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The shape of the plateau in Hall resistancep, and minima of the resistivity p, and their current 
and temperature dependences have been investigated experimentally on Si MIS's. The width of 
thep, plateau was found to decrease linearly with increase in current and temperature. The 
wings of thep,, minimum have an exponential shape. The main cause of the deviation of p,, from 
the quantized value h /Ne2 could be established from the linear relationship found between p,, 
andp, in the region of the plateau; this is the variation in the concentration of mobile carriers. A 
qualitative quasiclassical theory is proposed which is based on the concept of carrier localization 
at the potential fluctuations and which can explain most of the experimental results. 

1. INTRODUCTION a 
As is well known, a macroscopic quantum effect arises 

in a two-dimensional (2D) layer of carriers placed in a trans- 
verse magnetic field, which has received the name "quantum 
Hall effect" (QHE) in the literature;' the resistivity tensor of 
the two-dimensional layer then takes the form',2 

p,, ,,,=h/Ne2, lstm, (1) 

p 0 l=m, (2) 

where N = 1, 2, ... are integers. Equations (1) and (2) are 
satisfied in a number of ranges of carrier concentration n (for 
fixed H )  or in a number of H ranges (for fixed n), and the 
accuracy with which Eq. (1) is satisfied in - 10-7.3 

In existing theoretical models the explanation of the 
QHE is based on the assumption of bound electron states in 
the 2D layer, which cannot carry current4 and are situated in 
the region of the energy gap in the spectrum of mobile 
 state^.^,^ AS possible mechanisms for bound states to arise, 
Wigner ~r~stal l izat ion,~ charge density waves,7 tunneling of 
carriers across the potential barrier at the heterojunctionS 
and localization of carriers at potential  fluctuation^^^^ have 
been considered. 

All the theoretical models mentioned lead to Eqs. (1) 
and (2), so that the choice of one theory or another can only 
be made by comparing the departures from Eqs. (1) and (2), 
which arise in real materials, with conclusions from the the- 
ory obtained in the next approximation. The present authors 
had as their aims an experimental study of the departures of 
p,, and Sp, from the ideal relations of Eqs. (1) and (2), the 
establishment of the relationships in the dependences of p,, 
and Sp, on temperature and measuring current and com- 
parison of them with conclusions of the theory. Preliminary 
experimentsI0 indicated that the corrections to Eqs. (1) and 
(2) are appreciably nonlinear, i.e., they depend on current 
under all measuring conditions. All the experimental results 
given below, unless specially noted to the contrary, refer to 
the plateau region with N = 4. 

2. EXPERIMENTS 

2.1 Specimens 

The metal-insulator-semiconductor (MIS) structures" 
studied were prepared on (100) surfaces ofp-type silicon. The 

FIG. 1. a) Appearance in the plane of the MIS structure (metallic regions 
are shaded); orientations of the measuring current J,  , of Hall field E, and 
of the magnetic field H relative to the specimen. Notation of the contacts: 
S-source, D-drain, G-gate, 1 to 4-potential contacts. 

appearance in the plane of the structure is shown in Fig. 1 
with 4 potential contacts to the 2D layer of carriers. The 
carrier concentration in the 2D layer is controlled by apply- 
ing a voltage V, to the gate relative to one of the electrodes, 
the source or the drain." The average values of the compo- 
nents of the resistivity tensor can be measured by the voltage 
drop along the current V, and perpendicular to it Vy : 

y/2 

where J, and j, are the total current and the current density 
across the 2D layer (it is assumed that jy = 0, i.e., the Hall 
contacts are open circuited). Two types of specimen were 
studied: one with small channel area (Lo = 500, L = 150, 
W = 50pm), thickness of insulator dSiOZ = 2000 d; and mo- 
bility at themaximumpmax=: 1 x lo4 cm2 V-I s-'.I2 , andthe 
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other with large channel area (Lo = 1200, L = 400, W = 400 
pm) insulator thickness dSio2 = 1300A and mobility 
p m a x z  1 . 6 ~  lo4 cm2 V-' s-I. A potentiometer circuitI3 
was used to measure the voltages V, and Vx; a comparison 
resistor was included in series with the channel in the current 
transmission circuit, for measuring V,. The specimens were 
contained in a vacuum-tight container filled with 3He gas, 
which served to make thermal contact with the liquid 3He 
bath. The specimen temperature was controlled by pumping 
off 3He vapor. The magnetic field direction coincided with 
the normal to the plane of the 2D layer, i.e., to thez direction 
(Fig. 1). 

