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Measurements of the tritium fi spectrum near the end point and the analysis of the results are described. In 
comparison with our earlier study [E. F. Tret'yakov et al . ,  Bull. Acad. Sci. USSR, Phys. Ser. 40, No. 10, p. 1 
(1976) and as reported at the Aachen 1976 Neutrino Conference (p. 663)], the statistical accuracy has been 
greatly improved and a more rigorous measurement technique has been used. All data obtained in the two 
studies have been analyzed. In determining the confidence interval for the antineutrino rest mass, the method 
of mathematical modeling is used. For the rest mass of Ce a lower limit is obtained for the first time: 
14<M, <46 eV. The value E ,  = 18 577* 13 eV is obtained for the energy of tritiumB decay. 

PACS numbers: 14.60.Gh, 23.40.Bw, 27.10. + h 

I. INTRODUCTION I I. EXPERIMENTAL APPARATUS 

The present work is a continuation of measurements The energy analysis of the P spectrum of tritium was 
of the tritium p spectrum begun in 1975 for the purpose car r ied  out, a s  before,' in the iron-free toroidal P 
of improving the data on the antineutrino res t  mass.' spectrometer  of our institute with fourfold deflection 
A brief report of the results  of the present work has of the electrons.I3 Nonequipotential sources  were used 
been published in a letter.2 The results  have been ob- according to the method of ~ e r ~ k v i s t . " "  Among the 
tained on the basis  of analysis of the entire s e t  of ex- advantages of the fl spectrometer  of Ref. 13 a r e  the ex- 
perimental data, including that of Ref. 1. tremely low background of scat tered electrons. In sen- 

sitivity (luminosity) it is inferior by an o rde r  of magni- In our letter2 we indicated the probable existence of 
tude to ~ e r g k v i s t ' s  apparatus, which he used for mea- a finite res t  mass  of the antineutrino. In view of the 
surement of the p spectrum for the s ame  purpose. In importance of this assert ion,  in the present art icle 
Ref. 1 the lack of sensitivity was compensated a s  the we discuss in detail the most important aspects  of the 
result of use of s tronger sources  of tritiated valine and 

experiment and of the analysis of the results .  The 
increase of the measurement time. The stat is t ics  col- changes in the experimental apparatus which were 

made in comparison with Ref. 1 a r e  described. lected in the present work is three t imes that obtained 
in Ref. 1. The resolution of the s ~ e c t r o m e t e r  with the 

The method of determination of the antineutrino res t  nonequipotential source was unchanged in comparison 
mass  from the shape of the tritium 0 spectrum has with Ref. 1 and amounted to 0.12% in momentum (fo- 
been used repeatedly, beginning a t  the end of the cusing current). As previously, the tritiated material 
1940 's .~- '~  It is based on the fact that the phase space was valine (C5HllN02) with 18% enrichment in tritium 
of the p-decay electrons (about two atoms per molecule). The material  for the 

A ( z ) + A ( z + l ) + e - + e .  (1) calibration measurements was ~ b ' ~ ~ .  

changes a s  a result of the energy expended in creation 
of the antineutrino res t  mass.  The nature of the change 
can be seen from the formula for the phase space,  
which describes the basic energy dependence of the p 
spectrum: 

Here E ,  is the decay energy, M, is the res t  mass  of 
F,, and p and E a r e  the momentum and kinetic energy 
of the p particle. 

Fo r  al l  the smallness of M, (M, << E,) this kinematic 
effect is the basis  of the most sensitive direct method 
of measurement of the res t  mass of 5,. Tritium is 
used not only a s  a result of the smallness of the end- 
point energy (E, 218.6 keV), but also a s  a result  of the 
high rate of the superallowed transition. Of course,  

1. Proportional detector 

In the 1975 experiments published previously,' the 
detector was a low-pressure Geiger counter. A strong 
feature of such a detector was the high efficiency for 
detection of p electrons and, a s  a result ,  a practically 
complete lack of dependence of the efficiency on ener-  
gy. However, an unpleasant aspect was the fact that 
tritium which evaporated from the source  during the 
run contaminated the spectrometer  volume and raised 
the general background level. While the background 
in the clean spectrometer  was at  the level -0.05 counts 
per second, which practically corresponds to the ex- 
ternal  background, by the end of the 1975 measure-  
ments it had increased almost an order  of magnitude, 
thus making further collection of s tat is t ics  inefficient. 

the simplicity of the nuclei taking part in the reaction Since a Geiger counter responds to the passage of 
also has a special importance. particles without distinguishing them on the basis  of 

616 Sov. Phys. JETP 54(4), Oct. 1981 0038-5646/81/1006 16-1 3$02.40 0 1982 American Institute of Physics 616 



energy, the contribution to the background from the rv - 10" 

tritium distributed over the spectrometer  volume gave 
the entire spectrum, the maximum of which lies in the 

,j 

region -6 keV. The natural means of fighting the back- 
ground was to use a s  detector a proportional counter. 
This mode requires increasing the pressure  in the 
counter, in o rde r  that the range of the tritium p elec- 

I0 
trons fall in the sensitive volume of the counter. Fo r  
this purpose the collodion film of the entrance sl i t  was 
replaced by lavsan polyester with thickness 150-200 
pg/cm2. Its mechanical strength i s  such that when 

'? 
supported by wires stretched across  the s l i t  every 1 
mm it will maintain a pressure  up to two bars .  The 1 ~ 0 9  1311 I 

working gas i s  argon with addition of methyl o r  ethyl 
alcohol. The resolution of the counter in energy was 6 
keV. The main part of the background from tritium 
was cut off  by introduction of pulse-height discrimina- 
tion of the counter pulses. This possibility is easily 
evident from comparison of the pulse-height spectra 
for the electrons of the p spectrum and the background 
in Fig. 1. Usually the threshold was se t  s o  that the 
counter efficiency was -50%, Here the background was 
reduced to a value -0.05 counts per  second. 

In the present work the background level was assum- 
ed constant in the energy range studied. This is con- 
firmed by measurements without a source ( s ee  below) 
and by the agreement of the background levels in the 
region E > E ,  measured with the working source and 
without it .  

The next change in the detector was made for  the pur- 
pose of increasing the ra te  of collection of information. 
Instead of a single counter we used a three-channel 
proportional chamber. The three sensitive volumes 
were located in a single block of copper with a distance 
of 7.5 mm between the wires.  The length of the cham- 
ber was 40 mm. On the spectrometer-coil s ide the 
chamber was covered with flanges with three windows. 
The sensitive volumes of the chamber were separated 
by metal and did not affect each other. Thus, during 
a run with a given spectrometer  cur rent ,  the p spec- 
trum was measured simultaneously at  three points in 
energy, shifted in accordance with the dispersion of 
the apparatus by approximately 75 eV. The channel 
closest to the source was given the designation +1, the 
center channel 0 ,  and the furthest channel -1. 

FIG. 1.  Pulse-height spectra of the signal from the propor- 
tional detector. Measurement with the working source with 
settings, E=l8 489 eV (solid curve) and E= 18 700 eV (dashed 
curve). 

FIG. 2 .  The M,,, line ( E =  18 849 keV) measured simultaneous- 
ly in the three channels of the three-channel chamber. The ab- 
scissa scale i s  the focusing current. The numbers give A111 
in %. The distance between the peaks i s  73 eV. In the upper 
part of the figure we have shown the location of the sensitive 
wires of the three-channel chamber. 

