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Results are presented of an experimental investigation of the temperature dependence of the 
refractive index along the coexistence curve of freon-113 at temperatures 6 x < Irl < 0.4. 
The data near the critical points are obtained by measuring the gravitational effect. The behavior 
of the refractive index along the coexistence curve is described by an equation whose right-hand 
side is a sum of an asymptotic term, an asymmetric term, and correction terms for deviation from 
the asymptotic and symmetric behavior. There is no correction for the deviation from the asymp- 
totic behavior in the equation for the square of the refractive index in the same temperature 
interval. The results are compared with the theoretically predicted behavior of the dielectric 
constant in the investigated region. A value /3 = 0.3425 + 0.0010 was obtained for the order- 
parameter critical exponent and two values a = 0.11 * 0.01 and 0.16 + 0.01, depending on the 
method used to reduce the experimental data, were obtained for the critical exponent of the 
specific heat. 

PACS numbers: 78.20.Dj, 64.60.Fr, 65.20. + w 

Progress in modern theory of critical phenomena calls 
for an increasingly more accurate determination of the nu- 
merical parameters that describe the properties of matter 
near the critical point and in a large surrounding region. 
Particular interest attaches to the determination of the criti- 
cal exponents, which are the most important quantities of 
the theory of critical phenomena. The present paper is devot- 
ed to a determination of the critical exponent a of the specif- 
ic heat from data on the refractive index of trifluortrichlor- 
ethane (freon-113) in a large vicinity of the critical point. 

The direct determination of the exponent a from data 
on the refractive index n (or the dielectric constant e = n2) 
was made possible by the development of a theory of the 
dielectric constant and of the refractive index near the criti- 
cal point. Thus, a singularity of the derivative of the dielec- 
tric constant with respect to temperature along the coexis- 
tence curve (CC) and the critical isochore was predicted 
theoretically in Ref. 2. It was found that the series for the 
dielectric constant along the CC should include terms pro- 
portional to 171' -" and IrI*, where T = ( T  - Tc)/Tc is the 
relative temperature and Pis  the exponent that describes the 
behavior, along the CC, of the principal singular order pa- 
rameter, whose role in an individual substance is assumed by 
the density. In Ref. 3 are considered the contributions made 
to the dielectric constant by the principal singular order pa- 
rameter, the relative density, and by the less singular order 
parameter, the relative internal energy. The formulas of the 
expanded theory of scale transformations for these quanti- 
ties yielded theoretically for these quantities the functional 
dependences of the dielectric constant E in a large vicinity of 
the critical point for various limiting directions along which 
this point is approached. In particular, the temperature de- 
pendence of the dielectric constant E along the coexistence 
curve of an individual liquid the temperature dependence is 
of the form 

( ~ ~ - e c ) / e c = f ~ o ~ a f n o + ~ l [ a ( 1 - a f ~ z ~ ~ ~ B + A + ~ 3 ~ a ( + .  . ., (1) 

where E, is the dielectric constant at the critical point, 
A ~ 0 . 5  is Wegner's critical exponent, and Ai (i = 0, 1, 2, 3) 
are numerical coefficients. The upper and lower signs per- 
tain respectively to the liquid and gas phases of the CC. The 
results of Ref. 3 differ from those of Ref. 2 in that the series 
for the dielectric constant does not contain a term - IT\*.  In 
the opinion of the authors of Ref. 3 this is due to a different 
choice of the regular part of the dielectric constant. 

We have investigated in the present study the tempera- 
ture dependence of the refractive index in a large vicinity of 
the critical point along thess of freon-113 at a wavelength 
A = 5791 A. The results are listed in Table I. The data for 
temperatures far from the critical one (points 1 4 9 )  were ob- 
tained by a method4 in which prisms are placed at the bottom 
and top of the chamber. The error of the refractive index 
determined by the prism method does not exceed 0.01%. 
Near the critical point, a gravitational effect takes place in 
the substance, i. e., a substantial density drop along the 
height of the vessel. To allow for the drop in the determina- 
tion of the refractive index of the coexisting phases at the 
meniscus itself, the prism method was supplemented by the 
Toepler shadow method. Points 50-61 are the results of inte- 
grating the refractive-index gradient with respect to height. 
The numerical integration was by the trapezoidal rule, using 
as the initial values the refractive-index absolute values ob- 
tained by the prism method. The error in this region is some- 
what larger, but does not exceed 0.02%. The temperature of 
the investigated substance was maintained constant by a 
double-thermostating method5 accurate to 0.001 "C and was 
measured by a calibrating platinum resistance thermometer. 

