and 7;.

The principal spectral characteristic in each magnetic
band with number j is the density of the number of
states per unit area in the interval dE, which we des-
ignate by u,(E)dE, where

() 1
f (Z u,—)dE=ﬁ=—ZF|K‘IM.

i

Here M is the multiplicity of the degeneracy at fixed
p1and p,. Irrational numbers (27)™e® can be approxi-
mated by rational ones N ,M;l, where the numerator N,
and the denominator M, increase if N,M; —(2m)ed,
i—~<, R is easily seen that with increasing N; and M,
the dispersion law breaks up into more and more mag-
netic bands, so that all the characteristics, with the
exception of the total density of the number of states
per unit area

| 2 w; dE,
i

become meaningless.

At large N it is possible to pose the natural problem
of calculating the statistical weights of various numbers
of magnetic bands produced in the decay, bearing in
mind the percentage of the configurations 7; and 7, with
the number of bands in the given interval £+ AE (i.e.,
the common cycles of a pair of commuting permuta- -

tions) relative to the total number of configurations,
i.e., classes of conjugacy of the commuting permuta-
tions. This is a purely combinatorial problem.

DThe reader must be warned that the paper by Aharonov and
Casher?® contains wrong references to the known work of
Atiyah and Singer. Fortunately, these references have no
bearing on the matter.

2)The quadrature non-integrability of one of the eigenfunctions
in Ref. 3 points to the absence of a gap in this case.
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Nonlinearity of current-voltage characteristic and
magnetoresistance of the interface between the
superconducting and normal phases
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Zh. Eksp. Teor. Fiz. 79, 1017-1024 (September 1980)

We consider the dc resistance of the interface between the normal and superconducting phases at current
densities of the order of the Ginzburg-Landau critical value. Account is taken of the effect of an external

constant magnetic field on the interface resistance.

PACS numbers: 74.30.Ci

1. Measurements of the resistance of superconduc-
tors in the intermediate state have shown that it ex-
ceeds the resistance of the purely normal phase.l'2 hi4
was subsequently established that the additional resis-
tance is due to the finite depth of penetration of the
electric field, Iz, into the superconductor. This depth
greatly exceeds the coherence length £(7) and the depth
MT) of penetration of the electric field in the super
conductor, and is due to processes that are peculiar to
superconductors and are connected with the relaxation
of the unbalance of the populations of electron-like and
hole-like branches of the excitation energy spectrum.’

DNORDITA, Denmark.
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The population difference between the electron and hole
branches of the spectrum leads to a difference between
the chemical potential of the pairs, u,=(1/2)ax/d¢ (per
particle) from the chemical potential y, =—e¢@ of the
quasiparticles (x is the phase shift of the order param-
eter and ¢ is the scalar potential of the electric field.
As a result, the gauge-invariant scalar potential

1 dy
differs from zero. The characteristic length over
which the difference between the populations of the
spectrum branches in the interior of the superconduc-
tor relaxes is in fact the depth of penetration of the
electric field. Near the critical temperature, the depth
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of penetration of the electric field exceeds the diffusion
length I,=(D/¥)'"* of the quasiparticles (D is the diffu-
sion coefficient and ¥ ~T%/@}, is the reciprocal time of
the electron-phonon collisions). As a result, at lengths
on the order of I;, there is established an energy de-
pendence of the distribution function, characterized by
a chemical potential —e® that relaxes slowly in turn
over lengths on the order of Iz >I,.

