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A quantum-mechanical analysis shows that it would be possible to achieve stimulated emission in 
an axisymmetric focusing electric field by a mechanism based on the nonuniform spacing of levels 
in the electron energy spectrum and on recoil effects during the emission and absorption of 
photons by the electrons. 

1. INTRODUCTION 

We consider a quantum-mechanical system consisting 
of an electron beam moving in, and interacting with an axi- 
symmetric electromagnetic field. Motion of this type can be 
arranged, for example, in an axial magnetic undulator or in a 
crystal during axial channeling of charged particles, with the 
longitudinal electron velocity ul l  (the component along the 
axis of the undulator or the crystal) being much larger than 
the transverse velocity u, (th component in the plane perpen- 
dicular to the axis). 

Stimulated emission in a system of this type can be de- 
scribed as a change in the number of photons, N (x), by means 
of the equation 

where f (p) is the electron distribution function in momentum 
,, ,, is the probability for the stimulated space, w- = w',' 

emission by an electron with a momentum p of a photon with 
a momentum fix and a polarization e, (A = 1,2) and 
W +  = w ( ~ )  ,, + ,, is the probability for stimulated absorption. 

The factor 1/2 arises because the stimulated emission has 
been separated from the absorption in (1). 

We consider a quasi classical approximation, with fix 
small in comparison with p. Expanding the integrand in (I),  
we can then put Eq. (1) in the following form,' with an accu- 
racy to o(lfix/pI): 

where w(x,p) is the probability for spontaneous emission in 
the classical approximation. 

The state of a relativistic particle being channeled in a 
crystal or in a magnetic undulator is characterized by 
"transverse-energy" levels of high indices, which are closely 
spaced. Most of the emission, however, comes from dipole 
transitions between these levels, since the condition u, /vl,  < 1 
holds. We will be analyzing Eq. (2) for the case of monoener- 
getic beams, so we can rewrite (2) as 

The first term in (3) represents a stimulated electron- 
emission mechanism that involves a level population inver- 
sion and was studied in Refs. 2-5. For monoenergetic beams 
this term vanishes after an integration over the momentum, 
because the distribution function vanishes at the integration 
limits. 

The second term in (3) can be written in the quasi classi- 
cal approximation as the difference between the probability 
for stimulated emission and that for absorption of a photon 
of momentum fix by an electron of momentum p during a 
quantum transition of the electron to the state p - fix (emis- 
sion) or p + fix (absorption): 

wf -w-=2Axdw ( x ,  p) lap. 

This quantum-mechanical system is therefore de- 
scribed by three effective levels. The mechanism for the in- 
duced emission in this system is determined by the nonuni- 
form spacing of levels in the electron energy spectrum and by 
recoil effects during the emission and absorption of photons 
of the radiation field by the electron.' The radiation field can 
evidently be intensified under the condition fixdw(x,p)/ 
dp < 0; i.e., a necessary condition for intensification is that 
the probability for the spontaneous emission by an electron 
at a given frequency and at a definite x decrease with increas- 
ing electron energy (or momentum). 

Below we analyze the possibility of achieving stimulat- 
ed emission by specifically this induced-emission mecha- 
nism. We use the quantum-mechanical approach of Ref. 1. 

2. CHOICE OF A MODEL FOR THE EXTERNAL FIELD AND 
CALCULATION OF TRANSITION MATRIX ELEMENTS 

We consider a relativistic charged particle moving 
through the potential field produced by a string of atoms 
(axial channeling). In this motion regime the total energy of 
the particle is much larger than the energy of the interaction 
of the charge of the particle with the field produced by the 
atomic string. 

The motion of the charge along the z axis during axial 

192 Sov. Phys. JETP 61 (2), February 1985 0038-56461 '85/020192-04$04.00 @ 1985 American Institute of Physics 192 



channeling is described by the Dirac equation, whose wave 
functions take the following form6 in the cylindrical coordi- 
nate system r, p, z in an axisymmetric focusing electric field 
Er = -A ;(r): 

where E = c+iK is the energy, N is a normalization factor, 
N3 = ( k t  + k : ) ' I2,  E~ = signk3,aO = mot, and the func- 
tionsg,(r) and g,(r) satisfy the system of equations 

Wave functions (4) are eigenfunctions of the spin opera- 
tor s,, which determines the projection of the spin of the 
electron on the z axis (6 = 1 means that the projection is 
along z, while 6 = - 1 means that it is opposite to z; Ref. 6) 
in the proper frame of reference of the electron: 

wherep,, p,, and u are the Dirac matrices. 
We consider stimulated transitions of the electron 

caused by a plane, monochromatic, circularly polarized 
electromagnetic wave. We consider the case which is the 
most interesting from the physical standpoint, that in which 
the wave photons are propagating along the direction of the 
electron's motion: x = (O,O,x J . For relativistic electrons in 
undulator motion we would have 

PL"(I-P~) <I1 (7) 
and the radiation would reach a maximum at the angle 
6 = 0. Here P,K = E and P,K = k, are respectively the 
transverse and longitudinal energies of the electron. 