Taking into account the functional character of the 
theoretically predicted' dependence, we have reduced our 
experimental data by using the formula 

(n*Z-n,2)/n,2=~No I zJB0+N, I T 1 B1*Nzl T IB2+N3 1 T 1 03, (2) 

where n, is the refractive index at the critical point, and 
determined the powers Pi and the coefficients Ni directly 
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TABLE I. Experimental data on the temperature dependence of the refractive index along the 
coexistence curve of freon- 113. 

from the experimental data. The: zeroth term of (2) describes 
the asymptotic behavior of the C!C branches near the critical 
point, the first term describes this asymmetry, and the last 
two terms are corrections for the first two. 

Since the refractive indices of the coexisting liquid and 
gas were determined experimen~tally at the same tempera- 
ture, we used in the analysis, for the half-difference and half- 
sum ("diameter") of the nZ-CC branches, the expressions 

Number 
Ppoint ( 1'1 1 "+ I 1 1  1.1 I n+ 1 

in which the symmetric and asynlmetric terms are located in 
different equations. This allows us to determine the param- 
eters of the symmetric and asymimetric terms independently 
of one another, i.e., their correls~tion and the correlation of 
their confidence intervals are zero. 

Comparison of the experime:ntally determined values of 
the exponents pi with the powers of Eq. (1) leads to conclu- 
sions concerning the numerical values of the exponentsfl, a, 
and A. 

All the equations employed contain the refractive index 
n, of the material at the critical point and the critical tem- 
perature T, , quantities whose correct determination govern 
the sought exponents and coefficients. The value 
T, = 486.958 & 0.003 was obtained by us in Ref. 6. The val- 
ue of n, was obtained from an anialysis of the behavior of the 
"n-CC diameter", which has an inflection near the critical 
point. Extrapolation of the expel-imental data for the n-CC 
diameter (n+ + n-)/2 in the immediate vicinity of the criti- 
cal point prior to intersectioln with the vertical line 
T, = 486.958 yields a value 1.1255 f 0.0005, which agrees 
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with an analysis6 of the critical density at a specific refrac- 
tion r=0.1436 cm3/g. A more accurate value 
n, = 1.1255 f 0.0001 was obtained from an analysis of the 
behavior of the expressions for the refractive index 

and the square of the refractive index 
(n+z+n-2) /2n,2-1 

in a doubly logarithmic sale upon variation of the experi- 
mentally obtained value ofn, within the indicated error lim- 
its. Namely, at n, = 1.1255 all the points closest to the criti- 
cal temperature and having the maximum error were 
located, within the limits of this error, on the straight line 
made up of points 5 to 40. It can be seen from Fig. 1 that the 
same regularity is observed both for the diameter of the re- 
fractive index and for the diameter of the squared refractive 
index. 

The calculations for the determination of Ni and pi 
were performed with a computer by the FUMILI program, 
which effects linearization when finding the minimum of the 
functional.' The use of this program has shown that if the 
experimental data are directly approximated by the eight- 
parameter formula (2) the exponents and the coefficients ob- 
tained from the calculation are not single-valued and depend 
strongly on the initial values of the parameters that serve as 
the starting point for the approximation. The reason is that 
the functional of this problem has several minima. To obtain 
physically meaningful parameter values we have therefore 
used the following procedure. 