Figure 2 shows a diagram of the three-channel cham- 
ber and the spectrum of the M line" for a l l  channels of 
this detector. As a result  of imperfection in the focal 
plane in the toroidal spectrometer  the instrumental 
line shapes (resolution functions) a r e  different in each 
of the channels, and in the subsequent analysis of the 
results  they were  established individually fo r  each 
channel. The calibration was also car r ied  out indivi- 
dually. Thus, the three p spect ra  measured in one run 
a r e  independent experiments. 

Use of the three-channel detector increased the rate 
of collection of information by 2.5 t imes,  s o  that at  
the end of this work, with 50% efficiency of the detec- 
t o r ,  it was higher than in Ref. 1 and with a lower back- 
ground. 

2. Changes in the electron source 

In Ref. 1 we noted a discrepancy with E3ergkvist1' in 
the value of the p-decay energy. In order  to increase 
the accuracy of measurement of the energy, in the 
later  experiments we improved the source  of electrons. 
In a single f rame,  i.e., a t  a fixed distance apart  two 
nonequipotential sources of electrons were mounted: 
the main source of tritium p particles at  the bottom, 
close to the detector, and the calibration source at  the 
top. The frame had a gap in the middle between the 
sources.  It could be placed with either i ts  base o r  the 
edge of i t s  gap fastened to a tilted slide. In the former 
case  the main source was at  the focus, and in the latter 
the calibration source  could be exposed. The  source 
was changed without breaking the vacuum by raising 
o r  lowering the frame. By exposing the calibration 
source  it was possible at  any time to check the normal 
operation of the spectrometer ,  the standard resistor:' 
and the Weston standard cell.  The two sources were 
connected in parallel to a voltage divider to provide the 
focusing potentials. From the shape of M, line i t  was 
possible to monitor this system also. (Inaccuracy in 
the source  of focusing potentials cannot be observed on 
the basis  of the continuous spectrum.) The double 
source was introduced in the runs with the three-chan- 
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nel detector. 

During the measurement of the P spectrum, the cali- 
bration source was located in a lead pocket. The ade- 
quacy of the shielding was evaluated in experiments in 
which the main source was replaced by clean aluminum 
sheets. The background in the region of the tritium /3 
spectrum was measured. The results  a r e  shown in Fig. 
3. From this experiment it was concluded that the dis- 
tortion of the spectrum is insignificant. 

In the intervals between runs with the working source 
we measured (about once a day) the position of the peak 
of the M, line (18.4 keV) of the calibration source. AS 
it worked out, we used for the calibration a lavered 
source-Yb covered by a 50% (relative to the thickness 
of the working source) layer of the tritiated material.3' 
(Here we had the possibility of evaluating the stability 
of the tritiated layer with time on the bas is  of the line 
shape.) In Fig. 4 we have shown the results  of four- 
week measurements with the three-channel chamber. 
The possible insignificant shift of the average value of 
the peak position with time can be explained by a de- 
c r ease  of the source  thickness. The rms  deviation for 
the worst case  (channel +1) is 2 - in current ,  
which corresponds to an energy uncertainty less  than 
1 eV. If we assign this value to instability of the in- 
stallation of the calibration source in i t s  operating 
location (1 eV corresponds to 0.1 mm along the spec- 
trometer  axis), we can hope that the main source i s  
positioned with the same o r  better accuracy. This 
hope is supported by the additional argument that the 
main source i s  mounted on the support by i t s  base. 

In the experiments with the three-channel detector 
we also took measures to permit almost continuous 
following of the stability of the standard source of emf. 
For  this purpose approximately every three hours we 
measured the emf of the three standard cells. Their 
stability is guaranteed with high reliability by the con- 
stancy of a primary cell. 

3. Measurement procedure 

As in Ref. 1 ,  in scanning the spec t ra  we used a de- 
vice which automatically changed the focusing current  
in steps. Switching was accomplished after a 100- 
second measurement period for the working source  o r  
a 30-second period for the calibration source. The 
measurement t ime was se t  by a quartz generator. We 
shall call the current  a t  which the spectrum was mea- 
sured  for a specified time a channel. The distance be- 
tween channels i s  ~ 8 . 5  eV. The automatic control f i r s t  

FIG. 3 .  Background spectrum. At the main source location 
we have placed the aluminum substrates. The calibration 
source is  in a lead shield. Measurement time 1.7 - lo4 sec/ 
channel. 

illi1llli- 
0 100 0 I00 700 6 hours 

V50 4 

FIG. 4 .  Coordinates of the maximum of the calibration peak 
measured between P-spectra runs with the three-position de- 
tector. The ordinate is the focusing current at the maximum 
of the peak. (The width of a current channel in the calibration 
peak measurements in relative units is  2.3 . 

increased the current ,  and then decreased it to i t s  ini- 
t ial  value. The complete excursion of the automatic 
control gives a measurement time in each channel of 
200 seconds (or  60 seconds). The control permitted 
measurement of the spectrum in a maximum of 56 chan- 
nels. At equal current  intervals, this covers about 450 
eV. In measurement of la rger  regions of the spectrum 
i t  was necessary to s e t  severa l  initial values, of the cur-  
rent. The distance between these initial cur rents  was 
ordinarily chosen equal to 50 channels, with six chan- 
nels overlapping. The current  stabilization and switch- 
ing circuits  were such that the distance between chan- 
nels was not constant and depended on the number of 
the interval. With the chosen interval ~ 8 . 5  eV, the 
greatest  deviation of the current  from the nominal value 
determined on the basis  of the channel number at  equal 
intervals was -0.5 eV for channel 40 and +0.5 eV fo r  
channel 50. 

From the point of view of the accuracy of the sought 
physical quantities, it is advantageous to have a mea- 
surement plan in which the length of run i s  increased 
towards the end point of the p spectrum with increas-  
ing energy. In the experiments with severa l  initial 
currents  i t  was possible to accomplish this plan, a s -  
signing a la rger  number of s teps  of the automatic con- 
t ro l  at  the end of the spectrum (E =Eo).  A measure-  
ment cycle with two initial currents  was car r ied  out in 
the following sequence: one s tep  with a sma l l  initial 
cur rent ,  then two with a la rger  initial cur rent ,  and s o  
forth. In this way the repeated measurements of the 
spectrum in the same channel a t  different times should 
have cancelled the drift of the entire apparatus, giving 
the systematic deviations a stat is t ical  nature. 

A digital printer was used to record the information. 
Fo r  auxiliary purposes, recording with mechanical 
counters was retained. In the experiments with the 
three-channel detector the mechanical counters r e -  
corded the pulses from the channel with index zero  
with a low discrimination level. 

4, Energy calibration of the /3 spectrometer 

The energy calibration procedure was the Siegbahn 
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autocalibration methodI4 which we used in Ref. 1. This 
made use of the electron internal conversion lines L, ,  
L,,, L,,,, MI,  M I , ,  MIX,, and NI of the 20.74-keV 7 
transition. On the basis  of these data the constants 
E ,  and 77 were found for the equation relating the energy 
and the momentum of electrons focused by the iron- 
f r e e  magnetic p spectrometer:  

where i i s  the designation of the subshell,  I, is the 
focusing current" for internal conversion electrons 
from this subshell, and E,,, is the binding energy for 
this subshell (taken from Ref. 15). Equation (3) has 
been written down on the assumption that for  the mag- 
netic spectrometer  the relative resolution in momen- 
tum Ap/p = const. 