Working by the standard methods of quantum electro- 
dynamics,' we find the probabilities for stimulated transi- 
tions with the wave functions in (4) at 0 = 0: 

The minus sign represents a quantum transition of an elec- 
tron with emission of a photon, while the plus sign means a 
transition accompanied by an absorption; L is the normali- 
zation distance; andx = f 1 corresponds to right-hand and 
left-hand polarizations of the wave. 

The function g(xT)  determine the dependence of this 
process on the interaction time. If the "lifetime" T of the 
initial state of the electron is significantly longer than the 
scale times of the spontaneous quantum transitions, but 
shorter than the "time-of-flight" t = d /c&, where d is the 
length of the system, then we have' 

If ~ ) t ,  then 

We emphasize that t in (10) is not the instantaneous time 
but the time of flight of the electron through the interaction 
region. It is related in an unambiguous way to the linear 
dimensions of the interaction region along the direction of 
the channeling axis in the crystal or along the undulator axis. 
The probability for a transition per unit time in the case ~ > t  
can therefore be determined in the usual way (see Ref. 7, for 
example), by dividing by t the expression for the probability 
for the transition of an electron from its initial state to final 
states in some given interval dp. 

A characteristic feature of the probabilities for stimu- 
lated transitions in (8) is the factor (1 + vx ), which describes 
the dependence on the polarization of the electromagnetic 
wave (at 6 = 0). An electron interacts with an electromag- 
netic wave of only right-hand or only left-hand circular po- 
larization, depending on the direction of its own angular mo- 
mentum, i.e., the transition probability is nonzero if w = 1. 

If the total energy of the electron is much larger than its 
transverse energy, system (2) has the asymptotic solution 

where @ (r) is an unknown function. Using (1 I), we then find 
from (8) that the probabilities for spin-flip transitions depend 
strongly on the initial orientation of the electron spin: 

It follows from (12) that electrons with spin 6 = 1 emit with 
spin flip, losing energy. The electrons with spin 6 = - 1, in 
contrast, undergo a stimulated absorption and acquire ener- 
gy. The stimulated emission during axial channeling thus 
affects the dynamics of the e l e~ t ron .~  

To pursue the analysis of the stimulated emission we 
need to specify the potential A,(r) which performs the axial 
focusing of the charged particle in the axial-channeling re- 
gime. It is an extremely complicated problem9 to determine 
the potential A,(r) explicitly. It is no simpler matter to inte- 
grate system ( 5 ) ,  even if the potential is known. The problem 
does simplify substantially, however, if it is assumed that the 
axially channeled electron moves along a helix, undergoing 
small oscillations about some equilibrium radius. In this 
case the motion of the electron can be described by the exam- 
ple of the exactly solvable model of a "rigid" cylindrical ro- 
tator.' Analysis of the motion of charged particles in axial 
channeling in more realistic potentials, "Coulomb" and 
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"parabolic,"'o leads to expressions for the rotation energy 
(this energy is determined in our case for an analysis of the 
stimulated emission) which are the same as the correspond- 
ing expressions derived from the model of motion along a 
helix near an equilibrium radius. 

3. THE ROTATOR MODEL 

We consider a rigid cyclindrical rotator. In this mod- 
el8." it is assumed that the motion occurs along the surface 
of a fixed rigid cylinder of radius r = R. According to this 
assumption, the derivatives of the functions g, and g, with 
respect to r in (5) vanish; the integrals in (8) drop out; and we 
set r = R in all the expressions. In this case the functions g, 
and g, are given by 

eoA' ( r )  -Mc/r2=0. (16) 

For the magnetic vector potential A (r) = br' q/(2 - q), 
where we would have a uniform magnetic field in the case 
q = 0 or a focusing magnetic field in the case 0 < q < 1,12 we 
find from (1 6) 

classical approximation we would have M = fil. 
If the potential of the electric field is 

eoAo ( r )  =-uoP, (1 5) 

then the equilibrium orbital radius in field (1 5) in the parax- 
ial approximation, ledo(r)/E I < 1, is given approximately by 

In the cases a = - 1 (a Coulomb potential) and a = 2 
(a parabolic potential), potential (15) gives a good approxi- 
mation of the motion of electrons during axial channeling for 
various regimes of the motion in the crystal. lo 

In an axisymmetric magnetic field the equilibrium orbi- 
tal radius is determined by the equation 

The difference between the power levels of the stimulat- 
ed emission and absorption in the classical approximation 
for the rotator model is 

where cx, is the classical frequency of spontaneous emission, 
and $ is the field of the electromagnetic wave. 