The zeroth term N , I T ( ~ ~  in the right-hand side of (2) is 
the leading one and as the temperature comes close to criti- 
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FIG. 1. Temperature dependences of the diameters 1 )  nZ-CC ( x ,  = (n+' + n-')/ 
Zn, - 1) and 2) n-CC (x, = ( n ,  + n-)/2n, - 1) in a doubly-logarithmic scale. 

cal its relative contribution increases, i.e., it exceeds substan- 
tially the remaining terms. A correct determination of the 
succeeding terms is possible if the leading term is correctly 
calculated. To determinePo and No numerically we obtained 
their values as the limits in the temperature dependence of 
the effective valuesPff of the exponents and Wff of the coef- 
ficients with the experimental values of (n: - n;)/n: and 
(n: - n? )/2nf approximated at different temperatures by 
the single-term expressions 

To obtain the temperature dependences of the effective 
values of the exponent and of the coefficient, we narrowed 
down the investigated temperature interval by successively 
excluding from each five low-temperature points. Figure 2 
shows the dependence of the effective values of the expo- 
nents and coefficients of Eqs. (5) and (6) on the logarithm of 
the average temperature of each of the 12 obtained tempera- 
ture intervals. It can be seen from Fig. 2a, the effective values 
of the exponents come closer together, the values o f b  and 
P are symmetrical about the values of Pff,  the latter re- 
maining practically unchanged with changed of the tem- 
perature interval. A perfectly analogous situation is ob- 
served also for the coefficients N and WE. The limiting 
values ofB0 and No were chosen to be the averages of all the 
effective values P' and N"'f for the half-difference (6): 
Po = 0.3425 f 0.0010, No = 0.456 * 0.001. At these values 
of Do and No, the single term formula 

describes well the experimental results for the liquid and gas 
phases in the temperature region 6 x < 171 < 0.01, 
which is in fact the asymptotic one. 

FIG. 2. Dependences of the effective exponents p5 and ,9 (a) and of the 
coefficients Ne5 and Nq (b) on the logarithm of the average temperature 
of the integral in the approximation of the experimental data by Eqs. (5) 
and (6). 
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In Eq. (4), which describes ithe behavior of the CC diam- 
eter for the square of the refractive index, the term Nl 1rIB1 
plays the leading role. We have: determined it by excluding 
from the data reduction the experimental points of the tem- 
perature interval in which the zeroth term is the principal 
"working" one, and the contribution of the remaining terms 
is comparable with the experirr~ental error. In the tempera- 
ture range 0.01 < 171 < 0.4 the data were reduced by using the 
equations 

(n*2-n,2)In:~Nol tlbe=Ni,,:l T I  , (7) 

(n+'+n-') / 2 n , t - 1 = ~ ~  I r161eff. (8) 

As a result of the analysis of the computer-calculation 
data, the following limiting values were chosen: 
B1 = 0.84 + 0.01, N, = 0.252 f 0.005. The fact that the ex- 

what earlier, we have determined it in the temperature inter- 
val 0.15 < I T (  < 0.40. This interval contains only eight ex- 
perimental points, so that we were unable to determine the 
fourth term with high accuracy, and we obtained 
8, = 4.5 + 1.0 and N3 = 0.69 + 0.10. The remainders 
A, =Al  - N31rIW shown in Fig. 3c indicate that the n2-CC 
diameter is well described by Eq. (4), i.e., that this descrip- 
tion is adequate. 

Thus, we obtained for the description of the tempera- 
ture dependence of the squared refractive index of the liquid 
and gaseous freon-113, in the entire investigated coexistence 
region 6 X 5 171 5 0.40 the formula 

ponent differs from unity is evidence that the n2-CC diame- Figure 4 shows the temperature dependences of the 
ter is singular. functions yi , which represent in succession the contributions 

To estimate the quality of the of the ex- made to the liquid and gaseous CC branches of Eq. 1 1 by the 
perimental data by the termsNolrl" a n d l 1  lrlB', we invest& first term y, = + 0.4561~103425 (curve 1-11, of the second 
gated the remainders A, and A ,: term v, = 0 . 2 5 2 1 ~ 1 ~ . ~ ~  (curve 2). of the third term 

8 8 

Ao= (n+z-n-z)/2np-No I I; l 8 o ,  (9) y3 = 0:&1r1~.~ (curve 3), 'and the total contribution of all 

A1=(n+2+n-2)/2n,Z-l-N, I T  Ifis, (10) 
three terms: 

y,=*0.456 1 7 1 0~3425+0,252 1 T 1 0,8'+0.69 ( 7 1 4 3 5  

whose temperature dependences are shown in Figs. 3a and 
3b. 

