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An experimental investigation was made of the nonlinear characteristics of silicon [Si(100) ] 
MIS structures subjected to a quantizing magnetic field in the Corbino geometry. The observed 
nonlinearities were attributed to the appearance of a Hall current filament. A new method for 
the determination of the density of states half-way between two Landau levels was developed. 

Nonlinear phenomena in two-dimensional electron sys- 
tems subjected to a quantizing magnetic field have been in- 
vestigated experimentally on a number of  occasion^.'^ The 
main attention has been concentrated on the breakdown of 
the quantum Hall effect, i.e., the strong (by 4-5 orders of 
magnitude) increase in the values of a, p, when the vol- 
tage or current in a two-dimensional layer reach a critical 
value. There is as yet no agreement on the breakdown mech- 
anisms. It has been suggested that the breakdown is due to 
transitions between electron levels accompanied by phonon 
emission,'-' injection of hot electrons from contact regions,' 
thermal i n~ t ab i l i t~ , ' . ~ .~  an increase in the number of ex- 
tended states on increase in the electric field intensity,'' and 
the Zener effect.' However, in the first experimental investi- 
gation' it was found that nonlinear effects are observed be- 
fore the critical fields and currents are reached. We shall 
report the results of an investigation of nonlinear character- 
istics of MIS transistors under magnetic quantization condi- 
tions in the prebreakdown region. We shall show that the 
nonlinearity observed in this region cannot be explained by 
any one of the above mechanisms, but is due to the formation 
of a narrow Hall current filament. 

The possibility of the appearance of a current filament 
had been considered earlier" on the basis of a numerical 
model calculation. It should be pointed out particularly that 
an inhomogeneous distribution of the current in MIS struc- 
tures discussed in Ref. 11 is an essentially nonlinear effect (a  
current filament appears only ifp,, depends on the potential 
difference), which is conceptually similar to the nonlineari- 
ties observed and interpreted in the present study. 

The primary cause of these nonlinear effects is a strong 
dependence of a,, andp,, on the electron density N, exhi- 
biting deep minima, characteristic of two-dimensional elec- 
tron systems subjected to quantizing magnetic fields. These 
minima appear at electron densities corresponding to integer 
values of the occupancy factor n = N,hc/eH. Small changes 
in the occupancy factor can alter a,, and p,, by orders of 
magnitude, whereas a,,, and p, remain practically un- 
changed. On the other hand, an MIS structure is a parallel- 
plate capacitor and the electron density is governed by the 
potential difference between its metal gate and a layer of 
two-dimensional electrons. Variation of the potential along 
the two-dimensional layer, which occurs during the flow of 
the current, gives rise to a dependence of the electron density 

on the coordinates so that the gate remains an equipotential 
surface. We are then faced with a typical nonlinear problem 
of the distribution of the potential in a current-carrying layer 
the conductivity of which depends on the potential. 

It is not difficult to predict the qualitative features of the 
solution of this problem. By way of example, we shall consid- 
er a layer of two-dimensional electrons representing an infi- 
nite ribbcn elongated along they axis (Fig. la).  We shall 
assume that an external source drives a current of constant 
density j,. A magnetic field is applied along the z axis; it is 
selected in such a way that under linear conditions at low 
current densities j, an integral number of the Landau levels 
is always filled with electrons within the two-dimensional 
layer. We shall assume specifically that the potential of the 
points at which x = 0 is known and it corresponds to an 
occupancy factor which is an integer, but is independent of 
the current density j, . An increase in the current density j, 
alters the potential of the layer in the regionx > 0 and, conse- 
quently, increases a,, . The conductivity a,, remains mini- 
mal in the vicinity of the points wherex = 0 and the electric 
field near these points is a maximum. Under nonlinear con- 
ditions the electric field and the Hall current density j, vary 
as shown in Fig. lb. The gradient of the Hall current in- 
creases as the dependence of CT,, on the potential difference 
increases. Therefore, as temperature is lowered, an increase 
in the magnetic field or the current should reduce the char- 
acteristic width of the filament. 

