
Production of massless particles in collisions of strings at high energy 
L. N. Lipatov 

B. P. Konstantinov Institute of Nuclear Physics, Academy ofsciences of the USSR, Leningrad 
(Submitted 9 December 1987) 
Zh. Eksp. Teor. Fiz. 94,3748 (October 1988) 

We obtain explicit formulas (generalizing the Low-Gribov expressions) for the production 
amplitude of massless particles (gluons and gravitons) with low transverse momenta in the 
scattering of lower-mass excitations of open and closed strings. In the limit a'-+ 0 we reproduce 
the results of calculation of effective vertices for inelastic scattering amplitudes in multi-Regge 
kinematics in the Yang-Mills theory and in gravitation. 

1. INTRODUCTION 

At the present time the superstring represents a real 
candidate for "pre-matter," determining the observed spec- 
trum of elementary particles.' In this model in the critical 
dimension (D  = 26 for the bosonic string and D = 10 for its 
supersymmetric generalization) the massless particles are 
united in multiplets, which include the gluon (for the open 
string) and the graviton (for the closed string) .' The hetero- 
tic string2 and its generalizations3 make possible the con- 
struction of a model, whose low-energy limit is Einstein 
gravitation and various versions of grand unification theo- 
ries. Moreover, the string nature of elementary particles 
manifests itself only at Planck energies sIi2 - (a') - 'I2, 
where a' is the slope of the Regge trajectories for string exci- 
tations. 

At the same time it was shown in calculations of scatter- 
ing amplitudes of various particles in the Yang-Mills theo- 
ry4,5 and in gravitation6 that the gluon and graviton lie on 
Regge trajectories, with the one-loop trajectory of the gravi- 
ton in extended (N = 4) supergravity being linear (accurate 
to within the standard infrared divergence). Therefore the 
possibility is not excluded, that the string may arise as a 
solution (possibly outside the framework of perturbation 
theory) of the equations of a local field theory of the super- 
gravity type. To clarify this possibility it is necessary to study 
in more detail the connection between the predictions of 
field theory and the string model.'' In this paper we derive 
from known expressions for many-particle scattering ampli- 
tudes of string excitations in the tree approximation the re- 
sults of Refs. 5 and 6 for multi-Regge processes in the Yang- 
Mills theory and in gravity. In addition we obtain simple 
formulas for production amplitudes of massless particles 
with low transverse momentum, generalizing Gribov's8 re- 
sults on photon bremsstrahlung at high energies. 

where k,, k,, k,, and k, are momenta of the external particles 
on the mass shell (see Fig. 1 ) : 

a' is the slope of the Regge trajectories a ( s ) .  In Eq. ( 1) the 
proportionality factor cancels the infinite phase-space vol- 
ume, connected with integration over the parameters of the 
Moebius group: 

with respect to which the integrand in ( 1 ) is invariant, and 
also contains beside the square of the Yang-Mills coupling 
constant the Chan-Paton color factors': 

Here A, are the generators of the U(n) group in the quark 
representation. We note that the factors (4)  are different for 
the three quark diagrams of Fig. 1, corresponding to the 
three regions of integration over x in the invariant amplitude 
(1 1: 

+== 

where we have restored the absolute normalization of the 
amplitude. The anharmonic ratio 

2. MULTI-REGGE PROCESSES IN THE OPEN STRING arises as the integration variable upon taking into account 
SECTOR the invariance of ( 3 )  for the following choice of "calibra- . . - 

In this section we discuss production of massless parti- tion" of the parameters 
cles-gluons-in the scattering of the lowest mass states of 
the open string-tachyons. The limitation to tachyonic 
states is due to the fact that in the multi-Regge kinematics 
the scattering amplitudes factor, so that the results for the ky 
interactions of other string excitations differ only by irrele- 
vant  factor^.^ 

t M$ = #.~-'x We consider first the elastic scattering amplitude of ta- 
k ,  s k2 

i, i, 
chyons in the open string, corresponding to the Veneziano . 
formula in the Koba-Nielsen variables:' FIG. 1. 
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In the Regge asymptotics 

s > l / a r ,  t - l la'  (8)  

in expression (5 )  the following region of integration is im- 
portant: 

to which the first two terms contribute 

Ai,rtcri,=g2 [ (-a's)  a(')C,:i,i,i,+ (a ' s )  t)C:,i,ili,l r ( - a  ( t )  ) , 
(10) 

where T ( x )  is the gamma function. 
Equation (10) corresponds to Regge behavior of the 

scattering amplitudeA with a trajectory a * = a ( t )  which is 
degenerate in signature: 