A s  a supplement to the calibration measurements of 
1975 we car r ied  out calibrations with a single propor- 
tional counter and independent calibrations for a l l  
three channels with the three-channel ~ h a m b e r . ~ '  

An attempt was made to estimate the influence of the 
electric field of the coil on the electron energy. In Eq. 
(3)  we introduced a te rm which contains the coil poten- 
tial a s  an unknown parameter .  The best agreement i s  
achieved for a value of the potential close to zero.  The 
average potential of the wires  of the coil with respect 
to the source for the current  corresponding to 18.6 
keV is +7 volts. In a special experiment in which the 
average potential of the wires was increased by 8.5 
volts, the shift of the location of the M I  line was 1.6 
eV . 

For  the parameter E ,  we obtained the value 20 735 
* 2 eV in measurements with proportional counters and 
correspondingly A V / ~  = 5 .  

A calibration was always car r ied  out before the 
working measurements. 

5. Instrumental line shape 

The instrumental line shape o r  resolution function R 
is an important characteristic of measuring apparatus. 
The reliability of the determination of this function 
takes on special significance when the effect under in- 
vestigation, the influence of the neutrino res t  mass  on 
the shape of the fl spectrum, i s  comparable with o r  
less  than the distortions produced by the apparatus. 
In this case  the effect can be made visible only by 
means of a statistical analysis. 

In the present work the resolution function was deter-  
mined by the layered-source method described in Ref. 
1. In view of the special importance of this character-  
istic of the apparatus, the procedure for  determining 
the resolution function i s  se t  forth here  in more  detail. 

The essence of the method i s  to pass monoenergetic 
electrons througha layer of source material  containing 
the tritium. From the intensity of the p spectrum it is 
possible to judge the relative thickness of the layer on 
the substrates,  and from the change in the line shape 
of the monoenergetic electrons i t  i s  possible to judge 
the optical properties of the spectrometer  and the 

stopping power of the layer." By obtaining measure-  
ments of spectra with severa l  layered sources of dif- 
ferent  thickness, it i s  possible to establish the instru- 
mental line shape for a source  of tritium electrons with 
the working thickness (intensity). The procedure for  
establishing the line shape is based on the natural a s -  
sumption that the working source can be represented 
a s  consisting of a finite number of electron-emitting 
thin layers separated by layers of inactive stopping 
material .  

Measurements were made with standard nonequipo- 
tential sources  ( see  Ref. 1) of 18 substrates made up 
of nine pairs  with the clean s ides  facing each other. 
To obtain the function with the zeroth layer of tritiated 
material  we used the MI,  MI,, and M I , ,  lines measured 
with the ytterbium source.  These lines have energies 
18.42, 18.65, and 18.85 keV , which very  conveniently 
encompasses the end point of the tritium fl spectrum. 
Fo r  our purposes the ytterbium sources can be con- 
sidered infinitely thin. This statement is illustrated 
by Fig. 5, where we have combined the MI lines mea- 
su red  with sources  whose intensities differed by a fac- 
tor  of two. The sources  were made from the same 
solution and were exposed almost simultaneously. The 
almost complete coincidence of the lines i s  evident 
from the figure. 

The ytterbium source  was prepared under the s ame  
conditions a s  the main source ,  in six evaporations. We 
then measured the portion of the spectrum containing 
the M lines. It is shown in Fig. 6." After this the sub- 
s t r a t e s  were  again placed in the evaporation chamber 
and a layer of tritiated material  deposited on them. For  
this purpose we deposited a water-alcohol solution of 
valine on a tungsten ribbon, but unfortunately the spec- 
trum of the chemical materials  on the substrate after 
the evaporation is unknown to us. We took measures 
to a s su re  that the calibration (layered) sources  and the 
main sources (for  measurement of the fl spectrum) 
would have identical composition of the material  con- 
taining the tritium, including, of course,  the impuri- 
t ies .  

The instrumental lines were determined independent- 
ly for the experiments with the single counter and for 
each channel of the three-channel proportional cham- 

FIG. 5 .  The shape of the MI line ( E =  18.42 keV) from a Yb 
source with intensities differing by a factor of two. The two 
sources were prepared in the same day and are located on a 
single frame. 
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be r .  In the 1976 experiments the determination of the 
line shape and the data run were made with valine from 
different lots. Here the stopping powers of the materi-  
a l  in the lots were compared and turned out to be iden- 
tical. In the 1978 experiments the calibration layered 
sources were made and measured before preparation 
of the main source from the s ame  solution. 

In constructing the instrumental line shape of pure 
ytterbium, we took a s  a basis  the M I ,  line, s ince the 
M I  line, which has  six t imes higher intensity, is broad- 
ened'' by -8%. The region of determination of the in- 
strumental line is equal to 86 channels: 15 a t  higher 
electron energies (+) and 70 a t  lower electron energies 
(-). The zero  channel coincided with the tip of the 
peak, and the intensity in i t  was taken a s  unity. The 
interval between the channels was the s ame  a s  in r e -  
cording the 0 spectrum. From Fig. 6 i t  is evident that 
the lines a r e  not completely separated,  and therefore 
on the basis of the M I ,  line we can construct only part 
of the zero instrumental line both in the positive chan- 
nels and the negative channels. To determine the wing 
on the high-energy side we used the right-hand edge 
of the M I X I  line exposed for  a longer time. In the nega- 
tive channels (from -12) the spectrum was constructed 
from the shape of the M I  line, with correction for the 
broadening up to channel -30. Fo r  the more  remote 
channels the spectrum of the M I  line was not corrected. 
As background we took the minimum intensity of the 
spectrum between the M I X I  and N, lines. The maximum 
for the instrumental line of pure ytterbium i s  the point 
for which the energy calibrations were made. The 
width of this line at half-height was 45 eV. 

Construction of the instrumental lines for layered 
sources  with different thickness of tritiated material  
was car r ied  out by the s ame  means. The increase of 
the width a s  a result  of the energy loss resulted in 
poorer separation of the lines. The accuracy in deter- 
mination of the intensity in the negative channels was 
greatly decreased a s  a result of the need for  subtrac- 
tion of the spectrum of tritium electrons from the com- 
bined spectrum. 

In the experiments with a single counter we used lay - 
e red  sources with thicknesses 0.2, 0.45, and 0.67 of 
the thickness of the layer of the main source ,  and in the 
experiments with the three-channel chamber we used 
layered sources  with thickness 0.5, 0.9, and 1.3." 
The shift of the peak of the line obtained in these ex- 
periments a s  a function of the thickness of the layer 
turned out to be linear: -0.8 eV for 10% of the layer 
thickness. 

The next s tep  was to construct instrumental lines 
for  five layers of tritiated material  equidistant in 
thickness (0, 0.2, 0.4, 0.6, and 0.8). The intensity 
in the channels for  these lines was found by interpola- 
tion o r  extrapolation of the values for the measured 
layers.  After smoothing and normalization, al l  five 
functions were added-this is the instrumental line 
shape o r  resolution function of the spectrometer  for the 
main source,  R ,  which will be used in analysis of the 
tritium p spectrum. 