2.2 Achieving an equilibrium potential distribution in the 2D 
layer 

The resistivity of the Si substrate is very high at helium 
temperatures, 2 1014 a-cm; the time for establishing an 
equilibrium charge concentration in it is then many hours. 
At helium temperatures the rate of filling traps near the Si/ 
SiO, boundary is also exponentially small. All this can lead 
to a nonequilibrium potential distribution arising and to an 
anomalously large amplitude of its fluctuations. The value of 
the mobility is then lowered somewhat, the shape of the pxy 
plateau is strongly deformed and the value ofp,, at the mini- 
ma increases by several orders of magnitude.'.14 

The equilibrium state can be established in such cases 
by heating the specimen up to a temperature T k  77 K (at 
which conductivity appears in the substrate) or by illuminat- 
ing the specimen with infrared radiation.14 

In the present work we have estimated the magnitudes 
of the possible corrections to Eq. (I),  by studying the depar- 
tures ofSp, andp,, from Eqs. (1) and (2) on the wings of the 
plateau (the shape of the plateau). It is obvious that the estab- 
lishment of the equilibrium state is an essential condition for 
studying the shape of the plateau. As can be seen from Fig. 2, 
p, in the middle section of the plateau is constant in the 
equilibrium state to an accuracy up to ISpxy/pxy 1 < lop6, 
and the dependences of the shape on various parameters are 
repeated qualitatively from experiment to experiment and 
also for different specimens. 

FIG. 2. Shape of thep,(V,) plateau for one and the same specimen in the 
equilibrium state: as a functlon of temperature at J, = 9 p A  (a) and of 
current at T = 0.7 K (b). 
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FIG. 3. Dependence of the width A VP,,, of the p, plateau (N = 4) on the 
modulus of the given relative deviation 6: 0-J,  = 0.9pA, m 3 . 6  ,UA, 
A-9pA; full lines are for T= 0.4 K, dashed dot--0.68 K, dashed line- 
1.3 K, dotted -2.36 K. The thin dashed line without experimental points 
is an extrapolation to J, = 0, T = 0. 

2.3 Shape of the plateau 

We took as the quantitative characteristic of the shape 
of the plateau, the width of the voltage range on the gate 
A V,,,, , measured at the level of a fixed relative departure S of 
the Hall resistivity pxy from the reference value for which 
was chosen the value of p, at the center of the plateau at 
T = 0.7 K, Jx = 9 pA. The dependence of plateau width on 
6 for different currents and temperatures is shown in Fig. 3. 
The family of curves in the figure are drawn for a specimen 
with large channel area; the results in the inset are for speci- 
mens with small channel area. 

Over a fairly wide range of departures S = 10-3-10-4, 
currents J, = 0.1-9 p A  and of temperatures T = 0.42.4 K, 
the A V,,,, (6 ) dependence is of logarithmic form with the 
shape of the corresponding straight lines almost indepen- 
dent of current and temperature, as can be seen from Fig. 3. 
The exception consists of the region of high temperatures 
Tz2 .4  K and large currents J, >9 pA, where the logarith- 
mic dependence, if it exists, does so in an appreciably smaller 
range of S. Under these conditions the width of the plateau 
decreases approximately linearly on increasing current or 
temperature (Fig. 4). 

The results of the experiment are described by an em- 
pirical relation between the width of the plateau, tempera- 
ture, current and relative departure of the resistivity (at 
H=80kOe,  T < T c , J x  <Jc) :  

AVpI,, z;.IO(Tc-T) (P-I,)  +I15 Ig 6fB. (5) 

Here AV,,,, is in mV, Tc=:2.5 K, Jc=:15.3pA, B=480 
mV. Such a form of dependence would be difficult to explain 
if the departure Sp, at the wings of the plateau were only 
determined by an increase in the dissipative component of 
the resistivity tensor. In fact, by using the empirical relation 
Sp, copxx lo (see also $2.4) and assuming a temperature de- 
pendence p,, cc exp( - T - 8 )  (Ref. 15), we obtain 
A V,,,, = A + T B  In6 (where A is a constant and /3 = f ,  4 or 
1, depending on the conductivity mechanism) as distinct 
from Eq. (5). 
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FIG. 4. Width of thep, (N = 4) plateau, A V,,, , measured at 
the level of a given relative departure 6 from the value h /4e2: 
a) as a function of temperature 0-J, = 0.9pA, [ 1 3 . 6 p ~ ,  
A-9pA), b) as a function of current. Full lines 6 = 

dashed lines IS = 

Because of the rapid growth in experimental errors (Fig. 
3) in the region S = 10-5-10-6, only an approximate linear 
extrapolation corresponding to Eq. (5) can be carried out to 
the center of the plateau ( A  V,,,, -0). As can be seen from 
Fig. 3 and Eq. ( 5 ) ,  such an extrapolation gives an upper esti- 
mate to the limiting departure from the ideal value of Eq. (1) 
for the center of the plateau: 8 ~ 2 ~  lo-' for J, = 0.9 pA, 
T = 0 . 4 K a n d 8 < 3 ~ 1 0 - ~ f o r J ,  =OandT=Ounderthe 
experimental conditions described. 