EXPERIMENTS 

Our measurements were carried out on two Si(100) 
samples with a ring-shaped gate electrode (Corbino geome- 

a 

FIG. 1. 
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try) with an internal diameter 2r, = 225pm and an external 
diameter 2r, = 675 pm. The electron mobility at the maxi- 
mum was 2 x lo4 cm2 V-' sec-'. The oxide thickness was 
1400 A. The results obtained for different samples were 
qualitatively similar. The nonlinear effects reported in the 
present paper were observed in the temperature interval 
from 4.2 to 0.3 K. The results reported below were obtained 
at 1.55 K. 

In the Corbino geometry measurements it is usual to set 
the voltage across a sample and to measure the current pro- 
portional too;, . In the case of nonlinear effects it is conven- 
ient to set a constant current through the sample. With this 
in mind we included not only a voltage source but also a 
resistance R = 2.2 x 10" Kl in the drain-source circuit. We 
measured the voltage drop AU between the drain and 
source as a function of the voltage on the gate V, (Fig. 2).  
The input resistance of the voltmeter used in these measure- 
ments was 1014 Kl. The range of the gate voltages V, was 
selected so that the occupancy factor n varied in the region of 
n =4.  

Examples of experimental records are shown in Figs. 2 
and 3. In the linear case and for an ideal system such mea- 
surements give the quantity 

/ 
AU, mV 

which can be used to find the dependence ox;' ( V, ) . There- 
fore, the AU( V, ) curve should have a symmetric extremum 
at a voltage corresponding to an integer value of the occu- 

AU. mV 

CALCULATIONS 

The distributions of the fields and currents could easily 
be calculated on the assumption that the Hall current was of 
the surface rather than edge type. A detailed discussion of 

FIG. 2. Continuous curves represent theexperimental records of AU( V, ) 
in a magnetic field H = 10.6 T obtained using the following currents 
Z(A): 2.1 x lo-", 1 . 0 ~  lo-", 5.5X 10-12, 3.1 X 10-lZ, 1.6X 10-12, 
8.2X lo-", 4 . 2 ~  10-13, 2.1 X 10-13. The dashed curves represent calcu- 
lations carried out using Eq. (5 )  and assuming the following currents 
Z(A): 2.1 x lo-", 5 . 5 ~  10-12, 1 . 6 ~  10-12 A. The experimental setup 
used in the measurements is also shown. 

FIG. 3. Experimental dependences A U( V, ) obtained for Z = 2.1 x 10-lL 
A and H = 10.6 T. The gate voltage was set relative to the inner (a) and 
outer (b) electrodes. The dashed line corresponds to SAU/GV, = 1 .  

pancy factor. We can see from the figures that for the cur- 
rents used in the present study the AU( V, ) curves were not 
symmetric and a change in the direction of the current not 
only altered the sign of the AU but also changed the whole 
curve, which underwent reflection relative to the point V i  
corresponding to n = 4 (Fig. 2) .  The measurements on the 
same sample could be carried out by setting a voltage relative 
to the inner (as shown in Fig. 2)  or outer electrodes. The 
experimental curves were then identical apart from reflec- 
tion relative to the point V i  (Fig. 3).  

The shape of the AU( V, ) curves obtained at high val- 
ues of the current I was quite specific: in a wide range of the 
gate voltages V, it was found that dA U /d V, =: 1 (see Fig. 3) 
and the separation between the extrema 
V, (AU,,, , I )  - V, (AU,,, - I) coincided with the ampli- 
tude of the extremum AU,,,,, . As shown in Fig. 4, the depen- 
dence AU(I) was nonlinear for a fixed gate voltage. This 
behavior was not affected by the rate of variation of the gate 
voltage or by the direction of the magnetic field. 

FIG. 4. Dependence of AU( V :  ) on tht current. The continuous curve is 
plotted in accordance with Eq. (5) .  
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this problem was made in the review of Rashba and Timo- 
feev.I2 Here we shall point out that this assumption has al- 
ready been used above in a qualitative discussion, when we 
introduced the conductivities a,, and a,, in the quantum 
Hall effect regime. Another assumption which will be used 
later is the independence of a,, of the coordinates under 
linear conditions, i.e., it will be assumed that the two-dimen- 
sional electron system is ideal. In the case of our samples we 
observed a strong coordinate dependence of a,, under linear 
conditions,13 SO that the last assumption was invalid. A com- 
parison of the calculated and experimental curves made be- 
low will show that the variation of a,, with position in the 
linear regime is of little importance under nonlinear condi- 
tions. We must stress once again that we are ignoring all 
other nonlinear effects apart from the dependence of a,, on 
the potential of a point in a two-dimensional electron layer. 
The calculations will differ somewhat for the cases of the 
Corbino geometry and for a Hall transistor with a long gate, 
which is why we shall consider these two cases separately. 