For illustration of the method we have shown in Fig. 
7 M I  lines measured with layered sources  of thickness 
0 ,  0.5, and 0.9 (respectively the dots, c i rc les ,  and 
triangles). Here  the solid curve shows the resolution 
function for  the main source  of tritium. 

As a very important circumstance we note the coin- 
cidence of the main function and the function ,for the 
ytterbium source with valine of half thickness. Such 
should be the case  according to the calculations of 
~ o l o s h c h e n k o , ' ~  i f  the stopping layer is sufficiently thin 
and the quadratic corrections to the linear dependence 
of the monoline transmission spectrum on the thickness 
a r e  small .  We consider this agreement a s  an indirect 
confirmation of the correctness of construction of the 
resolution function for  the main source.  ~ o l o s h c h e n k o ' ~  
calculated monoline transmission spec t ra  for various 
thicknesses of the stopping layer. Good agreement 
with the experimental t ransmission function was obtain- 
ed for  a valine layer thickness 2 pg/cm2. 

The e r r o r  in our  determination of the intensity in the 
channels of the function R is estimated a s  10% at  the 
half-width and 50% in the wings. 

FIG. 6. Spectrum of the M lines of the transition E,,= 20.74 
keV. The source i s  pure ytterbium. The measurement time 
is  60 sec. Measured with channel 0 of the three-channel charn- 
ber. The numbers indicate the relative value of Ap/p in %. 

(P-PalIp.  

FIG. 7. The instrumental line for layered sources. The thick- 
ness of valine of the working source was taken a s  1 : t p u r e  
Yb, 0-Yb+ 0.5 valine, A-Yb+ 0.9 valine; the solid curve 
shows the complete instrumental line for the working source. 
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6. Energy dependence of detector efficiency 

It i s  obvious from general considerations that the 
change with energy of the efficiency for detection of the 
electrons focused by the (3 spectrometer  will produce a 
distortion of the tritium p spectrum. By using for  ana- 
lysis of the experimental data a method which deter- 
mines the shape of the p spectrum without taking into 
account this effect, it is possible to erroneously accept 
these distortions a s  the result  of a manifestation of a 
finite res t  mass  of the antineutrino. The detector effi- 
ciency must be ei ther  measured, o r  determined on the 
basis of the measured p spectrum by introducing into 
the shape of the spectrum some parametric dependence. 
The contribution of the correction function for the 
working energy range must be sufficiently smal l  s o  
that the e r r o r  in i t s  determination does not lead to an 
appreciable effect in the mass .  

A s  will be mentioned below, in determination of the 
physical quantities we did not use independent measure-  
ments of the efficiency, but employed a parametric de- 
scription of the measured p spectrum. Nevertheless it 
is worth mentioning that an experimental est imate of 
the magnitude of this effect was made in the experi- 
ments with the three-channel chamber. In analysis 
of the counting ra te  of tritium electrons in the mea- 
surements with a discriminator and of the pulse-height 
spectrum of the signals at  severa l  points in energy, i t  
turned out that the energy dependence can be repre-  
sented by a linear function 1 + a(E - 18 580) with a = 1.4 
x eV-'. Fo r  a 700-eV range the contribution of the 
linear term i s  -10%. The results  a r e  identical for al l  
three channels. The crude approximations made in this 
analysis permit us to use this estimate only fo r  the 
scale of the effect. 

In the same se r i e s  of calculations we made an est i-  
mate of the energy dependence of the reflection and 
transmission of the films covering the entrance sl i t  
of the detector. For  this purpose we measured the 
intensity of a number of electron internal conversion 
lines with films of four thicknesses: 0.15 mg/cm2 (the 
working film), 0.3, 1.4, and 3.6 mg,/cm2. The ratio 
of the intensities was interpreted a s  the change in the 
electron transmission with energy. We estimate the 
maximum effect a s  3% in 700 eV a t  an average energy 
18.4 keV. 

We emphasize again that these est imates were not 
actually used in analysis of the p spectra.  

I l l .  ANALYSIS OF THE EXPERIMENTAL DATA 

All of the experimental data subjected to analysis a r e  
contained in 16 runs. We define a run a s  a s e t  of data 
on the p spectrum obtained in a continuous cycle of 
measurements. It is assumed that within a run there 
a r e  no changes in the entire apparatus. The interval 
between runs consists of several  days up to severa l  
years.  The runs may differ in the length of the mea- 
sured  portion of the p spectrum, the duration of the 
measurement, the background, o r  changes in the appa- 
ratus. The runs cannot be mechanically combined. 

Some data a r e  given in the table. The runs a r e  num- 

bered in chronological order .  Runs 1-4 were  carried 
out with a Geiger counter. Runs I1 and 111, reported in 
Ref. 1, a r e  combined here  into run 1, and run V cor-  
responds he re  to run 4. Runs 5-8 were  made with a 
proportional counter. Run 8 was taken with a high dis- 
crimination threshold. Runs 9-16 were taken with the 
three-channel chamber: channel 0-runs 9 ,  10, 11, 
and 14; channel +1-runs 12 and 15; channel -1-runs 
13  and 16. Runs 9 and 10 were taken with a low dis- 
crimination threshold simultaneously with runs 11 and 
14. In the fourth line of the table we have given the 
measurement duration in the measuring channel for the 
region E -E,. In the fifth line of the table we have 
given the intensity of the spectrum after  subtraction of 
background in the channel corresponding to energy 
18  475 eV. 

The extraction of the physical quantities contained in 
the measured p spectrum is considered in the f irst  
s tage  of the analysis to be a problem of mathematical 
s tat is t ics .  Obviously such a solution cannot be con- 
s idered  unique. As will be c lear  below, the instru- 
mental distortions of the spectrum and the deformation 
of the three-particle phase space of the electrons a s  
the result  of atomic and molecular processes a r e  s imi-  
l a r  in shape and magnitude (but opposite in sign) to 
the effect of a massive neutrino. Therefore in deter- 
mining the limits of the confidence interval in the 
second stage of the analysis we shall  test  those hypo- 
theses which correspond to the  minimum possible neu- 
trino mass.  

1. Model of the 0 spectrum 

Let us show how one can represent  the number of 
electrons recorded by the spectrometer  for a fixed 
focusing current .  The  correct ions introduced into the 
spectrum will be evident. 

Let  Q(pl)  be the number of electrons actually emit- 
ted by the source  in the momentum interval p ' ,  p' + Ap! 
F o r  a current  I the spectrometer  will record electrons 
in a momentum interval p ,p + Ap. If R(p' ,p)  is the 
probability that an electron emitted by the source with 
momentum p' will be recorded by the detector a s  an  
electron with momentum p ,  then for the number N of 
electrons measured in channel I we can write the ex- 
pression 

Here p(Z) is the known relation between the spectro- 
me te r  current  and the electron momentum, obtained in 
the calibration measurements,  and 40 is the detection 
efficiency. The function R(p l , p )  is the instrumental 
line shape discussed above."' If we had a source of 
monoenergetic electrons with constant intensity for a l l  
energies,  we would obtain experimentally complete 
information on R(p l , p ) .  In reality a complete recon- 
struction is car r ied  out for a single value of p. There-  
fore in what follows we shall  assume that the resolution 
function i s  the s ame  for a l l  p ,  and i t s  smal l  variations 
in the energy range investigated we shall  take into ac- 
count in the form 
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TABLE I. 