In the case of weak currents and magnetic fields, the
depth of penetration at T, -~ T < T, is I¥ =1 (4T/na)'?
(Refs. 4 and 5) and is determined by the electron-pho-
non interaction. ‘The electron-phonon interaction, how-
ever, is not the only mechanism of relaxation of the
electron-hole unbalance. The relaxation can be acce-
lerated by any factor that leads to pair breaking and
facilitates particle exchange between the excitations
and the condensate. The role of the paramagnetic im-
purities in this case is well known''® (see, e.g., the
equation for & in Ref. 6). An equation for that part of
the distribution function which is even in energy and is
connected with the unbalance of the electron and hole
branches was obtained earlier.”*® This equation offers
evidence that an important role can be played here by
the vector potential of the electromagnetic field. An
equation that describes the behavior of the scalar elec-
tric potential with allowance for this circumstance was
obtained near the critical temperature in Ref. 9. Ina
certain temperature range that will be defined below the
vector potential can substantially influence the electric-
field penetration depth, which can therefore depend
strongly on the superconducting current as well as on
the external magnetic field. It is important to empha-
size that this influence begins to manifest itself at mag-
netic field and current values substantially lower than
the corresponding critical values. The additional re-
sistance introduced by the superconducting phase is
proportional to the resistivity of the normal metal
multiplied by the depth of penetration of the electric
field. The indicated effects should lead thus to non-
linearities of the current-voltage characteristic and to
a strong dependence of the resistance of the interface
between the normal and superconducting phases (S—-N
interface) on the applied magnetic field. A definite
idea of the influence of the magnetic field and of the
current on the rate of relaxation of the electron-hole
unbalance and on the depth of penetration of the electric
field can be obtained by using the results of Refs. 4
and 5 for alloys with paramagnetic impurities, where
the role of the pair-breaking factor is assumed by the
reciprocal time ‘rf of the electron mean free path with
respect to spin flip. By replacing, in order of magni-
tude, 73 by c?e!DQ?, as was done in Refs. 4 and 10,
it is possible to understand qualitatively the main fea-
tures of the behavior of the depth of penetration. In
this paper these effects are considered consistently on
the basis of the exact equations of Ref. 9.

In addition to the finite depth of penetration, the S-N
interface is characterized also by a jump (i.e., by a
rapid change in scales of the order of £ and Z) of the
electric field. This question has been studied earli-
ert ! Inthe temperature range considered below,
however, the jump of the field is small and will not be
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taken into account.

We assume for simplicity that the sample is a cylin-
der of radius 7)< , A and is made of dirty supercon-
ductor with l,, < £(T). It is assumed that the sample
is divided into a superconducting and a normal region
by an interface with a thickness of the order of £(T)
<«<lg which can therefore be regarded as infinitely thin.
Such a sample can be placed in a longitudinal magnetic
field H.

2. In the stationary state, the superconductor is de-
scribed by the following equations, which are valid at
temperatures close to critical:

T~T . 7@),, aDge \*  aD _,
T8 g 8 o (@) At gy ViAo, M
noA?
gy oA
j==oVO———2-Q (2)

where A is the modulus of the order parameter, while
Q=A -(c/2e)vx and & are respectively the gauge in-
variant vector and scalar potentials. The vector poten-
tial @ satisfies Maxwell’s equation

rot rot Q=4nj/c,
and the distribution of the scalar potential & should be
found with the aid of the kinetic equation. The electro-
neutrality condition connects the scalar potential & with
that part of the distribution function which is even in
energy, @ =n.+n.,—1, which describes the unbalance
of the electron and hole branches:

2ed = _‘. a. de.
In turn, o, satisfies the kinetic equation*'""®
VA\® ., (2 \'A 1
DV*a.—D [(T) u,t + (—C‘Q) el ]a,——l,».. (3)

where u, =&/ (¢ - &%)'” and J,y is the integral of the
collision with the phonons, whose explicit form will
not be written out here (see, e.g., Ref. 9). The term
with (vA)? in the left-hand side of (3) is significant only
at distances on the order of £ from the S-N interface
and leads to the appearance of a jump in the electric
fie}d." From the results of Artemenko, Volkov, and
Zaitsev' it is seen that in the temperature region (7,

- T)/T < (v/T)'” the jump of the electric field is small.
We shall use below for & an equation that is valid pre-
cisely in this temperature range, so that the term with
(vA) in Eq. (3) can be neglected.

