates in the signal only the projection
e, =e, ie, the same as at the entrance to the medium
(Q) = 0), then 8 = 54.7° (cos *d = 1/3). If condition (7) is
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fulfilled, the exit signal has the form
C,
I”(L)=I(O){1—2(aL)Re[D(v)-3—]}c0529. (8)

Precisely such an expression is used in the resonance-medi-
um model which does not take account of the degeneracy of
the levels or polarization effects. '’

b) The antisymmetric scattering signal.

To isolate the signal proportional to |C,|? it is neces-
sary, as follows from Eq. (5), to satisfy the condition

(e*e,) (ece)+ (ete,) (ese) =0. 9)

In this case the exit signal contains a component e* orthogo-
nal to the initial signal e. Condition (9) is fulfilled, in partic-
ular, when the strong wave is circularly polarized, while the
counterpropagating probe wave can have arbitrary ellipti-
city, including even linear polarization. Just this case was
considered in Refs. 4 and 8.

¢) The symmetric scattering signal.

To isolate in the orthogonal component the signal due
only to the quadrupole moment induced by the strong field,
it is necessary that the magnetic-dipole component in Eq.
(5) vanish:

(ete,) (€.)—(e*eo) (e,e) =0, (10)

which is equivalent to the fulfillment of the condition

cos ¢ sin 2e, cos 2e=0, —n/4<e,, e<n/4, (11)

where @ is the angle between the wave vectors k, and k, and
£, and ¢ are the ellipticities of the strong and the weak wave,
respectively. Then, setting £ = £, = 0 (both waves linearly
polarized) and ¢ =0 (k||k,), we obtain from Eq. (5) that
I' ~|C,|* sin 226. It is clear that in this situation the angle
6 = 45° (sin 20 = 1) is the most preferable.

2. An expression for the nonlinear polarizability of atomic
gases under conditions of optical pumping, taking hyperfine
splitting into account

As was already noted, the coefficients C, are deter-
mined by the medium. In the case of an isotropic gas of
atoms in a ground state which is degenerate in the projec-
tions of the angular momenta and in which there is hyperfine
splitting, flow-through effects associated with the finite time
7 of interaction of the atoms with the field in bounded light
beams'' play an important role. A correct account of these
effects leads to the construction of a perturbation theory in
the parameter yG7 < 1, where y7> 1 (y is the rate of radia-
tive relaxation of the excited levels, and G = |Eod /hy|* isthe
saturation parameter).

Using a technique described in Refs. 11 and 12, it is
possible to obtain (in the absence of a magnetic field) the
following expression for the coefficients C,, when the fre-
quencies of the strong and the weak fields coincide and their
directions of propagation are antiparallel (k = — k;):
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b .
Here (2 e;] is the 6j-symbol.® The indices » and 7, number

the hyperfine levels of the ground state, m and m,—the ex-
cited state, d,,, is the normalized reduced matrix element,
whose square is equal to

Jio I, F,,.}’

Qon |*=(2F ,+ 't {
| *= (2F ot ) (2D T

whereJ, and J, are the total angular momenta of the electron
shell in the excited and the ground states, respectively,
F,. ., is the total angular momentum of the hyperfine level,
and 7, is the angular momentum of the nucleus. Further;
V.. 18 the frequency of the transition between the m and n
levels, 2kv, is the Doppler linewidth (it is assumed that
2kvy> ), and N is the equilibrium population of the nth
ground state;

Y vy,

n

in the case hv,,, <k T we have
N™=(2F,+1) /Z, (2F,+1).

Considering the frequency dependence in formula
(12), it is easy to identify the various types of nonlinear
processes. Thus, the terms with m = m, and n = n, corre-
spond to direct resonances. For m = m, and n#n, we have
the crossover A-resonances (Fig. 1a), and for m#m, and
n = n, we have the V-resonances (Fig. 1b). The case m#m,
and ns#n, corresponds to the X-resonances (Fig. 1c). It is
quite obvious that the terms obtained by simu]taneously
transposing the index pairs (m,n) and (m,, n,) correspond
to the same resonance process. It should also be noted that

expression (12) was obtained in the limit of a sufficiently -

rarefied gas, when it is possible to neglect depolarizing colli-
sions.
It was noted above that the majority of experimental
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FIG. 1. Possible optical transitions between atomic levels: a) A-transi-
tions, b) V-transitions, and ¢) X-transitions.