It can be seen from Fig. 3a tihat the difference A, is equal 
to zero within the limits of ithe experimental error ado 
= 6 X in the entire investigated temperature interval. 
This is evidence that the contribution of the term N2JrJs2 in 
Eq. (2) does not exceed the experimental-data errors, i.e., it is 
insignificant. For the n2-CC diameter the remainders A, (Eq. 
(10) shown in Fig. 3b demonstrate that its description by the 
single term 0.252 1r1°,84 in the entire temperature interval is 
inadequate. It can be seen from Fig. 3b that on moving away 
from the critical temperature the positive deviations due to 
the contribution of the term N3 IrIB3 increase systematically. 
In the temperature interval 0.20< 171 <0.40 the term 
N31r1" is significant. Since this term tends to appear some- 

(curve 4-4). The same figure shows the experimental n: 
points that lie, within the error limits, on the curve 4 4 .  This 
demonstrates the good description, by Eq. (1 l), of the experi- 
mental values of the squared refractive index for the liquid 
and gaseous branches of the CC. 

A comparison of Eqs. (1 1) and (1) yields the following 
values of the critical exponents; /? =Po = 0.3425 + 0.0010 
and a = 1 - 8, = 0.16 + 0.01. The obtained value of the ex- 
ponent agrees within the error limit with the exponent 8, 
calculated in the analysis of the density along the CC of 
freon-113 (Ref. 6), and with most experimental and theoreti- 
cal results.' Our value a = 0.16 + 0.01 does not agree with 
the results of the most accurate direct experimental specific- 
heat investigations, which yielded a = 0.11 + 0.01 (Ref. 8). 

FIG. 3. Temperature dependences oft  he remainders: a) A, [Eq. (9)], b) A ,  [Eq. (I)], 
and c) A, = A ,  - N , ) T ~ ~ ~  at Po = 0.3425, No = 0.456, /3, = 0.84, N, = 0.252, 
B3 = 4.5, N3 = 0.69. 
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FIG. 4. Contributions of the asymptotic term (curve 1-I),  of the asymmetric term 
(curve 2), and of its correction (curve 3) to nZ-CC (curve 4-4) of freon-113. 

The deviation of the exponent Po from unity contradicts the 
theoretical conclusion that the correction to the principal 
asymmetric term in the right-hand side of (1) is linear. 

To compare our results with the theoretical conclusions 
of Ref. 2 we have also analyzed the temperature dependence 
of the refractive index directly on the CC of freon-113. The 
data on the refractive index were approximated by the for- 
mula 

(n,-n,)ln,=f Nof) rI60'+Nl'I rIBlffN2') a]82'+ N3) ~ ) ~ a ' ,  (12) 

which was written down in analogy with Eq. (2). The expo- 
nentsa ; and the coefficients N ', were calculated in the same 
manner as the exponents pi and the coefficients Ni . The re- 
sults were p; = 0.341 + 0.001; p ;  = 0.89 + 0.01; fl; 
= 2.25 + 0.50; P; = 4.4 f 1.0; NG = 0.225 + 0.001; N ;  
= 0.101 + 0.001; N; = - 0.055 + 0.010; N;  = 

0.288 + 0.070. Just as in the case of Eq. (2), the parameters of 
the second and fourth terms of (12) have low accuracy be- 
cause of the small number of experimental points in the re- 
gion where the contribution of these terms exceeds the ex- 
perimental error. In (12), however, in contrast to (2), the term 
N ;  [TI'; is not equal to zero and its contribution to the right- 
hand side of (12) reaches 3% at ) T) = 0.4. 