2.4. Relation between the resistivity tensor components. The 
shape of thep, minimum 

It is natural to look for corrections Sp, in the form of a 
polynomial in powers of the small parameter ( p,, /p,) (Ref. 
5), i.e., to look for a relation between Sp, andp,, . The ques- 
tion of the connection between Sp, andp,, from the experi- 
mental point of view is in need of detailed investigation. The 
region of carrier concentrations n near the center of the pla- 
teau OVg corresponds to a position of the Fermi level 8, 
between two neighboring Landau levels, where the density 
of states D ($,) is close to zero. Since the screening radius'' 

is then a maximum ( x  = 11.8 is the dielectric susceptibility 
of Si), then the potential fluctuations in the two-dimensional 
layer are weakly screened and, consequently, the state of the 
specimen is the least uniform. The values of p,, and p,, 
statistically averaged for one and the same section of the 
specimen must therefore enter into the relation sought. 

In a specimen of rectangular geometry (Fig. I), the mea- 
sured value ofp,, characterizes a section between two poten- 
tial contacts along the channel, while p, corresponds to a 
transverse section of the channel. The possibility of estab- 
lishing a relation between p, and 8p, in the central region 
of the p, plateau is thus not obvious. The absence of a 
unique connection between p, and p,, at the center of the 
plateau is also illustrated by the following simple fact: there 
exists for anyp,(Vg) dependence in the region of the plateau 
at least one point at whichp, is exactly equal to h /Ne2, i.e., 
Sp, = 0. At the same time a departure from p,, having a 
value zero is known to be observed experimentally. 

Measurements were carried out in a carrier concentra- 
tion range more favorable from the experimental point of 
view, on the wings of thep, plateau. The density of states 
near the Fermi level D (Z?,) in this region is different from 
zero and the state of the specimen can be considered uni- 
form.'' An experiment carried out on specimens with large 

channel area in the temperature range 0.4-2.4 K and cur- 
rents 0.9-9pA at H  = 80 kOeI6 showed that there is a linear 
relation between p,, and Sp, in the range 

< lSp,/p, / < 
~ P Z V ~ P ~ = ~ I  (p=/p,) sign ('Vg-Vg), (6 )  

where the coefficient a, ~ 0 . 3  + 0.1 is practically indepen- 
dent of temperature and current. It also follows from the 
measurements16 that the wings of the minimum ofp,, over a 
fairly wide range 10-s(pxx/p,) < are of exponential 
shape: 

pnrOLA exp [I vg-"V,lBl, (7) 
with the curvature of the electron slope different from the 
hole slope: Be < B, . There is also a similar asymmetry of the 
electron and hole wings in the Sp,(Vg) dependence. We 
averaged the shape of the electron and hole wings in the 
analysis of the shape of the plateau in $2.3 by choosing the 
simplest parameter for the shape A V,,,, . 

3. QUALITATIVE QUASICLASSICAL QHE THEORY 

Among the various reasons for bound states of carriers 
to arise, mentioned in the Introduction, the simplest and the 
one requiring least assumptions seemed to be the localiza- 
tion of carriers at potential fluctuations. This mechanism 
forms the basis of the model developed further to explain the 
experimental facts. 

The behavior of the system of carriers depends on the 
nature of the fluctuations in the 2D layer. From the results of 
an experimental study of the Si/Si02 boundaryI7 we distin- 
gish two types of potential fluctuations: 1) short range (or of 
8-form) with characteristic dimension Y = 14-40 
.&<a, ~ 7 0  .& (where a, = ( + i c / e ~ ) ' / ~  is the magnetic 
length) and 2) long range with 2 z 200-500 A> a,. Both 
types of fluctuations have an amplitude of the same order of 
magnitude: SU-(A /dSi02)Us - 1 meV where A = 2-8 A is 
the root mean square height of the roughness of the sur- 
face,I7 Us is the surface potential.'' We note that potential 
fluctuations of dimensions larger than Y,,, zdSio2 - lo3 A 
are absent in the MIS system because of screening by the 
electrons of the metallic gate. 