studies contain all of the coefficients C,, in the NPS signal,
which complicates the analysis of the results and sometimes
leads to misunderstandings. As an example let us consider
the standard setup of the experiment*: the strong field is
circularly polarized, while the weak, linearly polarized wave
propagates in the opposite direction. The cell containing the
atomic gas is placed between crossed polaroids the angle
between which can be arbitrary. Then the expression for the
signal in such an experimental scheme has the form

I#(L)=I1(0) | cos Q—ocL{ [D(v)—*/:Co—"/sC,]

2

% cosQ:i:——Lz—C, sin 9}

]

n n
—5 <Q< 5 (13)
The + sign depends on the sign of the spirality of the strong
wave. This, however, is not fundamental since one can al-
ways create an equivalent situation for the two types of cir-
cularly polarized waves by changing the sign of ). For
) = 90° there remains only |C,|>. However, for Q#90° the
signal is substantially deformed as a consequence of the in-
terference of Re C,, and Im C,, in Eq. (13) since C, enters
into the expression with the imaginary unit i. Such a defor-
mation is clearly evident in Ref. 13. In the previously men-
tioned references 4 and 8 only a numerical calculation of
|C,|? for the D,-line of some atoms was in fact presented,
along with a qualitative interpretation.

We also present an expression for the NPS signal in the
case when the linear polarization vectors of the counter
propagating waves have the same direction:

I'(L)=1(0) {1—2a L Re[D (v)—'/,Co—?*/C.]}. (14)

Hence it follows that there are present in the NPS signal both
a scalar and a quadrupole part, and this again demonstrates
the necessity of a careful theoretical analysis in the interpre-
tation of the results of experiments with polarized laser radi-
ation. Itis clear thus that it is wrong to compare the results of
the experiments in Refs. 14—16 with the calculations in Ref.
7, where in essence only C, is calculated.

It is important to note that under real conditions the
experiments are carried out, as a rule, in the presence of a
weak constant magnetic field H (2, <y, kv, where
O, =g, H is the Larmor frequency in the ground state),
which leads to a reorientation of the multipole moments of
rank x>1 (Refs. 11 and 17). As a result, the above formulas
and techniques for isolating C,, become invalid in the gen-
eral case. However, the effect of the weak magnetic field can
be easily excluded by choosing its direction in the following
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way: if the strong field E,, is linearly polarized, then H should
be aligned with E; if, however, E, is circularly polarized,
then H should be aligned with k,,.

EXPERIMENT

As an illustration, we present the results of an experi-
ment in which we observed an NPS signal proportional to
the multipole moment of rank x = 0, i.e., scalar scattering.

Experiments of nonlinear, Doppler-free spectroscopy
of the D,-line of rubidium (Fig. 2) were carried out using
injection lasers with external cavities, which have recently
found widespread use and have become, along with dye la-
sers, a basic instrument in high-resolution spectroscopy.'®!°
Figure 3 shows a diagram of the experimental setup. The
laser diode was mounted flush against a copper block whose
temperature could be varied within 10°C of room tempera-
ture. The external dispersive cavity consisted of a matching,
high-aperture microobjective, a one-way dielectric piezocer-
amic-based mirror, and a holographic diffraction grating.
All of the component parts of the injection laser with the
external resonator (ILER) were set up on a massive glass-
ceramic slab. Laser diodes were used which had opaque
faces as well as a partially translucent face (up to 2-6%)
turned towards the external cavity. This translucency leads
to a broadening of the range of working wavelengths and the
possibility of continuous tuning in the interval between the
modes of the laser diode, but also to a decrease of the power
of the output radiation from the output opposite the external
cavity.

The spectrum of the laser radiation was monitored with
a confocal interferometer (region of free dispersion 320
MHz, sharpness 35) and a monochromator. Rough tuning
of the lasing wavelength was realized by rotating the diffrac-
tion grating. Continuous scanning of the radiation frequen-
cy within the limits of the intermode internal Av, gg ~c/
2/~0.05 GHz (/is the length of the external resonator) was

5635 MHz

FIG. 2. Diagram of the energy levels of the *’Rb atom for the D--line
(A = 780 nm). The radiative width of the transitions /27 = 6 MHz, the
Doppler broadening kv,/m = 612 MHz at room temperature (300 K).

carried out by displacing the piezoceramic-based mirror. In
order to increase the stability of the ILER frequency, the
radiation frequency was stabilized at the resonances of the
tunable interferometer (region of free dispersion 600 MHz,
sharpness 30) by the method of extremum adaptive control.