Number of run 1 I I  1 )  I 4 1 5 1 6  1 I 1 8  1 9  / 1 0 1 1 1 )  I ? )  I S )  I j I  1 1 1 1 6  
I I 

Date I 1975 I 1976 I 1978 

Numbex of points I 
Duration, xcands per channel i 
Effect, cha~e1-l 

Bnckground, set-' channel-' 

X N ~  

Note. The symbol * denotes a fixed value of the parameter. 

where E takes into account the dependence of the shape 
of the resolution function on the energy. Equation (4) 
then takes the form 

where A is a normalization coefficient. 

The number of electrons emitted by the source  ma-  
te r ia l  in the momentum interval Ap can be written in 
general form a s  

where S(p)  i s  the phase space of P decay for electrons 
and F ( p )  i s  the Fe rmi  function which takes into account 
the Coulomb interaction of the p particle with the daugh- 
t e r  nucleus. Fo r  our case  

F ( p )  =2nz l [ l - exp  (-2nx) 1, x=2alp; 

$(p) represents  a l l  the other smal l  correct ions,  inclu- 
ding those due to uncertainty of the matrix element. 
As ~ e r g k v i s t "  has noted, the function S(p)  for the t r i -  
tium of a rea l  source differs substantially from the 
statistical shape (2) characterizing the decay of a free 
nucleus, a s  a result of the fact that on change of the 
charge of the nucleus the spectrum of stationary s ta tes  
of the electron shell  also changes. In the general  case  
with allowance both for the discrete spectrum of final 
s tates of the molecule and possible ionization (transi- 
tion of a shell electron to the continuum) the function S 
has the form 

~ ( p )  =p" WW,,(Eo-E,-E) [ (Eo-E1-E)z-M$]'h 
i 

where W1, and W2(E1) a r e  the probabilities of a t ransi-  
tion to the discrete and continuous spec t ra  and E ,  and 
E' a r e  the transition energies. 

The exact spectrum of electronic states and transi- 
tion probabilities can be calculated only for the atomic 
state of the source. In this case ,  neglecting the tran- 
sition to the continuum (probability -2.5%)'" and, fol- 
lowing Bergkvist, replacing the states 2S, 3S, and so  

forth by a single effective s ta te  with E ,  = 43 eV and Wlz 
=0.3, we obtain a final formula for  representation of 
the number of electrons measured in a channel 

Here we have taken into account the assumed smallness 
of the energy dependence of the correct ions,  and the 
product $ ( p ) & ( ~ ) p ( p )  is represented in the form of the 
f i r s t  te rm in a Taylor s e r i e s  in the vicinity of the point 
5-the middle of the measured energy interval; 3 is 
the spectrometer background, wnich does not depend on 
energy; I,, and I,,, a r e  the range of measurement of 
the instrumental function (for the proportional chamber 
I,,= 15 and I,,, =-70). 

Equation (7) i s  a model (hypothesis) for  the experi- 
mental data. It contains five parameters:  M,,E ,, 0 ,  

A ,  9, two of which-M, and E, ,  have physical meaning, 
i.e., they a r e  related only to the p-decay process. The 
normalization and the background can be determined 
independently, but we knowingly include them in the 
number of adjustable parameters ,  thereby increasing 
the confidence interval for  M, and E,. Fo r  determina- 
tion of the parameters of the model we seek the mini- 
mum of the functional 

where N,(p,) is the number of electrons recorded in 
channel I, and of i s  the dispersion of N,. We have taken 
it equal to (N,)"~. 

In order  to give the parameters M, and E ,  the physi- 
ca l  meaning of the antineutrino mass  and the P-transi- 
tion energy, we have introduced natural limitations on 
the region of determination of X 2  a s  functions of the 
parameters by the requirements 
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2. Results of search for optimal parameter values 

Firs t  of al l  let us point out that no run intended for  
analysis was subsequently discarded. In each run we 
have recorded al l  channels. The results  of the analy- 
s i s  of al l  16 runs a r e  given in the table. 

In Fig. 8 we have shown a s  an example a portion of 
the experimental spectrum near the end point for  run 
11. For this run X 2  = 128 for  a number of degrees of 
freedom N D =  107. Small  excesses of X Z  over N D  of this 
type a r e  observed in most of the runs. The experi- 
mental distribution of Xi = x 2 / N D  has a form corre-  
sponding to the expected distribution of x i D .  However, 
this distribution is displaced: Xi = 1.12 * 0.04. The 
displacement i s  sma l l  and can be naturally explained 
by the fact that the stat is t ical  fluctuations of the count- 
ing rate do not determine the total e r r o r  in Eq. (8). 
It is evident that an increase of a l l  e r r o r s  by 6% will 
already give an unshifted average value X i .  However, 
although such an assumption is quite real is t ic ,  it is 
necessary f irst  of a l l  to be convinced that there i s  no 
lack of correspondence of the model (7) to the experi- 
mental spectrum within the limits of the difference of 
X 2  and N,.  In a l l  runs we checked the behavior of the 
value of X 2  at  each point along the energy axis  and ob- 
served no systematic deviations which would indicate 
that the excess of the total X 2  i s  collected a s  the result 
of a discrepancy between the model and experiment in 
any regions of energy. We shall  show this in the ex- 
ample of the behavior of X 2  on taking into account the 
sign of the discrepancy for three runs in Fig. 9 (runs 
11, 12,  and 13-the three channels of the proportional 
chamber in a single se t  of measurements). For these 
runs Xi amounts to 1.21, 1.22, and 1.23 respectively 
and i s  somewhat grea ter  than the average over the 
runs. 

The choice of the variable 5 ,  which characterizes 
the discrepancy in the form 

i .e . ,  X i  with the sign of the discrepancy for one point, 

FIG. 8 .  High-energy part of the 6 spectrum (run 11). The 
solid curve is  the optimum shape of the /3 spectrum (for the 
parameters see the table). 

FIG. 9 .  Spread of experimental points with respect to the 
optimum /3 spectrum in the entire working region. -run 
12, o-run 11, A-run 13. The left-hand scale is  x2 in the 
channel, 5 ,  and the right-hand scale is  the relative d'iscrep- 
ancy in the channel, 7. 

is convenient since for a cor rec t  model it corresponds 
to a distribution of X 2  with one degree of freedom: 

which diverges a s  I 5 I - 0. This signifies a strong 
clustering of points a t  the place where the experiment 
agrees  with the model. In Fig. 9 we can readily s ee  
that the clustering of points forms a straight line cor-  
responding to 5 = O .  Thus, we do not observe a dis- 
crepancy between the model and experiment in any of 
the portions of the measured spectrum. From the same 
figure we can understand the cause of the discrepancy 
between x 2  and ND.  At the right in Fig. 9 we have 
given the scale of deviations normalized to the stat is-  
tical e r r o r ,  77 = ( N s k  - N ~ ) / N ~ : ~ .  By projecting the 
points onto this scale we can determine how many 
events have a deviation exceeding one, two, and three 
standard deviations N : : ~ .  It turns out that the distri- 
bution obtained corresponds, with an  accuracy deter- 
mined by the stat is t ics ,  to a Gaussian distribution with 
zero  mean and unit dispersion over the entire interval 
except for the discrepancies which exceed three stan- 
dard deviations. In Fig. 9 there a r e  five such discrep- 
ancies,  compared to an expected number one. If we 
subtract  the X 2  of these points from the total X 2  of all 
points : 

then the resulting value 330 25 agrees with the num- 
ber of degrees of freedom 331 - 15= 316. Similar  dis- 
crepancies a r e  encountered also in the remaining runs. 
In a l l  1636 points in the 16 runs  there  a r e  19 points 
with 5 > 10. All of the discrepancies a r e  most likely 
random malfunctions in the detecting system. Analysis 
of a l l  runs was car r ied  out both without and with rejec- 
tion of the points which gave 5 > 10. The values of the 
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parameters were practically unchanged by this. From 
this analysis (X2 =ND) we can draw two conclusions: 

1) According to the X 2  criterion, the model (7) of the 
p spectrum with the parameters given in the table 
agrees with the experimental data and the quantity (8) 
is distributed a s  x2.  