In the range of magnetic fields H k  70 kOe in which the 
QHE is observed, the cyclotron splitting &a, k  7 meV ex- 
ceeds the amplitude of the potential fluctuations. Conse- 
quently, local systems of Landau levels can be introduced 
over all points of the 2D-space; the whole set of them over 
thexy plane forms a Landau subband of width 2 r  (Fig. 5). In 
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FIG. 5 .  a) Connection between the spatial potential variation 8,(x, y) of 
the 2D Landau level and the density of states in energy D (P); b) schematic 
repesentation in the plane of infinite equipotentials of delocalized states at 
the percolation level and of finite equipotentials of bound states. The 
shaded regions ofbound states are the "peaks" and "dips" of the potential 
variation. Regions of delocalized states are separated by the thick line. 
The arrows indicate the current directions in the a-b cross section. 

what follows we shall everywhere ignore electron-electron 
interaction. 

3.1 Linear Phenomena 

3.1.1. Topological percolation properties of a two-dimensional 
potential 

The division of states at one energy within a Landau 
level into mobile and localized is naturally connected with 
the division of the channel area into regions of localized and 
mobile states according to the potential fluctuation of the 
2D-layer (Fig. 5). To each single-particle state corresponds 
its own equipotential. The dips in the potential are regions of 
electron localized states, the peaks are hole localized states" 
since the equipotentials in these regions are finite. Infinite 
equipotentials (more exactly, extending over the whole 
specimen length) correspond to mobile states; their energy, 
by definition, corresponds to the percolation threshold at a 
2D Landau level. Under conditions of symmetry in the po- 
tential fluctuations (peaks and dips) percolation in the 2D 
layer takes place, as is known,18 just at the level separating 
equal concentrations of hole and electron regions, i.e., at the 
center of the Landau level Z? i,o. 

In general, the possibility of using a classical descrip- 
tion of carrier mobility in a 2D quantum level requires justi- 
fication. This possibility is based on the fact that in the limit 
as H-+ (more precisely a, (2) the energy eigenvalues 8 
coincide with the classical equipotentials U (x, y) = 8 and 
the regions of space of area -a& where the wave function of 
a given state is different from zero goes over to a representa- 
tive point on the classical equipotential t ra jec tor ie~ . '~ .~~  For 
this reason a stricter quantum cons ide ra t i~n~ l .~~  confirms 
the conclusion that in however strong a field, delocalized 
states with energy 25' --, 8,, remain. 

We shall consider one of the finite trajectories in real 
spae, connecting regions of mobile states. Since the potential 
fluctuation of all Landau levels is the same, this trajectory 
then corresponds to percolation equipotentials in each Lan- 
dau subband. The carrier concentration in local regions of 
space along an equipotential line is constant; we shall denote 
it by n,,, . IfN Landau levels are completely contained in the 
regions of space separated out by us, i.e., 

where 

RH=Helch, 

then the charge transfer takes place without dissipation: 
pxx = uxx = 0 (uik = pik is the conductivity tensor). 

Suppose the number of mobile carriers has changed in- 
significantly by an amount an,,, = n,,, - NSS, #O. Then 
the mobile carriers have the possibility of dissipating energy; 
for small changes Sn,,, gMH 

I 6nm0b 1 .  (lo) 

Since the whole current is only carried over regions of 
mobile states, while the localized states do not carry current, 
then5 

px~=H/nmOhec. (11) 

On taking Eq. (9) into account, the last equation agrees with 
Eq. (1) and the quantum Hall resistance is thus a conse- 
quence of the topology of the equipotentials of the 2D lay- 
er.5*2' The localized states then act as a buffer separating 
equipotentials of mobile states in real space. 

We see by varying Eq. (1 1) by Sn,,, and comparing 8pXy 
with Eq. (10) that our model achieves a linear relation 
between Sp, and pxx in agreement with the experimental 
r e ~ u l t . ~  We shall assume in what follows, in agreement with 
Eq. (1 I), that the small departures from Eqs. (1) and (2) are 
explained by a change in the concentration of mobile carriers 
along the percolation trajectories. The empirical result of 
Eq. (6) is an indication that the contribution to the current 
introduced by localized states can be neglected to a first ap- 
proximation. 