A i,i,i,i,=A i L i , i , + ~  iTiiriscrr 

AiLisi,=g2g+ ( t )  (a's) a ' * ' ~ i ~ , i , i , ,  (11) 

Aciririt=gzi- ( t )  (a's)  a't'C&2irir, 

where the signature (c* ) and color (C* ) factors equal 

5' ( t )  = {exp [ - i n a ( t )  ] * l } r ( - a ( t ) ) ,  

The contributions A + and A - in the case ik # O  
(k  = 1,2,3,4) correspond respectively to the singlet-octet 
(d-coupling) and octet ( f-coupling) in color intermediate 
states in the t-channel, because for the Ci,i2,,,ik (4)  we have 
the factorization relation' 

which gives 

where Tvk coincides with the generator Tk of the S U ( n )  
group in the adjoint representation. 

For small t the main contribution to ( 11 ) comes from 
the state with negative signature, corresponding to gluon 
exchange: 

FIG. 2. 

We consider now the emission of a particle (gluon) 
with polarization vector e, ( - k,) in tachyon scattering 
(see Fig. 2). In place of Eq. ( 1 ) we have' 

I 

i t  cu 

where the "vertex" a, (xi ) equals 

It is not hard to verify the invariance of ( 16) with re- 
spect to a gauge change of the gluon polarization vector 
e,( - 4 :  

where we make use of the identity 

It is convenient to choose the following as independent 
invariants in the amplitude ( 16) (see Fig. 2)  : 

where it is assumed that the external particles lie on the mass 
shell: 

Then in the multi-Regge kinematics we have 

The remaining scalar products ki kj can be expressed linear- 
ly in terms of the quantities (20) : 

Using (20) and (23) to combine factors in ( 16) involving 
the same powers we arrive at 

This expression is invariant on the mass shell (21 ) with 
respect to the transformations (3),  if one notes that as a 
consequence of (ki,e) = 0 the following relation is valid 
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(e ,  a ( x 0  1 l z i  =$ (e ,  a ( 4  1. (25 

This invariance permits the reduction of the number of inte- 
gration variables to two by choosing the following parame- 
trization [compare (7)  ] : 

x ~ = O ,  x2=1, x3=x, xl=y, x5=m. (26) 

Further, the main contribution to the kinematics (22) 
comes from the integration region in (24), where [compare 
(9)  1 

xisx45 - - I = - =  1 x-y  E 1 " - *  
X ~ ~ X S S  Y  a's,  

0, 

The following approximate expressions result from relations 
(27) for the x and y in (26): 

Upon passing in (24) to the integral variables E ,  and E,  using 
(26) and (28) we obtain for the amplitude A in the region 
(22) (cf. Ref. 9)  

de:  de2 
A ( 4  si ,  82, t i ,  t~ #., J -- 1 e l  1 -*'#I 1 ea 1 -"'#I 

e la  ela 

where the vector b, equals 

The integrals in (29) should be divided into four contribu- 
tions, corresponding to positive or negative values of the 
variables E, and E,. For each of these contributions one 
should choose definite signs of the invariants s,, s,, and s, for 
which the corresponding integrals converge. Then it is nec- 
essary to analytically continue the resultant expressions into 
the physical region of the s-channel (or another possible 
channel), where s, s,, and s2 are positive (compare Ref. 9).  
After taking into account that each of the indicated contri- 
butions is accompanied by its color factor (4) we obtain 
corresponding to the quark diagrams of Fig. 2 [compare 
( 10) 1 the expression 