2) The experimental data a r e  characterized by a nor- 
mal  distribution with a dispersion N"' (except for  -1% 
of the total number of points, the presence of which is 
not reflected in the parameter values). 

Let us return to the table. In the eighth line we have 
given values of the parameter M,. These values do not 
depend on whether M, o r  M: was used a s  an adjustable 
parameter. In the ninth line we have given values of 
the parameter Eo.  Use for  analysis in standard runsi2' 
and long runs of half of the energy range (a  region 
which does not depend on the mass)  gives no significant 
differences of E ,  from those given in the table. In the 
tenth and eleventh lines we have given values of the 
coefficient a and the correction cum. In the lower 
parts  of the seventh through eleventh lines we have 
given values obtained in a combined analysis of data 
obtained with the s ame  type of detector. Note the value 
of the term aAE.  The contribution of this te rm is -12% 
f o r  the proportional detector.13' Use of this quantity in 
the form cu(E -g) does not change this value o r  the 
values of the physical parameters.  We ca r r i ed  out an 
optimization of the parameters with allowance for the 
next te rm in the expansion a ( E  - Z ) + ~ ( E  It turn- 
ed out that the second te rm amounts to 15% of the lin- 
e a r  te rm with an e r r o r  which exceeds this value. In- 
clusion of the quadratic te rm changes the value of X2 

by =0.15% on the average over the runs, and the values 
of M, by an  amount =1 eV, increasing M,. Thus, we 
consider that the use of a correction to the statistical 
shape of the p spectrum in linear form is justified un- 
der  our conditions. 

The optimum values of the background agree  stat is-  
tically with the values which can be calculated before- 
hand on the basis  of the energy region above the 0-  
spectrum end point with allowance for  the resolution 
function. The parameter E,  is distributed with a dis- 
persion 5 eV about a mean value E,  = 18 577 1.5 eV. 

In order  to obtain the value of the p-decay energy, i t  
is necessary to take into account the influence of chem- 
ica l  forces (internal potentials) on this quantity, and 
this must be done for  a l l  types of sources used in the 
work: the main sources ,  the layered sources ,  and the 
calibration sources.  We did not ca r ry  out such an ana- 
lysis. If, like Bergkvist, we se t  the uncertainty due to 
chemical effects equal to 10 eV, we obtain for the de- 
cay energy a value 18 577 * 12 eV. Thus, the discrepan- 

FIG. 10. Histogram of va- 
lues of the parameter 4. 

0 10 20 30 '40 M 60 
Mv. eV 
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cy with Bergkvist's value" 18  610 + 16 eV, remains in 
effect. A histogram of the parameters M v  is shown in 
Fig. 10. If we consider the 16 values of M, a s  a s ta -  
t is t ical  sampling, then the average value i s  M, = 35 eV , 
the r m s  e r r o r  in the phase space i s  S 4  = 13 eV, and 
the r m s  e r r o r  in Ii?,, is 3.5 eV. 

3. Confidence level for the antineutrino mass 

The histogram shown in Fig. 10 gives the distribution 
of the most probable parameters  M, corresponding to 
the conditions (9), but this  is in no way the distribution 
of most probable values of the antineutrino mass .  Note 
that the content of each channel of the histogram of M, 
is the sum over a l l  the remaining parameters being 
optimized, i.e., i t  takes into account correlations be- 
tween the parameters.  To est imate the value of the 
antineutrino mass  on the bas is  of the histogram i t  is 
necessary to know the density function of the distribu- 
tion of the parameter  M, for  various hypotheses MZ r e -  
garding the  value of this mass .  We shall  designate it  
a s  P(M, IM:). The characterist ics  of this  function 
should depend on the experimental conditions: range 
of measured energies,  intensity, background, resolu- 
tion function, and s o  forth. 

In the present work P(M, IM:) was obtained by a 
Monte Carlo calculation according to the following 
scheme. 

1. A spectrum NS is generated for  the range of ener-  
g ies ,  intensity, background, and the function R co r r e -  
sponding to the experimental conditions of the average 
standard run for fixed values of M: and the remaining 
parameters.  Fo r  simulation of the stat is t ics  we used 
a sample from a normal distribution with a dispersion 
(N')' 12. 

2. A search  i s  car r ied  out for optimal parameters 
NS with use of the .model (7) and the conditions (9). By 
changing the sample of random numbers k t imes,  we 
find k s e t s  of (M,,E,,a,A ,a) which determine the func- 
tion P(M, IM:) summed over the remaining parameters ,  
and the correlation function of M, with any of the 
parameters.  

This procedure is good also in that, while the pro- 
gram for s ea rch  for the minimum of the functional (8) 
has some previously unknown efficiency, this efficien- 
cy enters  identically into the processing of the experi- 
mental data and the determination of P(M,(M$). Con - 
sequently we have avoided program uncertainties. The 
same  can be said of restr ict ions on the parameters- 
they have been taken into account in the function 
P(M,\M:). In Fig. 11 we have shown severa l  functions 
P(M, IM:) for M,*=O, 20, 40, and 50 eV. The condi- 
tions correspond to the standard run. For  comparison 
we have shown by the dashed line the functionP(M,IMZ = 0) 
for  a spectrum with intensity increased by a factor of 
ten. We can see what the possibilities of the spectro- 
meter  a r e  at  different levels of s tat is t ics .  

We can now answer the question: with what probabi- 
lity a r e  the various m a s s  hypotheses P(M, IM?) com- 
patible with the experimental histogram. We shall nor- 
malize al l  P(M,~M,*) to 16 events. Then in each chan- 
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FIG. 11. Expectation function P(IY//M"*): 1-P (M,l 0); 2- 
P(M, 120 ev); 3-P (M"(40 eV); 4-P (Mu 1.50 eV); the dashed 
curve is P (M, 10) for a tenfold increase of statistics. 

nel of the histogram we can calculate the probability 
that we have a recorded number of events N(M,) if we 
expect P(M,  IM,?) with a Poisson distribution. If we 
use the X 2  t es t ,  the total value of this quantity on the 
basis  of the entire  histogram is shown in Fig. 12 (curve 
1) for various M; hypotheses. The minimum of X 2  OC- 

curs  at  the value M , * = 3 5  eV and is equal to 7. F o r  the 
99% confidence interval we obtain from curve 1 the 
following est imate for  the antineutrino mass  value: 

We note that this est imate ag ree s  with the direct est i -  
mate M, = 35 eV based on the experimental histogram. 