3.1.2 Width of the plateau for T-0, J, = 0 

1) The role of short-range fluctuations. Suppose that 8- 
shape fluctuations have a characteristic amplitude S U, char- 
acteristic radius 2 (where < a,) and are distributed sta- 
tistically uniformly over an area of the 2D layer with 
concentration N, . According to the Pauli principle, each of 
them can act as a localization center for one electron in the 
ith Landau level. The binding energy of such a state is 

8, ~ 6 U ~ z / ~ H Z < r ~ f i ~ , .  (12) 

If we denote by (1 - y) the fraction of the area free of 
long-range fluctuations, then the concentration of bound 
states determined by the 8-shaped fluctuations for each Lan- 
dau subband is 

2) The role oflong-range fluctuations (2 > a,). Each of 
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44 // Discussion of Eq. (15) -u 1) The independence of n,,, of the number I in Eq. (15) 
agrees with experimental results shown in Table I, where the 
following symbols are used: N is the number of filled sublev- 
e l ~ ,  I is the number of the highest filled Landau level, 

/ 
I 

S = ISp, I is the criterion of the deviation. Apart from these 
3 

Jvk data, there are  experiment^^.^ in which a narrowing of the 
4 Hz H plateau with increasing number I was observed, which the 

authors4 approximate by an empirical dependence 
FIG. 6 .  Schematic dependence of the concentration 4 of bound states 
for J, = 0 on magnetic field. An a i / r H 2  ( 1 ) .  

the long-range fluctuations produces a number (Y/u,)~ of 
bound states for each of the Landau sublevels. The number 
of bound states per unit area of the 2D layer is then 

~r~ ! I=  YJTH, (14) 

where y is the fraction of the area occupied by long-range 
fluctuations. 

By summing the contributions of Eqs. (13) and (14) and 
taking into account the fact that for T-0 every quantum 
state with energy below $7, is filled, we obtain the total con- 
centration of localized carriers for a Landau sublevel: 

nl,,=Jrb =yJYia+ (1-y) JTa, (15) 

i.e., the width of the plateau for T-0. 
The parameter y of Eqs. (13)-(15) is itself a function of 

magnetic field, so that our division of fluctuations into long- 
range and S-shaped depends on the magnetic length 
a, W H  - ' I 2 .  In a "weak" magnetic field (a, > Y ,,, ) all 
fluctuations are 8-shaped and y = 0 in Eq. (15). In the limit 
of high magnetic fields (a, < Y,,) all fluctuations become 
long-range and in Eq. (1 5) y = yo, where (1 - yo) is the frac- 
tion of the area over which fluctuations do not exist at all. 
The magnetic field dependence of the concentration of local- 
ized carriers at T = 0 (i.e., the width of the plateau) should 
therefore be close to that shown in Fig. 6. The transition 
region is contained, as can be seen, between values of the 
magnetic field 

~ ~ = t t c l e 8 &  and H2=ttcle8$,. 

It must be borne in mind that Eq. (15) is only valid for 
r )kT,  while this condition was not fulfilled in most experi- 
ments. The width of the plateau observed experimentally at 
finite T depends on r (see the results in 53.3.4.). The depen- 
dence of T on carrier concentration was in turn anomalously 
strong for specimens used by Kawaji and wakabayashi4 (the 
mobility changed 3.5-fold in the range of carrier concentra- 
tions studied). 

2) In the field range H, < H <Hz  (see Fig. 6), Eq. (1 5) can 
be approximated by the expression n,, = A  (H - H,), which 
explains the linear dependence of thep, plateau width on H 
observed e ~ p e r i m e n t a l l y . ~ ~ - ~ ~  For a Si MIS, where screening 
is efficient, y < 1, while for a GaAs heterojunction, where the 
screening radius is 12 times larger and when there is no metal 
gate, y z  1. Equation (1 5) thus also explains the reason for 
wide plateaus in GaAs heterojunctions (n,,, z0.97& for 
T-4,  J x - 4 ,  H-eel 27,28) and narrower plateaus in Si MIS's 
(n,, 5: 0.5/, for T-0, J x 4 ,  H-cc We note that if 
for T-tO the relation (4) n,, a H /I held in  experiment^,^^.^^ 
then the plateau width should increase a H ', which contra- 
dicts experimental  result^.^^^^^ 

3.2 Nonlinear phenomena in QHE. Percolation in the Hall field 

3.2. 1. Spatial distribution of Hall field 

The qualitative discussion given above did not take into 
account the influence of Hall field Ey on carrier concentra- 
tion in the 2D layer, so that it is only valid for infinitesimally 

Equation (IS) is independent of the number I of the Landau small current Jx . It is necessary to know the distribution of 
levels, so that the magnetic radius occurs in it and not the current density jx and of Hall field Ey over the width of the 
cyclotronradiusr, ( I )  = a, (21 + 1)'12. Thi~isaconse~uence channel to find the influence of current on p,, and p, . 
of our assumption of the small energy $7, of the bound We shall construct a qualitative field and current distri- 
state.12 bution, first of all considering a limiting case. We assume 

TABLE I. Width of the plateau for different numbers of the Landau levels. 