We align the z axis with the cylinder axis. If H|| 2,
then the components of the vector potential Q
={Q,, Q,, Q. take the form @, =3Hp, @,=0. Since the
cylinder radius 7; << £, 6, it follows that @, and A are
practically independent of p. To obtain the equations
which these quantities satisfy, we must average Eqs.
(1)=(3) over the thickness of the sample. The quantity
@ in Eqs. (1) and (3) is then replaced by

— 1 7 Hert
T=—=focds+or=—=+0z
0

ry”
Equation (3) takes the form

. 4et — A?
D%-aqi— D i Q@ —ula.=/p.
z" C &
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As shown in Ref. 9, the function @ can now be sought
in the form

e® o ® 4e* D@ A* -
LY PRI LY
* ZT[“}‘(zr)( c Ty e

and for & we obtain the equation

*® nA .
2 I U+ 0= 4
7~ ar 1D O=0, (4)
where
2p ¢ (*—1)"dz 2p/n, p<kd,
I(p)=—2 ("2 ™= _ 5
(p) nY z[z(2*—1)"+p] {p"', 1< p<T?/A?, ( )

and p = 4e*DQ*/yc?. At small @%, when p <1, we ar-
rive at the result of Atremenko et al.* Equation (4) is
valid in the temperature range

(IT)* < (Te—T)/T<(1/T)™.

The depth of penetration of the electric field into the
superconductor, as follows from (4), is proportional
to I[4T/nA(1 + DI*” and depends strongly on the mag-
netic field and on the current.

We change over to the following dimensionless vari-
ables:

1=z, A=BA’, Q=%Q’, H=2"wH.H',

nA? noA?
0="TNo T8,
2t ¥ T
where
gm0 oo 0T T-T
8(T.—T) ' 7t3) T '

and » is the Ginzburg-Landau parameter. Equations
(1), (2), and (4) then take the form

AH@=1, (6)
j=—0®/0z—A*Q,, j=const, 7
5'0/92*=1,"0. (8)

We have left out here the primes of all the new vari-
ables, and in (6) we have also left out the term with
the second derivative of A, since the characteristic
scale of variation of all the quantities is /,>>1, where

Lr=a/({+DA, a=("/8)? = 32T (T.—T)/nAy. (9)

The quantity /(p) is determined by Eq. (5), in which
now

p=BQ=p(1—A?), p=8(T.~T)/ny.
We put j,=-42Q,, and then we have from (6)—(8)

0j,/oz=1,"20, j=j.—0®[dz, A*HjA'=n?, (10)

where 77 =1 - H?/H%, and Hy=8'"/7, is the critical
field for a cylinder with a small radius 7y << (in ordi-
nary units we have Hy=4\H,./7).

In the interior of the superconducting region (see Fig.
1) the normal current at z > 1, is j,=—9%/3z =0, there-
fore

j=i<i.(H), A=A, ©=0 (11)

[the critical current is j,(H) =27°/3-3'?]. The quanti-
ties j and A; are connected by the third equation of
(10). As the S—N interface, where z=0, is approach-
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FIG. 1.

ed, the normal current increases, the superconducting
current decreases, and the order parameter increases.
Over distances 1 «<z <« ], we have, by virtue of the con-
tinuity of E (the jump of E is small), j,=3j and

j=0, A=n, O=0, 12)
At still smaller distances from the interface (z ~1), A
begins to decrease. When the problem is considered
at scales on the order of /,, we can use (11) and (12)
as the boundary conditions at z =~ and z2=0, respec-
tively.

Equations (10) with boundary conditions (11) and (12)
can be easily integrated: ’

is
0 —0'=2 [ 1*(~7) djs 13)
C b g,
z= Ilb T (14)

The total potential drop &, across the S—N interface
is obtained from (13), in which we must put =0 and
js=j. Changing over to integration with respect to
da, we get

j—A* (n*—A%) "] (3A'—2n%)
[1+1(p) 1 (n*~A%)"
The quantity 4, is connected with the current j bY the

relation j = A3(7? — A2)'” and lies in the range (%'
< Ap< 7.

daA. (15)

el
w=2aj
4y

3. Expression (15) describes completely the charac-
teristics of the S=N interface at the employed values
of the magnetic fields and currents, but the explicit
form is quite complicated, so that it is useful to con-
sider several limiting cases.