1. MIS structure with the Corbino geometry 

In view of the cylindrical symmetry the density of the 
current flowing along the radius in a two-dimensional elec- 
tron layer is 

1/2nv=-ax, (U)dU/dr, (2)  

where U is the potential difference between the gate and the 
layer at a point r. If the Fermi level E, is between Landau 
levels, the conductivity is activatedI4: 

where the Fermi energy is measured from the midpoint 
between the Landau levels and A is the activation ennergy 
corresponding to E, = 0. We find the relationship between 
U and EF using the experimental observation'4v15 that the 
density of states D ( E ~ )  = D is independent of E, when 
EF 4A.  (The last statement is clearly true in a narrow range 
of tF &A, since a minimum of the density of states corre- 
sponds to E, = 0. ) Then 

Here, V i  is the gate voltage corresponding to E, = 0 and C, 
is the capacitance of the MIS structure normalized to a unit 
area. We shall consider the specific case when the voltage 
drop between the innner contact and the gate is given and the 
current flows from the outer to the inner contact. Then 
U(r,) = V,.  Substitution of Eqs. ( 3 )  and (4)  into Eq. (2)  
and integration gives 

v,- v,o 
~ ( r )  = V;+VT ~ r ~ h  [sh ---- - 6-1 ~n l] , 

V T  rl 

vTZ-'. ( 5  
Hence we can find the experimentally determined drain- 
source voltage 

AU=U(rl)- U(r2) 

The maximum voltage between the drain and source for a 
given current I is 

AUmz=2vT Arsh (q ln %) . 
An extremum corresponds to V, = V i  + AU,,, /2. 

The transition to the linear case occurs for S) 1: 

Consequently, in the linear case we have AUgvT. Under 
nonlinear conditions we find that AU2 VT and the conduc- 
tivity depends strongly on position: 

v,- v," 
(I (r) = c ~ ~ e - " ~ ~  [I + ( sh - - 6-I In - 

v T  

A minimum of a,, ( r )  occurs at r = r ,  if V, < V :  and at 

rmin=rl esp {6sh[ ( V8-V,O)lvT] ), 

if V, > V i .  A filament of the Hall current flowing along a 
circle is located near the point r,, and S describes the rela- 
tive width of the filament. The current density in the fila- 
ment is less than 

jT= (I/2nrmin) u , , l c~~e-~~~.  (10) 

2. Hall transistor with a long gate 

In this case a two-dimensional electron current is analo- 
gous to that shown in Fig. la, but the current flows along the 
y axis and the external source sets the total current I. We 
shall assume that the transistor size in they direction is con- 
siderably greater than the channel width d. We then have 

The experimentally determined quantity is the electric field 
E,, which depends on Iand V,. The electric field is related to 
the current density j, : 

At low values of E, the quantity p, is independent of E, 

and, consequently, it is independent of the potential differ- 
ence between the gate and the electron layer. 

Expressing Ex in Eq. ( 12) in terms of E, and integrat- 
ing the resulting relationship, we find the dependence of the 
potential U on the coordinate x (at x = 0, we have U = V, ) : 

V8-Vl pxyxEeAfT 
U=vT Arsh [ sh + 

vT 
v .  ,131 

vTp, 

Since the total current is given in the direction y, we have 

Therefore, the experimentally determined quantity is de- 
scribed by 
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The current densityj, , representing essentially the Hall cur- 
rent (E, (Ex ), varies greatly as a function of the coordinate 
x. The above calculations ignore the dependence of the po- 
tential U on the coordinate y. This is permissible for the 
middle part of the sample when E, (Ex. 

DISCUSSION 

Since our experimental results apply only to samples in 
the Corbino geometry, we shall first consider this case. We 
can easily see that Eq. (6)  provides a qualitative description 
of all the characteristic features of the experimental depen- 
dences AU( V, ). In fact, in the range of gate voltages such 
that 

we find that the derivative is dA U /a V, = 1. It follows from 
the calculations that the separation between the extrema ob- 
served for different polarities of the current I is AU,,,, 
which is again in full agreement with the experimental re- 
sults. Finally, calculations describe the change in the sym- 
metry of the experimental curve due to a change in the direc- 
tion of the current I .  