An plat 

N Experimental Source of data. 
a=*i 0 I ,+*bo 0 Material measured 

- 

Present work, Si 
MIS structure 
with large channel 

Present work, Si 
MIS structure 
with small channel 

Ref. 1, Si MIS structure 

Ref. 24, GaAs hetero- 
junction with gate 
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that the field is produced by a redistribution of mobile carri- 
ers, so that a surplus of electrons is accumulated on one side 
of the channel and of holes on the other. The image potential 
of the gate will screen the potential produced by the charged 
sides of the channel, as a result of which the Hall field decays 
even over a distance -dSiOl from the side of the channel and 
over a large part of the cross section of the channel Ey = 0 
and j, = 0. Such a model, proposed by H a l ~ e r i n ~ ~  from dif- 
ferent considerations, agrees badly with the existence of 
QHE at large currents, since for a current flow of 10-6-10-5 
A, in two regions of width - lop5 cm the carrier drift veloc- 
ity would be - 10' cm-s-', which is comparable with their 
Fermi velocity and is two orders of magnitude greater than 
the bulk velocity of sound. 

An almost uniform distribution of current j, and field 
E,, over the width of the channel with insignificant increases 
at the edges3' seems more realistic to us (at least for current 
of 10-6-1~-5 A). These qualitative considerations are con- 
firmed by calculations carried out3' in the Hartree approxi- 
mation. The energy of the conduction band, the valence 
band and the bottom of the potential well in this case change 
monotonically over the specimen width. The bottom of the 
electrical subband, just as the Landau levels, repeat this to- 
pography (Fig. 7) so that the total energy change of each 
Landau sublevel over the width of the channel is 

a,, o(y=W/2)-8i, o ( y = - W / 2 )  =eV,. 

The distribution of carrier concentration in the 2D lay- 
erforJ,#O 

n ( Y )  =div E ( y ) / 4 x e  

over the y coordinate is related self-consistently with the 
effective gate voltage V,*( y), which changes from Vg - VY/2 
for y = - W/2 to Vg + VY/2 for y = + W/2; the Fermi 
energy 8, a n  a Vg also varies with they coordinate corre- 
spondingly. For this reason the filling boundary of Landau 
levels with carriers, determined by the electrochemical po- 
tential 

pe=aF+ u, 
(u,, is the Hall potential of the field), varies more rapidly 
with they coordinate than the energy of the Landau levels 
(Fig. 7): 

Three different cases for the position of the p, ( y) line 
relative to the Landau level gi are then possible. 

FIG. 7. Changes in the energy 9,  of Landau sub- 
bands and of the electrochemical potential p ,  
across the width of the channel: a) near the middle 
of the p, plateau and the p, minimum; b) in the 
region of wings of thep, plateau; c) in the region of 
thep,, maximum, 'p, and *p, are the limiting posi- 
tions of thep,( y) curve, corresponding to the edges 
of thep,, ( V,) peak. The dashed lines respresent the 
nominal boundary of the Landau subband, where it 
is assumed that D (lsZp, ( D  (P,,,). Different shad- 
ing indicates the regions of bound states filled by 
electrons and holes reipectively. 

1. Thep, ( y) line does not cross the g,, ( y) line over the 
specimen width. In such a case current transport takes place 
over percolation trajectories below the level p, (in energy) 
and is not accompanied by dissipation. We consider a situa- 
tion such that the p,( y) line passes simultaneously along a 
hole slope of the i - 1 subband and an electron slope of the 
ith subband (Fig. 7,a); this corresponds to the middle of the 
p, plateau. Suppose that at some point yo, p,( y) falls in the 
region of the energy gap between two neighboring Landau 
subbands. The density of states is small in this region, 
(d%',/dVg)," increases sharply and according to Eq. (16) 
dp,/dy increases at the same time (see Fig. 7,a). 

2. Thep, ( y) line does not cross the gi,, ( y) line and over 
ally passes over a region of only electron (or only hole) slope 
of one and the same Landau level. This situation corre- 
sponds to the electron (hole) wings of the p, plateau and is 
illustrated in Fig. 7,b. 

3. The p, ( y) line crosses the 8,' ( y) line at some point 
y,. This case, illustrated in Fig. 7,c, corresponds to the ap- 
pearance of a percolation trajectory at the level p, (i.e., dissi- 
pative current flow); the transition region between two 
neighboringp, plateaus and thep,, maximum corresponds 
to it. On changing the gate voltage Vg (or the carrier concen- 
tration) the crossing pointy, shifts along the channel width; 
the total width of the p,, peak corresponds to a shift in y, 
over the range from - W/2 to + W/2 (Fig. 7,c). We note 
that by no means every crossing point ofp, ( y) with the level 
g,, belongs to a percolation trajectory, so that the appear- 
ance of a substructure to the p,,(Vg) peak similar to that 
observed2' is possible. 