=algSJ ( A ,  tt ,  t z )  [ ( - a P s i )  a( '1 )  ( -a ' s2 )  " " " ~ ~ i ~ i ~ i ~ i ~  

- (a ' s , )  "('1) (-a's2)a(t1)Ctrt,ts~2i51r 

where the function J (A,t,,t,) is defined for A > 0 by the 
formula 

w w 

For A -+ the main contribution in the integrals (32) comes 
from the regions x ,  - 1. x ,  - 1/A, and x ,  - 1, x, - l/A, so 
that J (A,t,,t,) can be represented in the form 

where the functions J, and J, are analytic for large A, being 
given in that limit by the following gauge-invariant cxpres- 
sions: 

We note that in view of (22) A = - l /a 'kL2, so that (34) 
holds in the limit kL2-+0,  with qI2 and q2' not coinciding 
(which is impossible in the physical region of the s-channel, 
where q12 - q,2z2qkl 1. 

Substituting (33) into ( 3  1 ) we obtain the amplitude A 
with correct analyticity properties in the multi-Regge kine- 
matics (compare Ref. 9):  

a + Ci,iai,l,{r[ ( a ' s )  " ( ' l )  (a's , )  "(ta'-a(tl)J2 

The amplitude for the production of several additional 
particles may be studied analogou~ly.~ 

3. MULTI-REGGE PROCESSES IN THE CLOSED STRING 
SECTOR 

We consider now production of massless particles in the 
scattering of tachyons-the lowest-mass excitations for 
closed strings. We start again with the elastic amplitude- 
the Virasoro formula in the Koba-Nielsen variables:' 

i - t  i c j  

where a; = a1/2 is the slope of the Regge trajectories a, (s) 
for closed strings. The integration in (36) is over the whole 
complex plane. Making use of the invariance of (36) under 
the transformations (3)  with complex parameters one may 
bring ( 36) to the form [compare ( 5 ) 1 

xZ 
A ( s ,  t ,  u )  = - (apt)  - - I  j d2z 12 1 - " ~ ( ~ ) - ~ l  1-zl - " P ( ~ ) - ~ ,  

n 

ap ( s )  =2+apls, 

where K is the three-graviton coupling constant. 
In the asymptotics form (8)  the principal integration 

region is given by 
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and (37) needs to be decomposed in two contributions, cor- 
responding to Re(z - 1 ) > 0 and Re(z - 1 ) < 0. In these 
contributions one must assume respectively s > 0 and s < 0, 
and then continue analytically the resultant expressions: 

A (s ,  t ,  u)  I a 6 , - - =  ( u p r )  -'x21'(-ap ( t )  ) [ (aP's)  

In this manner we obtain the Regge asymptotics, corre- 
sponding to the exchange of a graviton Regge pole with posi- 
tive signature. For a; -0 Eqs. (39) simplify: 

A ( s ,  t .  u)  J,, = - x2s=/2t,  
ap'." 

i.e., the parameter x is connected with the universal gravita- 
tion constant G by the formula 

We go over now to the study of the amplitude for the produc- 
tion of a graviton and other massless particles in the collision 
of tachyons' [compare (16), (36) l :  

A ( s ,  si ,  S z ,  t l ,  tZ) 
5 

where the vector b, ( x )  is given by Eq. (30).  
Analogously to the case of the open string one may go 

over in Eq. (44) to new integration variablesz,, z, according 
to the rules 

Then after extracting the factors 
1 

f - i  

we find that the remaining integral depends on the invariants 
s,, s,, and s only in the combination corresponding to the 
variable A, [see (31) 1. In the neighborhood of the point 
A, = co the main contribution comes from the integration 
regionzl-(Ap)-1,z2-1 andz2-(A,)- ' ,z,-  1. Ineachof 
the two regions the integral should be decomposed into four 
contributions. For example, in the first region these con- 
tributions will correspond to different signs of Rez, and 
A,Re(z,z,) 42, .  Choosing for each contribution the sign of 
the invariants s,,s, and s so that the corresponding integral 
converges and then continuing analytically the resultant ex- 
pressions, we obtain for (44) the following representation 
[compare (35)] :  