The dependence AU,,, (I) can be used to find the den- 
sity of states half-way between two Landau levels. It follows 
from Eq. (7)  that for the correct value of v the dependence of 
sinh(A UmaX/2vT) on the current should be linear. The ex- 
perimental points fit best (with the smallest relative scatter) 
a straight line corresponding to D = 1.05 X 1013 cm-'.eV- ' 
(see Fig. 5).  We then have the ratio D/Do = 6.6X lo-', 
where Do is the density of states in the absence of a magnetic 
field: Do = 2m/d2 .  

Measurements of A U,,, in various magnetic fields for a 
fixed current I can be used to find the activation energy A. 

FIG. 5. Dependence of sinh( A Um,,/2vT) on the current I. The positions 
of the experimental points are given for D = 6.6X 10-*D0 (where Do is 
the density of states in the absence of a magnetic field). The open and 
black symbols corresponds to different directions of the current through 
the sample. 

FIG. 6 .  Procedure used in the determination of A. The best positions 
(characterized by the smallest scatter) relative to a straight line are 
shown. 

We applied this procedure subject to the simplest assump- 
tion that the density of states in the range of magnetic fields 
investigated depends weakly on H and that A cc h,. The 
experimental points representing the dependence of 
sinh (A Urn,, /2vT) on eA'* (Fig. 6) fit best a straight line if 
A = 20 K corresponding to H = 10 T, in good agreement 
with the results of other  investigation^.'^,'^ The slope of the 
straight line in Fig. 6 gives a, = 1.7X 10W6 W1. 

Figure 2 shows the curves plotted using Eq. (6)  for 
three values of the current I using the parameters given 
above. A comparison of the experimental and calculated 
curves shows that the experimental dependences have a 
smaller drop AU( V, ) than the calculated results. It is possi- 
ble that this is a consequence of the dependence ax, ( r )  un- 
der linear conditions. 

Figure 7 shows the distribution of the Hall current 

in the radial direction found using Eq. (8)  employing the 
parameters go, A, and D obtained above from the experimen- 
tal data. It is clear from this figure that a Hall current fila- 
ment is exceptionally narrow under experimental condi- 
tions. Depending on V, , it may be located at one of the edges 
of a sample or at its center. The widest, as a function of V, , is 
the region when the Hall current filament is located at that 
edge of the sample relative to which the gate voltage is set.'' 

The nonlinear characteristics in the prebreakdown re- 
gion have been determined so far for the Hall transistor ge- 
ometry using GaAs-A1, Gal -,As heterostructures. It is 
not possible to compare the experimental data directly with 
Eq. ( 15), because in the case of heterostructures the rela- 
tionship between Uand E, is different than that given by Eq. 
(4) .  However, the experimentally observed exponential rise 
of the electric field with increasing current I or decreasing 
temperature is described qualitatively by Eq. ( 15) with 
v, = v;. 

We shall conclude with the following comment. The 
relationship of ax, orp,, to the voltage drop U was derived 
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using the formula for the parallel-plate capacitor [Eq. (4) 1. 
This is justified as long as the characteristic scale (distance) 
in which an electric field peak is observed and, consequently, 
the width of the current filament are large compared with 
the thickness of the insulator in the MIS structure. It follows 
from Eqs. (5)-(9) or ( 13) that the filament can be made as 
narrow as we please by increasing the current. However, it 
follows from the above discussion that even in the absence of 
another physical mechanism limiting such reduction in the 
current filament width, we can expect Eqs. (5)-(9) and 
( 13) to become invalid when the filament width becomes 
comparable with the thickness of the insulator in the MIS 
structure. 

The authors are deeply grateful to V. F. Gantmakher 
for valuable discussions and advice. 

" It should be pointed out that filamentation of the current does not de- 
pend on the specific form of the dependence a,, ( V, ) [Eqs. (3) and 
(4)],  but is the result of a deep minimum of this dependence. This 
choice also does not affect greatly the existence of a region in which 
AU( V, ), has a derivative equal to unity. 
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