Up to this time the analysis of the parameters  of the 
model has been ca r r i ed  out a s  a problem of mathemati- 
cal  s tat is t ics .  In o rde r  to refine it let us consider the 
influence of variations of the resolution function R en- 
tering into (7). What changes in the m a s s  est imate 
a r i s e  if we use in analysis of the experimental data 
a function R differing from the actual function? In o r -  
der to evaluate the influence of variations of R ,  we can 

FIG. 12. Curvesof compatibility of the distribution of the ex- 
perimental parameters M, (Fig. 10) with P (M, [ M?): 1-two 
levels of 3 ~ e + ,  1 '-one level of 3 ~ e +  , 2 and 2'-tne same for 
a cutoff M, histogram. The horizontal lines show the confidence 
levels. 

process the experimental mater ia l  with different R 
functions and t race  the changes in the histogram of Mu. 
On the other  hand we can use a Monte Carlo procedure, 
evaluating the shifts in P(M, 1 M:). The two methods, 
naturally, give identical resul ts .  We shal l  show them 
for the case  of the functions P ( M ,  1~:). 

Le t  u s  assume that we have made an e r r o r  in our 
knowledge of R .  Then let u s  use  for generation of a 
quasi-experiment one (the " t rueJJ)  R', and in analysis 
of it another, Rex': the one which was taken in calcula- 
tion of the parameters  from the experimental data. It 
tu rns  out that if R0 corresponds to  a thinner source (i.e., 
if in the analysis we adopted a poorer resolution than 
the actual one), P(M,IM:) will show a peak for  values 
M, > M,?. This  i s  a dangerous situation. With a large 
difference of R O  from Rap even for M$=O a peak a r i s e s  
in the distribution in the parameter  Mu which simulates 
a nonexisting mass  and can be taken a s  a manifesta- 
tion of a m a s s  of the antineutrino. The opposite situa- 
tion in which R0 is broader than Rex' we shal l  consider 
safe ,  s ince our est imate only reduces the t rue  m a s s  
value. 

Quantitative calculations showed that if instead of 
Rex' we had an R0 corresponding to a source thickness 
a factor of two smal le r  than the actual one, we would 
erroneously increase the m a s s  est imate by -7 eV. In 
Fig. 13 we have shown the line shape f rom the standard 
sou rce  and from a source  with half the thickness of 
valine. I t  can be seen  from the figure that the differ- 
ence in the lines is much grea ter  than can be accepted 
on the basis  of the method of their  experimental deter- 
mination. 

An additional cr i ter ion of the accuracy of the func- 
tion is the degree of agreement of  the total resolution 
(the solid line in Fig. 9) and the line of a layered 
source  covered with valine with a thickness half that 
of the working source  thickness. The stability of the 
tr i t iated source  is confirmed by data of measurements 
over  many days. In Fig. 14 we have shown measure-  
ments  of the MI  line of the calibration layered source  
during the t ime of recording runs  11 and 14. Here we 
have combined averaged data for  7 days (circles)  and 
12 days (dots). 

In describing the procedure of the experimental de- 
termination it was pointed out that the wings of the in- 
s trumental  line a r e  determined with the greatest  sy s -  
tematic e r r o r .  We made a c r i t ica l  check of the influ- 
ence of this uncertainty on the parameter  Mu in the 

FIG. 13. Resolution function for a source with thickness 0.5 of 
the working thickness. 
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FIG. 14. Comparison of combined calibration peaks: 0-sum 
of 7 measurements from April 21 to April 28, 1978 ; .-sum 
of 12 measurements from May 10 to May 21, 1978. The back- 
ground has been subtracted. 

following way: the function RQ' was cut off on the low- 
energy side at  a level 6% of the maximum value (20 
channels for 160 eV). A new analysis of runs 11-16 
showed the following se t  of parameters,  with an insig- 
nificant change of X2: 

Run 11 12 13 1 4  15 16 

Here the parameter  E o  was practically unchanged. 
The behavior of the parameter cu i s  interesting. I ts  
value decreased by an amount -7 ev-'. This com- 
pensating ability of the parameter cu is noted also in 
other modifications of the model (7), for  example, on 
taking the linear factor out from under the integral 
sign in Eq. (5) o r  in changing the power p3 to p2, which 
corresponds to constancy of the momentum interval per 
channel. In all cases  the physical parameters do not 
change significantly with appreciable changes of the 
parameter a. This indicates a linear influence on the 
spectrum of smal l  changes in the model.I4' 

Summing up, we can say  that if the 0-decay spectrum 
of tritium in the source material  corresponds to the 
atomic state of tritium [Eq. (6)] the estimate of the neu- 
trino mass  corresponds to the inequality (10). How- 
ever ,  we cannot prove the statement that the tritium is 
in the atomic s ta te  and therefore the conclusion obtain- 
ed cannot be regarded a s  adequately justified. 

4. Lower limit for the masses 

While adequate experimental justification existed for  
the restriction of the variations of the function R ,  we 
cannot calculate the wave functions of a molecule of 
the source in the T-He transition. Nevertheless this 
does not mean that we cannot pose the problem of the 
minimum value of antineutrino mass  following from the 
experimental data under conditions of complete uncer- 
tainty a s  to the chemical nature of the source. Actual- 
ly we know that an extended se t  of final s ta tes ,  like 
the instrumental line shape, further washes out the 
upper limit of the P spectrum. 

Thus, i f  we introduce into the model of N ,  the nar -  
rowest of a l l  possible spec t ra  of the final s tates of the 
molecule, namely a transition to one definite s ta te  
(for  example, the ground s ta te) ,  we obtain the maxi- 
mum shift of the parameter  Mu. Fo r  determination of 
the numerical value of this shift we shall  again use the 
method of the functions P(M, 1~: ) .  In Fig. 15 we have 
shown the distribution of the parameter  M, which a r i s -  
e s  for a t rue  mass  M: = O  (curve 1)  and M: =20 eV 
(curve 2) i f  the transition to a single final s ta te  (WII 
= 1, Wlz = 0) is replaced by the atomic spectrum in the 
calculations. In Fig. 15 we have also shown the experi- 
mental histogram. It i s  evident that even for  the maxi- 
mum effect the hypothesis M:=O i s  incompatible with 
experiment. 

To make an interval est imate with the minimum low- 
e r  limit we again calculated the functions P(M,]M,*) 
for  the se t  of M: and obtained a new compatibility 
curve (curve 1' in Fig. 12). Note that the minimum of 
the compatibility curve has been raised to X2 values 
which a r e  considerably above the acceptable values. 
This means that the experimental histogram i s  broad- 
e r  than the functions P(M, IM:) for the spectrum with 
one final state. However, since we wish to obtain a 
model-free est imate,  we shall take the hypothesis of a 
single state.  Then the 99% confidence interval l ies  
in the range 

Finally let us take a last  s tep  in a crude estimate of 
the mass .  The calculated functions P(M, (M:) may be 
inadequate for  a rea l  experiment. This will have i t s  
greatest  effect in the tai ls ,  i.e., where the probabilities 
a r e  low. We therefore car r ied  out an analysis on the 
basis  of compatibility curves with exclusion from con- 
sideration of the extreme channels of the experimental 
histogram (runs 2 ,  4, and 15). The loss of part of the 
information leads to a broadening of the compatibility 
curves (curves 2 and 2' in Fig. 12) and consequently to 
an increase of the confidence interval: 

for  the spectrum with one final s ta te  and 

for the spectrum of atomic tritium. 