The concentration of mobile carriers along the percola- 
tion trajectory can be calculated if the relative position of 
p,( y) and the energy level of the percolation equipotential 
g,, is known. According to Eq. (1 1) the behavior ofp, for 
each of the three cases of Fig. 7 can then be described. 

3.2.2. Shape of the p, plateau 

The concentration of mobile carriers, averaged over the 
whole range of delocalized states at the percolation level 
gi- and 8,, is 

Here f, is the Fermi distribution function. Integrating Eq. 
(17) near the center of the plateau z=[(Vg - 'Vg)/V,,] (1 
gives16 
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for large departures from the middle of the plateau 121 > 1 

In Eqs. (18) and (19) a = I(dn/d Vg)Vy/2D ( p,)kT I is the ra- 
tio of the number of carriers redistributed by the Hall field to 
the number of carriers in the energy band of width 2kT. 

Discussion of Eqs. (18) and (19) 

Equation (18) agrees with recent measurements3' in 
which the slope Sp,/dV, in the central part of the plateau 
was shown with a temperature dependence cc exp(%o, / 
(kT)).  Equation (18) describes the accuracy with which Eq. 
(1) is satisfied in an experiment for given D ( p,), T, Hand J, . 
On the other hand, realvalues ofthe density of states D (8) in 
the region of the wings of the Landau levels could be found 
from an experimental determination of the values of 
dp, /d V, for different V, , T and H. 

The exponential shape of the wings of the Sp, (V,)  pla- 
teauI6 agrees with Eq. (19) for large departures from the cen- 
ter of the Sp,(Vg) plateau. The exponent a of the exponen- 
tial Sp,(V,) dependence increases on lowering the 
temperature, which agrees with Eq. (19). The proportional- 
ity of the dependence of the exponent in Eq. (19) on current 
a a Vy a J, also agrees with the empirical Eq. (5). Taking the 
linear relation of Eq. (6) into account, Eq. (19) also agrees 
with the exponential form of thep,, minimum of Eq. (7) in Si 
MIS's and in GaAs heterojun~t ions .~~ However, according 
to Eq. (19), over a fairly wide intermediate region 
Vy < I V, - 'V, I <O.15 V (or ISp,/p, 1 = 10-3-10-5, 
which does not agree with experiment) 
Sp, a exp [ A  ( V, - ' V,)/T 1. A similar disagreement has 
been found" in the activated temperature dependence and 
the reason for it is not clear. 

3.2.3. Width of the p, plateau 

In our model, the width of the plateau corresponds to 
the energy interval in which there are no infinite extended 
lines ofp,(x, y) and g,, (x,  y). We shall define the criterion 
for the width of the plateau at a given level of relative depar- 
ture 

6p,,/p,=*6, i.e. 6nm,b/~H=*~6,  (20) 

where the signs + correspond to the electron and hole 
wings of the Landau level. By definition 

We obtain the value p:m from Eq. (2 1) determining the limit 
of the plateau according to the criterion 6. For the electron 
wing for (V, - 'V,)/Vy > 1 and neglecting transitions 
between Landau levels, i.e., for fwc - 2-T 

It follows from this that the plateau width on an energy scale 
is 

AZ,,~, =2[r- pYm (0) + ~ ~ , ~ l  

Going over to a concentration scale, we have 

For example, for an elliptical density of states dependence at 
a Landau level 

We note that the last equation is little sensitive to the actual 
form of the function D, ($). 

Discussion of Eqs. (22) and (24) 

1. Equation (24) is in qualitative agreement with experi- 
mental results" and in particular describes the reduction in 
thep, plateau width with increasing Tand J,. It also agrees 
with the linear current dependence of the width of the p,, 
minimum which comes from experimental results.25 

The "critical" current at which the temperature depen- 
dence An,,,, ( T )  disappears is: 

The critical temperature at which the current depen- 
dence An,,,, (J,) vanishes is: 

T"~3 '"r lnk .  (26) 

For evaluating T and J c  we put (dp,/dVg) - gF/Vg 
and substitute into Eqs. (25) and (26) the values 
$,/k = 70 K, V, = 6 V, N = 4, S = lop4 which are typical 
of an experiment." To obtain Jc = 15 p A  [See Eq. (5)] it is 
then necessary to substituter/k = 10 K into Eq. (25) and to 
obtain T c  = 2.5 K [Eq. (5)] requires substitution of r /k 2 5 
K into Eq. (26). These values of r agree between themselves 
and with the estimate made earlier for the amplitude of po- 
tential fluctuations in an empty subband. The simple consid- 
erations given above cannot claim any rigour, since the de- 
pendence of screening radius on concentration and magnetic 
field [i.e., T (V, ],H )I, possible current flow along the edges of 
the channel, a nonlinear p,(V,) dependence and the real 
form of the density of states at the Landau level D ($)  were 
not taken into account. 