Expression (13) is the same as that for stimulated emis- 
sion in a uniform magnetic field. Furthermore, it can be 
shown (by the method of kinetic relations,' for example) that 
expression (1 3) holds for the motion of an electron in an arbi- 
trary axisymmetric electromagnetic field (for 6 = 0) if the 
kinetic energy of the electron is given approximately by 
E = &(k + E' + k : ) ' I 2 ,  where cfiE is the energy of the re- 
volution at the equilibrium radius. It thus becomes possible 
to generalize the results of this analysis to the case of an 
asymmetric magnetic field. 

To analyze expression (13) by the quantum-mechanical 
approach we need to know how the electron revolution ener- 
gy cfiE in the given field depends on the quantum numbers 
characterizing the state of the electron. This dependence can 
be found in the semiclassical approximation from the classi- 
cal relativistic equations of motion. 

4. EQUILIBRIUM RADIUS OF THE ORBIT OF REVOLUTION 

In an asymmetric focusing electric field E, = - A  A(r) 
the equilibrium radius of the orbit of revolution is deter- 
mined by the equation 

eoAo ' ( r )  (E+eoAo)  + ( M c )  '/r3=0, (14) 
where M is the classical angular momentum. In the quasi- 

For these cases, the dependence of the revolution ener- 
gy on the quantum numbers can therefore be determined 
from 

eZ=eFKP. (18) 

Expression (1 8) describes various models, depending on the 
parameters p and p: 

1) motion in electric field (15), 

p=2a/ ( 2 + a ) ,  p=2/ ( 2 + a ) ,  P= ( a u o / h c )  

2) a rigid cylindrical rotator, 
p=2, p=O, p=R-2. 

3) the uniform magnetic field (17), 

q=o, p=l, p=o, e=y'". 

4) a focusing magnetic field, 

p=2 (1-4) / (2-q) , p=O, ~l=y"('-~). 

5. STIMULATED EMISSION 

If the stimulated emission is determined by the lifetime 
r [see (9)], then we find the following expression for the pow- 
er of the stimulated emission in undulator regime (7) from 
(1 3), using (1 8): 

where the frequency difference x = xo - x must be larger 
than the corresponding quantum corrections to the frequen- 
cy of the spontaneous emission, and A = 2rcx(l - &). 

A t p  = 1 andp = 0 we find from (19) an expression de- 
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rived previously' for stimulated emission. In this case the 
total power determined by (19) is negative; i.e., the system 
will absorb energy. 

For a parabolic electric potential (15) with a = 2 
(p = 1, p = 1/2), the emission field can be "amplified" if the 
frequency difference satisfies x > 0: 

I fp  # 1, we find the following from (19) in the undulator 
regime: 

It follows from (20) that an amplification of the emission is 
possible if (p - l)/xp > 0, in which case we would have 

CL PIZ 

If the stimulated emission is determined by the electron 
time of flight t in (lo), the total radiation-field energy (dB) 
emitted or absorbed over this time has a physical meaning. 
In particular, in the undulator regime we find from(l3), us- 
ing ( 181, 

where z = x( l  - &)ct. 
For a uniform magnetic field (p = 1,p = 0) we find 

from (21) that the electrons absorb energy from the radiation 
field. 

For a parabolic electric potential (a = 2) we find from 
(21) that the radiation field can be amplified it x < 0: 

I fp  # 1, we find from (21) for the undulator regime that 
the total energy absorbed or emitted over the time t is 

This result-that the total energy emitted or absorbed is pro- 
portional to the cube of the length of the system and to the 
derivative with respect toz written in (22)-is well known for 
several specific magnetic undulators.I3 

Expression (22), derived in this paper, describes the sti- 
mulated emission of electrons whose energy of revolution is 
given by (18). As was shown above, this dependence of the 
revolution energy is characteristic of the motion of electrons 
during axial channeling and in an axial magnetic undulator 

with "soft" field focusing. 
It follows from (22) that in focusing magnetic field (17) 

an electron will absorb energy from the radiation field: 
(p - 1)/p < 0. For the model of a rigid rotator (p = 2) and for 
electric field (15), in contrast, the interaction of the electron 
with the radiation field will result in an increase in the energy 
of the radiation field if ( p - 1)/p > 0 (a < 0;a > 2). 

CONCLUSION 
The stimulated emission is described in the quasiclassi- 

cal approximation by Eq. (3). It is determined by two possi- 
ble mechanisms (a population inversion and a nonuniform 
spacing of energy levels). The contributions of the different 
mechanisms for stimulated emission, which are described by 
the first and second terms in(3), depend strongly on the prop- 
erties of the electron beam (the width of the electron energy 
distribution, the length of the system, etc.). 

The possibility of emission in a crystal as a result of an 
ordinary level population inversion was demonstrated in 
Refs. 2-4. In the present paper it has been shown that an 
amplification of an external radiation field can be achieved 
in a crystal by using monoenergetic electron beams. The 
mechanism is based on the nonuniform spacing of electron 
energy levels and recoil effects during the emission or ab- 
sorption of a photon by an electron. A similar mechanism for 
stimulated emission is the governing mechanism in free-elec- 
tron lasers. l3  
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