This important result compels us to point out the ex- 
t r eme  assumptions which could make the lower mass  

FIG. 15. The expectation function P(Mu I M,*) , corresponding to 
the maximum error in taking into account the 3 ~ e +  final state; 
1-P(M,,IO); 2-P(M,120 eV). Also shown is  the histogram of 

Mu- 
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limit equal to zero. These assumptions will follow not 
from the experimental formulation itself nor from 
analysis of the properties of the apparatus, but from 
the desire to indicate the sca le  of e r r o r s  which might 
be invented which will lead to substantial shifts of the 
mass.  Since the influence of molecular effects has 
been taken into account to the maximum possible extent 
in the estimate (12), we shall  discuss: 

1)  Large  systematic uncertainties in the function R 
due to the fact that it i s  determined in additional ex- 
periments with layered sources.  

2) Uncertainties in the correction function 1 + cu(p 
-j). 

Let us imagine the unlikely situation in which, after 
the evaporation onto the substrate,  the tritium of the 
working material ,  instead of being uniformly distribut- 
ed over the thickness of the stopping layer ,  is located 
entirely on the surface facing the detector. Then the 
energy losses will affect the function R measured by 
transmission of a monochromatic line through the lay- 
e r ,  but will not affect the line from the working source.  
In this case in the analysis we should take a s  R the in- 
strumental line of pure ytterbium. Here the parameter  
iM, would be decreased by 15 eV. Taking into account 
the uncertainty in the spectrum of final s ta tes ,  we 
would obtain an est imate of the lower limit close to 
zero. We note at  once that i f  for some reason the t r i -  
tium comes to the surface,  it will most likely be in the 
atomic state. Then the estimate (13) i s  valid and again 
we cannot reconcile the experimental data with the hy - 
pothesis M$=O. 

There may be some broadening of the line in the lay- 
e red  source a s  a result  of the fact that af ter  covering 
the substrate with ytterbium, in the procedure for 
preparation of the layered sources ,  the vacuum i s  de- 
stroyed and between the ytterbium and the valine there 
may be a layer of a i r .  However, in order  to appreci- 
ably influence the mass  estimate this layer should have 
a weight of half o r  more  of the weight of the valine. 
The latter i s  inconsistent with the observed linear de- 
pendence of the losses on the thickness of the valine in 
the layered source. 

An extremely subtle cause of inadequacy of our  e s -  
tablishment of the function R by the method of layered 
sources has been suggested by Zel'dovich. If we im- 
agine that the thickness of the valine layer is  variable 
over the a r e a  of the source,  then the instrumental line 
in the case of the layered source  is formed by averag- 
ing with a weight proportional to the a r e a  covered by 
ytterbium, and in the case  of the working source i t  i s  
formed by averaging with a weight proportional to the 
volume of valine per  unit a rea .  However it can be 
shown that in this case  the function R from the layered 
source will have a smal ler  width than the line of the 
working source,  and such a substitution will only in- 
c rease  the lower mass  limit. 

The intrinsic width of the M lines can influence the 
correct  determination of the function R .  In our  work 
it was assumed that this width i s  much less  than the 
optical resolution of the spectrometer  in the 18-keV 

region and does not affect the shape o f  i t s  lines. 

The correction 1 + aAp could substantially affect the 
parameter  Mu if it were determined on the basis  of 
additional measurements to have a highly distorted 
value (differing from optimal by a factor of two o r  
three) .  We emphasize again that the value of a in our 
analysis was obtained in the processing together with 
the other parameters,  and it was shown by modeling 
that the e r r o r  in determination of this parameter  does 
not exceed 15% and i s  taken into account in the histo- 
gram of M,. 

IV.  CONCLUSIONS 

As we have sa id  above, the existing experimental r e -  
su l t s  do not give a sufficient bas is  for  changing the es-  
t imates (12) and (13). Thus, independently of the influ- 
ence of the chemical nature of the source material we 
a r r ive  a t  the following conclusions. 

1. The hypothesis M:=O is incompatible with the 
experimental data. We consider this an  indication that 
a t  least one type of neutrino has  nonzero mass .  

2. The mass  value lies in the 99% confidence inter- 
va l  which combines (12) and (13): 

If,  M,+ 0 ,  then Mu,, MvIL,  and s o  forth a r e  not mass  
eigenstates. Transitions (oscillations) a r e  possible 
between neutrinos of different types.'' In this case  the 
stat is t ical  factor from Eq. (2) is an  average over the 
mass  eigenstates with weights determined by the mix- 
ing angles1': 

However, the experimental accuracy i s  insufficient to 
identify a definite s e t  of masses  and mixing angles. 
Then the est imate (14) r e f e r s  to a combination of the 
masses  Mvl ,M,, . . . of the eigenstates: 

This relation is consistent with the experimental data, 
a s  was confirmed by a fit. 

On the other hand if there a r e  no oscillations of c, 
into neutrinos of other types, then the estimate (14) 
re fers  to the mass  of the electron antineutrino: 

The results obtained in our work have been discussed 
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art icle.  We a r e  indebted to a large number of physi- 
c i s t s  who took active part in the discussions. 
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"ere and below we have in mind the electron internal conver- 
sion lines from the transition with E, = 20.74 keV accompan- 
ied by electron capture in ~ b ' ~ ~ .  The daughter nucleus is  Tm. 

2 ' ~ n  the present work it  was increased, which raised the accur- 
acy. 

S ) ~ h e  technology of preparation of the layered sources is de- 
scribed below. 

focusing current we mean the maximum of the line. 
5 ) ~ .  V. Shamanov took part in analysis of the calibration mea- 

surements. 
"A layer includes not only the material containing the tritium, 

but also impurities which were deposited on the substrate 
along with it. 

'"Ile spectrum was measured in channel 0 of the three-channel 
chamber. 

8 ' ~ e  cause of the broadening is  unknown. It is most likely 
that it i s  a superposition of the K line of some y transition. 

s ' ~ h e  intensities of the two main sources turned out to be a1- 
most equal. 

'o'~ctually if Q(pr)  = 6(pf -Po) i s  the monochromatic line from 
internal conversion electrons, then it  is  evident from Eq. (4) 
that its instrumental representation will be N(p) - ApR(p, p o ) .  
The function R measured on conversion lines is a folding of 
the optical line of the spectrometer and the energy loss func- 
tion of the source material. 

"'From the further analysis i t  will be evident that this approx- 
imation is justified, since a narrowing of the spectrum of fi- 
nal states will lead to a reduction of the estimate of the neu- 
trino mass. 

1 2 ' ~  standard run is  defined as  measurements in 112 channels 
with approximately identical statistics (for example, runs 
9-16). 

13'~hus, the initial assumption that E, $, and 9 are  weak func- 
tions of energy was confirmed. 

l4*e can suggest that the rather high ci value in runs 9 and 10, 
where the measurements were made with a low discrimina- 
tion threshold, i s  due to a systematic error  in determination 
of R for this measurement channel. 
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