+ ( a p f S 2 ) a p ( t 2 ) - a p ( t , )  ] I z ( A p ,  ti, t 2 )  4- [ ( - a p l s )  ap('2) 

$ ( a p f S ) a p ( t l ) ]  [ ( - a p ' S l ) a ~ ( t ~ ) - a ~ (  l z )  

where 

where e,, ( - k,) is the polarization tensor of the created 
particle, and the tensor vertex a,,, (z,z*) is formed as a prod- x ell" (k) b, ( 2 )  b" (2') , (47) 

uct of gluon vertices a, ( x )  [Eq. ( 17) ] : Re zl>O, Re i z > O ,  

a," (z? ,  z ,*) =aG(z , )av(zr*) .  (43 ) Z Z  ( A p ,  t i ,  t 2 )  =z-' d2zz 1 z2 1 - z - a p ' ( t z - t l )  exp ( -Re zZ)  

Applying to Eq. (42) the same transformations as in xJ d 2 i l  1 i1 I -"pttl exp[ - Re i f -A,- l  Re 51 
the case of the open string in the previous section, we obtain 
for the inelastic amplitude in the multi-Regge kinematics x e p Y ( k )  ~ u ( z )  ~ v ( z ' ) ,  
[compare (291, (301, (3711 

Re z2>0, Re Z 1 > O ,  A,=-s/a,'sis2.  
xS d2el d2eZ 

A ( s t  s l y  s2, t i ,  t 2 )  = -J -- I E l  1 - ~ P " I  I e2  1 - ~ P " z  
n 2  le1I4 1e21' It is assumed here that i n I ,  and12 only contributions analyt- 

x e P v b p v ( ~ ,  E * )  exp[-up's l  Re ~ ~ - a , ' s ~  Re e2+a's Re 1, ic for A, - w are isolated. In particular, as is easily verified 
by direct calculation, the main asymptotic contributions 

bllY(&, E * )  = b l l ( ~ ) b y ( & * ) ,  (44) equal [compare (34) 1 

where the vectors B, are given in Eqs. (34). 
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4. PRODUCTION OF PARTICLES WITH LOW TRANSVERSE 
MOMENTUM 

As is known, Low's theorem" permits the determina- 
tion of the amplitude for the production of soft photons 
through the amplitude of the main process and its deriva- 
tives. At high energies the region of applicability of classical 
expressions for the accompanying radiation is substantially 
widened, as was shown by G r i b o ~ . ~  Specifically, it is suffi- 
cient to view as small just the transverse component k, of the 
photon momentum: 

where rn,,,, is a characteristic transverse momentum for the 
main process: the momentum transfer q, the Regge scale 
(a') - I "  or the mass of an exchanged particle. In Ref. 8 the 
leading asymptotics - l/k, of the bremsstrahlung ampli- 
tude was found in the limit (49). It is of interest to calculate 
the correction - (k, )O to this asymptotics, in analogy to the 
way Low found the correction -w' to the amplitude for the 
emission of photons of low frequency w." String theory with 
Regge behavior of the scattering amplitude is a good model 
of strong interactions, in which the question of universality 
of formulas for bremsstrahlung of masless particles (gluons, 
gravitons, etc.) can be studied. 

Weconsider Eqs. (31) and (46) in the region (49). In 
this case m,,,, -9- (a1)- ' I2.  It must be remembered that 
in the physical region of the process not only A-",, but also 
a; (t ,  - t,) tends to zero: 

Expanding expression (34) in a Taylor series in t, - t 
= t,,/2 and t, - t = - t1,/2, where t = ( t ,  + t,)/2, we ob- 

tain 

l i  1 kl-.o = ( -a ( t )  ) B.le,[I+a1 ( t2- t i )  x ( t )  I, a' (tz-t,) 

I r ( - a p ( t ) )  I ' ( l l z (ap ( t )  + I )  ) 
Il I )Il~O=BPIBv'ePY 

a,' ( t2- t , )  nl'T ( l I2ap( t )  + I )  

where we have introduced the functions ,y and Q, given by 

x(t)=-' lzl lr(-a(t))+llr(1), 

@ ( t )  = - ' / ~ $ ( - a , ( t )  )+'I1$ ('I2 ( a p  ( t )  + I )  ) 
(52) 

- * I , + ( ~ I ~ E ~ ( ~ )  + I )  f3 lZ+ ( 1 )  - i l z ~  ( i ~ 2 ) ,  

( )  = / ( x ) ,  $ ( I )  =-CE, $ ( 1 / 2 ) = - ~ E - 2  In 2 .  