A. Assume first no magnetic field, H=0 and n=1.

a) We consider the temperature region T, - T <7,
where B<«< 1, Here I<1 and the integral in (15) can be
easily calculated:

O=aj*/(Ad),
where

f(z)=;—;(TZ_—_—E{%z’(i—x’)—ZLz’(i—z’)”’ arcsin[ (1—z%)"]

2 3
o (-a) - - (16)

At low currents, A, is close to 1 and from (16) we have
flag=1,

®y=al? 17)

meaning in ordinary units a voltage V =3R, across the
S-N interface, whose resistance is then Ry=1IY/o0,
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where I¥ =1 (4T/78)Y2. This agrees with the result of
Ref. 5.

The function (16) for large currents was tabulated
numerically. It turned out that it is approximated with
good accuracy by unity, so that the function (17) retains
the same form all the way to the critical current. This
circumstance is quite unexpected, inasmuch as when
the current is increased to the critical value j, =2/3V3
the order parameter 4, in the interior of the supercon-
ducting region is suppressed to a value A= v2/3, and
this should lead to an increase of the depth of penetra-
tion of the electric field and to an increase of the resis-
tance. For purely numerical reasons this effect, how-
ever, is small, and l; is practically constant. The
linear dependence of the voltage V on the current was
confirmed in experiment'? up to critical values of the
latter."?

b) We turn now to the temperature range
YT<(T~T)/T.<(y/T)",
where $>>1. We consider currents that are not very
weak, so that p =B(1 - a%)>1, and I=p'%. From (15)
we obtain with logarithmic accuracy
.Il

0= {%ln(j’ﬁ)} . (18)

In ordinary units we have for the voltage on the S-N
interface

JAE (B BE@N R TNy LT
4 2eT(j,)(27n)(1) o j& oy ]

We see that in this temperature region the current vol-
tage characteristic (CVC) of the S-N interface is es-
sentially nonlinear. This singularity of the CVC can
be easily understood qualitatively if it is noted that
when the current is increased then, in accordance with
the statements made in Sec. 1, the relaxation of the
electron-hole unbalance is accelerated. The depth of
penetration of the electric field (9) then decreases in
proportion to @2 ~j2, and the resistance R ~1;/¢
«j 1% decreases with it. For weak currents j/j, ~[v/
(T, - T)]'2 <1, the CVC assumes the linear form (17).
Figure 2 shows schematically the CVC in this tempera-
ture range.

B. Let now the sample be placed in a parallel mag-
netic field H.

a) We consider first the region of small currents j/j,
(H) <1, Inthis case p =B(1 - 7%) =BH/H% and

2 ?
7 b

FIG. 2. Schematic current-voltage characteristic of S =N
interface in the temperature range v/ T <« (T,— T)/T< (y/T)'/2.
The dashed line shows the linear dependence characterized by
the resistance Ro=1Y/o.
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R/R,

e

FIG. 3. Schematic dependence of the resistance of S—N
interface on the magnetic field in the temperature range
V/T<(T,=T)/T< (y/TI/2.

o= {nn+al<p)1}lh'

This linear dependence of the voltage on the current
is characterized by a resistance (in ordinary units)
HZ = 112 —'a
e (i ) [ )] a9
In the temperature region T, -~ T <y, where B <1, we
have
I]Z —l/‘ b HZ

R (1-7) (- 77)- (20)
The factor (1 - H/H%)'” describes here the suppression
of the superconductivity by the magnetic field.