Comparing the results of the experimental-data reduc- 
tion in terms of n2 = E and n, we have found that the expo- 
nents p,, and /3 ; are equal to each other and also, within the 
error limits, to the exponent determined from the behavior 
of the density.6 This confirms the feasibility of determining 
the critical exponent /3 by reducing direct experimental data 
on the refractive index n or on its squaren2. The sensitivity of 
the method of determining Po from the data on n2 is higher 
than for the density data. At the same time, the exponents& 

andS ; of the leading asymmetric term are not equal to each 
other in the two considered cases. This is directly seen from 
Fig. 1, where the diameters for n and n2 have in doubly loga- 
rithmic scale different slopes, with the exponent fl obtained 
by reducing the data for n agreeing with the analogous expo- 
nent for the density.6 

The difference between P, and P;  can be easily ex- 
plained by starting from Eq. (2). The refractive index can be 
obtained in this cause by using an expansion in a Taylor 
series: 

n* (.c: = (n,' (T) ) l h .  

Confining ourselves to a quadratic approximation, we have 

n , = n ~ [ l * ~ l ~ N ~  I r lh+'12N, I a18~~112N2 I x 1 6 2  

f1/2N3 I 7 I 6s-'/s(No2 1 1 2h+N,2 ( 2 1 26'_t2N1N0 I t 1 (13) 

This relation n = n(7) differs from (12) that its right-hand 
side contains additional symmetric and asymmetric terms. 
Let us separate the asymmetric terms of (13): 

(n++n-)/2nc-l='/zN, 1 T J @ ~ + ' / ~ N ~ ]  T J ~ ~ - ' / ~ ~ V ~ ~  1 a 1 '@+. . . 
(14) 

The last term in the right-hand side of (14) is of the same 
order as the first, and their exponentsp, and 2&, are close to 
each other. To separate the term 1 / 2 N , l ~ ( ~ ~  we therefore 
substracted from both halves of (14) the term - 1/ 
8N02 I T I  whose parameters were determined by us above. 
The difference obtained was approximated by the single- 
term power function N;' lrlBi' by the method described 
above, obtaining as a result for the sought parameters the 
values p ; = 0.835 f 0.010 and N ;' = 0.125 f 0.005. The 
exponent 7 obtained by reducing the refractive-index data 
in accord with (14) coincided thus, within the error limits, 
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with the value of PI obtained by reducing the square of the 
refractive index with the aid of (2). 

We have carried out a similar calculation by deriving 
from (12) for n2 an expression that agrees qualitatively with 
the results of Ref. 2, since it contains the term 1 ~ 1 ~ ~  in the 
right-hand side. The exponent ,5' ;" obtained by this approach 
was found to equal 0.90 f 0.01 which agreed with the value 
of P ; obtained by reducing the refractive index in accord 
with Eq. (12). 

Consequently, the difference between the exponents P, 
andP ; obtained by reducing the experimental data with the 
aid of Eqs. (2) and (12) is legitimate and can be easily ex- 
plained. 

Taking into account the theoretical predictions of Ref. 
2 we obtain the critical exponent a ,  = 1 -P ;" 
= 1 - 8 ; = 0.1 1 f 0.0 1, which agrees, as indicated above, 

with most experimental and theoretical results for the specif- 
ic-heat exponent. '3' 

Thus, two methods of reducing the same experimental 
data in terms of the refractive index and of its square give two 
different values of the specific-heat exponent, 
a = 0.16 + 0.01 and a = 0.11 It 0.01. Both exponents were 
obtained from experiments on light refraction on the basis of 
the theoretical premises of Ref!;. 2 and 3. Our investigation 
allows us to conclude that the theoretical model, which was 

proposed in Ref. 2 and whose use to describe the experimen- 
tal data on the refractive index of freon- 11 3 yielded an expo- 
nent a = 0.1 1 f 0.01, is preferable to the model proposed in 
Ref. 3, whose use yielded for the exponent a a value different 
from that obtained from specific-heat experiments. We hope 
that our results will stimulate further theoretical research 
into the refractive index and the dielectric constant near the 
critical point. 
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