Substituting the functions J , ,  J? into formula (35) and ex- 
panding the resultant expression in a series near the point 
t ,,, = t, we obtain for the amplitude for gluon bremsstrah- 
lung the expression 

ki 
A ( s ,  s,, s2, t i ,  t z )  1 ~ , - . . = g e , , [ 2 ( ~ - - )  

sz S l  ,t 

4- (a 's )  " ' " ~ ~ i , i ~ i , i ~ )  + (- 1n(afsz)  -ca) ( ( - ~ ' ~ ) ~ " ) C ~ r , c r , r ,  

+ (a 's )  a(f)C,yi3i,i,i,) I + (BIe )  [ (- ln(-a'sl)  - C E )  ((-a's)"(') 

- c*) ( (-a's) "( ' )c~, , , , , ,+  (a's) "("CLi,t,t,t,) I). (53 

The first term in formula (53) corresponds to the non-Abe- 
lian generalization of Low's theorem."' Here the gluons are 
emitted from the external real particles, but the contribution 
of the color anomalous magnetic moment is absent, since the 
particles participating in the reaction are spinless. Further, 
as is easily verified, the first term is different from zero only 
when the signature and color spin in the channels t, and t, 
coincide, which is connected with the coherence phenome- 
non in the gluon emission by the initial (i) and scattered ( i t )  
particle (compare Ref. 1 1 ) . 

Equation (53) at the same time generalizes the Gribov 
relation8 for the amplitude for the emission of a photon with 
low transverse momentum k , ,  since it takes into account in 
addition to the leading contribution - k, --' also correction 
terms - ( k ,  ) O .  The second term in (53) represents the con- 
tribution of excited intermediate states in dispersion rela- 
tions in the variables s, and s,, which is absent in the Gribov 
approximation. The requirement of analyticity of the inelas- 
tic amplitude in the variables s,,s,, and s, corresponding to 
the representation ( 3  1 ), fixes this additional contribution 
accurate to within an additive constant T'( 1 ) = - c, . 

We go now to the production of a graviton and other 
massless particles with low transverse momentum. Substi- 
tuting I, and I, from (5 1 ) into Eq. (46) we obtain [compare 
(391, (5311: 

2 (BP1B,'-B,ZBvZ) e,, 
=x{ + (B;B,*+B:B,Z) e,, - d 

t2-ti dt 

Xx2 [ (-ap's)  (aprs )  r (--a, ( t )  ) r ( l / 2  (a, ( t )  +i) ) 
a P ' r  ( l l , )  l?(i/lap ( t )  + I )  

' 

(54) 
As above, the first two terms in the round brackets corre- 
spond to the generalization of Low's theorem for the emis- 
sion of soft massless particles-the graviton and the dila- 
ton-while the last terms take into account the contribution 
of excited intermediate states in dispersion relations ins,  and 
s,, and are necessary in order that representation (46) be 
satisfied. 

Equations (53) and (54) are valid in the tree approxi- 
mation, where in the j-plane the t-channel partial waves 
4 ( t )  have only Regge poles. In calculating the contribution 
of higher loop corrections the trajectories of these Regge 
poles curve, their degeneracy in signature and color is lifted 
a n d 4  ( t )  develop Mandelstam branch points.' Neverthe- 
less it is not out of the question that also in this case the 
production amplitude for massless particles with low trans- 
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verse momentum may be expressible in terms of the elastic 
amplitude and its derivatives with respect to t. 