We consider the temperature range v/T <(T, - T)/T,
< (v/T)'*. Here

p=8(T.—T)/ny>1. ’
In very weak magnetic fields, where H*/H3<p™ «1,
the resistance is

—r(1-2 L
R=R, (1 T ) (21)
When the field is increased to values H/Hy ~8™2 « 1 the
resistance decreases sharply and at H/Hy> 87" we

have

) @

The decrease of the resistance continues to the value
H/H,=1/VZ, where R/R,=B"*V3, after which it in-
creases. The dependence of the resistance on the mag-
netic field is shown schematically in Fig. 3. Kadin,
Skocpol, and Tinkham'® investigated the influence of

the magnetic field on the effective depth of penetration
1z =Ro of the electric field. The Iz(H) dependence they
obtained agrees qualitatively with the dependence de-
scribed by formulas (19), (21), and (22) and shown in
Fig. 3.

b) We consider now large values of the magnetic field,
n>1. Here A<1 and p=B. From (15) we obtain

®.=i {T.u—fr«m’ ('A,f‘)}% :

where f(x) is defined in (16). As indicated above, f(x)
=1, so that in this case the resistance of the S-N inter-
face is approximately

R=R,p~" (1

R~R, (1 ~#) TESIOIRE

in the entire range of currents 0 <j <j.(H).
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The temperature dependences of the current-voltage characteristics of point junctions between a
superconductor (aluminum) and a normal metal (silver) were investigated experimentally and estimates were
made of the parameters of the junctions and of the mean free path / of the electrons in the region of the
junction. The measured temperature dependences are close to those predicted by Zaitsev [Sov. Phys. JETP 51,
111 (1978)] for junctions with diameter d «(/,£ ), although the assumptions of the theory were not realized in
the experiments. A simple model is proposed for the conduction of point junctions with &(T)<d </, where /,
is the energy relaxation length of the electrons in the normal state of the superconductor. It is shown on the
basis of this model that Zaitsev’s results are valid also for such junctions.

PACS numbers: 74.70.Gj, 74.70.Lp, 73.40.Jn

The current-voltage characteristics of point junc-
tions between normal metals are linear if the junction
voltage U is such that eU <k©, (©, is the Debye tem-
perature),? and do not depend on the temperature at
sufficiently low temperature. The transition of one of
the electrodes of the junction into the superconducting
state leads to the appearance of noticeable nonlinearities
(see Fig. 1). Below the superconducting-transition
temperature T, a change takes place in the differen-
tial resistance r=dU/dI at U=0, and the CVC takes
in an appreciable current interval the form

I=U/R+I,sign U,

where R is the resistance of the junction when both
electrodes are in the normal state, I, does not depend
on U and is called the excess current. These features
of the CVC were first noted by Pancove. 3

The values of » and /, depend on temperature below
T.. Chien and Farrell® observed a differential-resis-
tance temperature dependence of the form
r=~R —R,A(T)/A(0), .where R, is a constant and A(T)
and A(0) are the energy gaps in the superconductor at
temperatures T and 0K, respectively. Gubankov and
Margolin® obtained an experimental dependence that
agreed with the corresponding dependence of the en-
ergy gap in the superconductor, while the differential
resistance varied nonmonotonically with temperature.
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Recent theoretical papers':® dealing with the conduc-
tivity of S-c-N (superconductor-constriction-normal
metal) junctions, which include also the point junctions,
have shown that the results depend on the relations between
the electron mean free path [/, the super-conductor co-
herence length §,, and the geometric dimensions d and
l of the constriction. (The constriction is regarded as
a cylinder of diameter d and length L, which joins mas-
sive materials.) Both references are devoted to the
study of junctions with (d, L) < £&(T)(1-T/T ) * [£(T) is
the coherence length in the superconductor at the tem-
perature T], but the restrictions on the electron mean

1
1.0 U,mv

FIG. 1. Current-voltage characteristics of a point junction
between aluminum and silver. R =0.128Q2,1) T =1.4 K, both
electrodes in the normal state; 2) T =0.65 K, the aluminum is
superconducting. 6U is the change of the junction voltage when
the aluminum becomes superconducting (the current through
the junction is fixed.
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