In order to observe the nonlinear resonances we used an
optical setup with counter propagating waves—a probe
wave and a pump wave. The absorption due to the saturated
rubidium vapor in a glass cell of length 3 cm did not exceed
30% at room temperature. The cell was placed in a magnetic
field H~0.6 Oe. The pump and the probe waves were linear-
ly polarized. The electric field vector of the pump radiation
was aligned with H with an error less than 10%. The electric
field vector of the probe radiation was tilted by an angle
6 = 54.7° (cos 8 = 1/3) with respect to E,. Such a geome-
try, as follows from Eqs. (6)-(8), makes it possible to ex-
clude the influence of the orientation and the alignment of

FIG. 3. Diagram of the experimental setup: 1) injection laser, 2)
matching and exit microobjectives with numerical apertures

0.65 and 0.3, respectively, 3) piezoceramic-based mirror, 4) hol-
ographic selector, 5) scanning confocal interferometer, 6) pho-
todiodes, 7) electronic frequency self-tuning system, 8) rubi-
dium vapor cell, 9) polarizer, 9a) quarter-wave plate, 10)
synchronous detector, 11) recorder, and 12) beam chopper.

FIG. 4. Nonlinear Doppler-free resonances at the
transitions in the D,-line of *’Rb at & = 54.7°. The
experimental dependences are shown in the upper

part of the figures, and in the lower part the relative
L amplitudes of the resonances, calculated according

- a
JOMHz
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Vv, 1. 15, T T T F]
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correspond to the transitions 5°S,,,(F, )-5°P;,,
(F,, ):a) the transitions with F,, = 2, b) the transi-
tions with F,, = 1.
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the atoms of the amplitudes of the nonlinear resonances.
Modulation of the intensity of the pump beam with subse-
quent synchronous detection was used to record the
Doppler-free resonances with zero background. For the sat-
uration parameter, allowing for optical pumping, yG7 < 1,
the amplitudes of the nonlinear resonances were proportion-
al to Re C,,. The intensity of the pump wave was ~0.1 mW/
cm?, and of the probe wave, ~5 uW/cm?.

DISCUSSION OF RESULTS

Figures 4a and b show the nonlinear resonances of the
D,-line of *’Rb, recorded against a zero background, which
are proportional to C,. In the lower part of the figures are
shown the relative amplitudes of these resonances calculated
according to the above theory. Satisfactory agreement to
within 10% is observed between experiment and theory. It is
interesting to note the absence of direct nonlinear reson-
ances at the transitions 0— 1(v,,) and 3 -2(v;,). In the ap-
proximation ¥G7 < 1, 7> 1 the upper level plays the role of
a virtual level, and the nonlinear resonances in C, describe a
redistribution of the population only between the hyperfine
levels of the ground state. But since the above transitions are
optically forbidden, it is obvious that such a redistribution is
absent. In the case of other experimental geometries the
presence of resonances at the forbidden transitions is due to
multipole moments of rank »x>1 (see, e.g., Ref. 14).

The insignificant discrepancy between the results of ex-
periment and calculation can be explained, for example, by
the presence of a residual angle between the direction of the
magnetic field and the electric vector of the strong field,
which leads to the appearance in the NPS signal of a contri-
bution due to the reoriented quadrupole moment (C,)."
Another possibility is the influence of nonlinear effects of
higher orders in yGT.

In conclusion we note that in this paper we have indicat-
ed a general approach to the solution of a broad range of
problems of nonlinear polarization spectroscopy for atoms
with arbitrary hyperfine structure and for arbitrary polari-
zations of the strong and the weak waves. Explicit expres-
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sions for C,, (12) have been obtained here for the first time.
Using tunable injection lasers, we have recorded Doppler-
free nonlinear resonances at the D,-line of rubidium corre-
sponding to the scalar part of the scattering tensor C,,. The
results are in agreement with the theory. It is obvious that
further detailed experimental and theoretical study of non-
linear resonances due to multipole moments of rank
x>1(C,, C,) is necessary.
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