5. MULTI-REGGE PROCESSES IN THE YANG-MILLS THEORY 
AND IN GRAVITATION 

We return to Eqs. ( 3 2 ) ,  ( 3 3 )  and find J, and J2 in the 
limit a' - 0:  

xb,, ( x )  e,, ex*[ - SA-~] 
Xr  ar+o 

In comparing'Eqs. ( 3 4 )  and ( 5 5 )  it is seen that it is neces- 
sary in this case to take into consideration the correction 
-A- ' ( a ' )  to the result of evaluation of J,,, for A - cu . 

Substituting (55 ) into ( 3 5 )  and finding the limit of the 
resulting expression as a' - 0 we obtain [compare ( 15) ] 

where we made use of relations ( 13),  ( 14) ,  to express the 
color matrices in terms of the generators T of the gauge 
group in the adjoint representation, and the effective vertex 
C, (q2,q,)  is given by the expression 

Cue,=-2 (a') 2tit2(Jl+12) 

= (-ql'--q2'-+kl(s2/s+2tA) -k2(slls+2t2/s2)) lie,,. ( 5 7 )  

Expressions ( 5 6 )  and ( 5 7 )  coincide with the results ob- 
tained previously in calculating amplitudes for inelastic pro- 
cesses in non-Abelian gauge theory.4 We note that the vector 
C, satisfies the following  relation^:^ 

We pass now to the case of closed strings. Substituting into 
Eqs. ( 4 7 )  expressions ( 3 2 )  for the vectors b, (2) and 
b,, (z* ) : 

and evaluating the corresponding integrals in the limit 
a; -0, we obtain the functions I, and I, in the form [com- 
pare (481, (5511 

where we used the following elementary formulas: 

Substituting ( 6 0 )  into ( 4 6 )  and letting a; go to zero we 
finally obtain 

1 1 
A (s, si, SZ, ti, t r )  I -.O=S'X - XC,,V(PZ, qi) elrv - X, (62  

ti t a 

where the tensor C,, is given by the relation 

Formulas (62) and ( 6 3 )  for the emission amplitude of 
high energy gravitons coincide with those that were pre- 
viously obtained for Einstein g r a ~ i t y . ~  We note that the ef- 
fective vertex C,, in ( 6 3 )  is not a product of gluon vertices 
C, and C,, as might have been expected from the factoriza- 
tion of the integrand ( 4 4 )  [compare ( 2 9 )  1 .  The presence of 
the additional term - iN, N, in Eq. ( 6 3 )  is connected with 
the fact that the amplitude ( 6 2 )  must satisfy the Steinmann 
relations,I2 i.e., the simultaneous pole in the variables s ,  and 
s2 in expression ( 63 ) should canceL6 

6. CONCLUSION 

In this paper we studied at the tree-diagram level of the 
dual resonance model the bremsstrahlung of soft gluons and 
gravitons and obtained formulas generalizing the Low-Gri- 
bov results for the quantum electrodynamics of hadrons. Us- 
ing the two-fold limit s, s,, s2+ co and a' -0  permits in a 
most economical fashion reconstruction of results of calcu- 
lations of tree amplitudes of multi-Regge processes in the 
Yang-Mills theory and in gravitation. One would like to gen- 
eralize this approach to multi-loop diagrams. Since the main 
interest is in four-dimensional field theory the starting point 
should be a string model with critical dimension D = 4.4 

The author is grateful to R. Kirshner, V. A. Kudryavt- 
sev and E. A. Kuraev for useful discussions. 

'In particular, as is well-known,' the "pomeron" which arises as a Regge 
pole in the one-loop diagram for the scattering amplitude for open 
strings, coincides with the Reggeon corresponding to the graviton. At 
the same time in the Yang-Mills theory the pomeron is the bound state of 
two reggeized gluons with intercept j (0) > 1.' The question arises 
whether a gauge group for the Yang-Mills model can be found (e.g., in a 
Grand Unified Theory) such that the pomeron intercept would equal 
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two [ j (0) = 21, i.e., would coincide with the spin of a composite gravi- 
ton. Such a theory would contain gravity and would be renormalizable. 
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