Two departures of Eqs. (22) and (24) from the empirical 
Eq. (5) must be noted. First, in Eqs. (22) and (24) 
d (An,,,,)/d In 6 a kT, while in Eq. (5) d (An,,,, )/d In S is in- 
dependent of T. Secondly, the An,,,, ( T )  dependence in Eq. 
(24) is close to quadratic, while it is linear in Eq. (5). The first 
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disagreement can only be removed by assuming a tempera- 
ture dependence 

6n,,~ /.PHwexp (BT) (27) 

instead of a exp( - A /T) (where A and B are independent of 
T) .  Equation (27) is remininiscent of the temperature depen- 
dent part of the Lifshitz-Kosevich formula for the amplitude 
of the de Haas-van Alphen effect. The second of the disa- 
greements noted is less important and might disappear with 
a more realistic choice of the functions T(Vg), p,(Vg) and 

D (8). 
2) Equations (22) and (24) also describe the dependence 

of plateau width on T. Assuming that r is related to the 
mobility p (measured for H = 0) by the equation33 

I'=Ro, (21nyH) '", (28) 

we obtain from Eqs. (22) and (24) in the limit kT&, the 
relation 

The last equation agrees qualitatively with the results of 
 measurement^,^' where a narrowing of the plateau with in- 
creasing mobility p was observed. 

In deriving Eqs. (22) and (24) we neglected transitions 
between Landau levels, i.e., we considered fiw, - 2r$kT, 
T. This condition may be destroyed on reducing the magnet- 
ic field and the wings of the levels may overlap. Dissipative 
conductivity exn then grows appreciably leading to a nar- 
rowing of thep, plateau. 

3.2.3. Percolation equipotentials in the Hall field 

Until now, when considering the effect of the Hall field 
Ey, it has been assumed that the topology and structure of 
the percolation trajectories do not change when a field is 
applied. It is known that for a random potential the energy 
width of the band of percolation trajectories goes to 0 as 
T-+0, and it is clear that a finite current cannot flow through 
a finite number of percolation trajectories for T-+O. In other 
words, without a special choice of fluctuating potential 
SU(x, y) in Eq. (15) the coefficient (1 - y)+O. It can be 
shown, h o ~ e v e r , ' ~ , ~ ~  that for a random symmetric potential 
the band of percolation trajectories broadens in energy a Ey 
for sufficiently small Ey; this is equivalent to the appearance 
of a relation (1 - y) a Ey in Eq. (15). It is easy to understand 
this by considering an artifical potential of the "egg crate" 
type: U(x, y) = Uo cosx siny. 

4. CONCLUSIONS 

It has thus been shown in the present work that a study 
of nonlinear phenomena in the quantum Hall effect provides 
a large amount of experimental data for choosing and testing 
theoretical models which are indistinguishable in the linear 
approximation. We studied experimentally the shape of the 
pxx minimum and of the wings of the p, plateau, and also 
the dependence of these quantities on the measuring current 
and temperature. 

The main reason for the growth in p, and ISp, I, the 
change in mobile carrier concentration, can be derived from 

the linear relation found betweenp, and 6pxy in the region 
of the wings of thep, plateau. This conclusion was used to 
find statistically the number of carriers in the case of a differ- 
ent relative position of the electrochemical potential and the 
mean energy of the Landau levels. As it turned out, the very 
simple theoretical model, developed above, provides a not 
bad explanation of most of the existing experimental data. 

We limited the discussion to only the region of quantum 
magnetic fields where N? 1. For N< 1 in the ultraquantum 
region, quantum effects play a special part and the quasiclas- 
sical approximation we used is inapplicable. In our view, to 
improve the agreement between theory and experiment, a 
subsequent self-consistent account must be taken of the 
screening of potential fluctuations by electrons and the cur- 
rent distribution over the channel (which we considered to 
be uniform) must be refined. An experimental elucidation of 
the current and field distribution over the width of the chan- 
nel would be interesting, as would a more detailed experi- 
mental study of the effect of the potential variation in the 2D 
layer. 
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