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An investigation is made into the asymptotic behavior of the radiative corrections to the vertex form 
factors of an electron in a superstrong magnetic field B >m ' / e  = 4.41 X 1013~ .  The calculations are made 
in the formalism of a method &led the two-diisional approximation of quantum electrodynamics. 
The technique for calculating the field asymptotic behavior of complicated diagrams in the two- 
dimensional formalism is demonstrated. The estimates made for the contributions of the fifth-order 
diagrams to the vertex form factors give, when compared with the contribution of the third-order 
diagrams, grounds for assuming that the perturbation theory for the given type of compact blocks is 
invalid at fields higher than 10"-10'~~. 

PACS numbers: 12.20.D~ 

1. INTRODUCTION 

In recent years, there has been increasing interest 
shown in two-dimensional field-theory models, since 
these models, which fairly adequately reflect some 
characteristic features of interactions in four-dimen- 
sional space-time, involve much simpler analysis and 
calculation of the necessary diagrams. In Refs. 1-11 
we have shown that under certain conditions the quan- 
tum electrodynamics (QED) of a charged fermion in a 
strong magnetic f ield also degenerates into a two-di- 
mensional form. The two-dimensional approximation 
of QED developed in Refs. 1-11 made it  possible to  
simplify significantly the problem of calculating various 
matrix elements of the associated Feynman diagrams. 
The method proved very effective in the study of a num- 
ber  of astrophysical problemsz4s8 and is convenient and 
appropriate for investigating one of the key problems of 
QED-the problem of the applicability of perturbation 
theory and the finding of an expansion parameter in the - 
presence of a strong external electromagnetic field (and 
the problem of the existence of such a parameter). The 
point i s  that a t  large values of the magnetic field in- 
duction B, exceeding the characteristic value B, =m2/e 
=4.41 x l O l S  G, the actual expansion parameter begins 
t o  depend on 5 =B/B,, and the form of this dependence 
may change in each step of the expansion. Sufficiently 
reliable information about the limits of applicability 
of perturbation theory and the very nature of the ex- 
pansion can be obtained by comparing the successive 
radiative corrections to  the various forms of compact 
diagrams. Corresponding analysis of the radiative cor- 
rections to  the polarization operator P(q2,q8,) (Refs. 1 
and 6) and the mass operator M(p) (Refs. 8 and lo), 
and also to diagrams with weak ~ e r t i c e s , ~ ' "  shows that 
for  B-1017-1018 G the contribution of diagrams of 

in the two-dimensional approximation of C@D by two 
form factors, f(t) and g(t), which depend on the square 
of the two-dimensional momentum t = k a = k - k 8, of the 
virtual photon (the axis 3 is taken parallel to the field 
B): 

- - 
where C,, =1/2(7,?, - y,y,), and the tilde on a letter 
means that the corresponding matrices have two rows.'' 
Note that in the two-dimensional matrix notation, the 
e l e c t r p  Green's function will be expressed by the ma- 
t r ix  (p - m)-l,b =TOP, + fvs,  and the two-row spinor 
u(p) satisfies the equation 

and the density matrix isa) 

In the following, fifth order in e, contributions to  the 
vertex function A,, a re  made by four types of reducible 
diagram (diagrams a-d in Fig. 1.) and one irreducible 
diagram (e). The contribution of the polarization dia- 
gram a to  the form factor f ( t )  was investigated in Ref. 
9. In the nonrelativistic limit (t<< mz), it was found to  
be proportional to $ 5 ,  which confirms the results men- 
tioned above concerning the limits of applicability of 
perturbation theory, since in the third order (in e) we 

- 
order an+' is comparable with the contribution of dia- a D 

grams of order an. 

Investigation of the convergence of the radiative cor- 
rections to  the vertex operator f ,  is also one of the 
important aspects of the problem. d 

In Ref. 5 we showed that for on-shell electron ends FIG. 1 .  Contribution of fifth-order diagrams to the electron 
the vertex function of third order (in e) is determined vertex function. 
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have f(t) - cu andf(t) does not depend on the field. In 
the present paper, we investigate the contribution of 
the remaining diagrams (b-e) and, in particular, es- 
tablish the expansion parameter of the form factor g(t). 

2. GENERAL RELATIONS 

According to Ref. 5, the exact expression in CY (but in 
the leading order in 5) for  the contribution to  the vertex 
operator of the reducible diagrams has the form 

where y~ 1 eBI, and all  contractions a re  made in the 
two-dimensional subspace (0,3). The outer integral in 
(4) is over the square of the transverse momentum of 
the heavy photon line, and the inner integral is over the 
two-dimensional momentum of the loop. 

When allowance is made for  only the f i rs t  radiative 
corrections (in the posed problem, this is sufficient) 
the functions in the integrands a r e  a s  follows: 

a )  the vertex operator5 

b) the electron propagatorlS8 

where we have the second-order mass operator 

c) the photon propagator (in a special gauge)g 

with the regularized second-order polarization op- 
erator (see Ref. 1 )  

Substituting (5)-(7) in (4) and retaining the terms of 
fifth order (in e), we can obtain the contribution of the 
reducible diagrams to the required vertex function (to 
calculate the form factor f ( t ) ,  we also require a sub- 
traction operation to make f(0) =O). 

From the point of view of the applicability of the 
method used here,  it must be borne in mind that it is 
the more effective, the smaller is the region of inte- 
gration with respect to  the two-dimensional momenta 
of the internal electron lines making the main contribu- 
tion to  the integral. If the effective contribution de- 
rives from the region Ip2- m21 << y, then the condition 

5 >> 1 must a t  least be satisfied. However, a s  has f re- 
quently been emphasized earlier a s  well, these re- 
strictions a r e  sometimes satisfied only for the calcula- 
tion of some of the f i rs t  terms, the principal terms in 
5, which usually have a logarithmic dependence on 5. 
In such cases, the condition of applicability of the 
method is more stringent: ln5 >> 1. 

We mention in passing one further circumstance as- 
sociated with the calculation of the integrals aver the 
internal photon lines. In their calculation, as in four- 
dimensional electrodynamics, an infrared divergence 
can arise.  In the framework of the two-dimensional 
approximation, it is eliminated by the generally adopted 
cutoff procedure q?-qZ, +b2, which does not affect the 
final results (see, for example, Ref. 5). 

3. CALCULATION OF THE RADIATIVE 
CORRECTIONS 

A. Correction of mass type 

Using (4)-(7) and the algebra of the 7 matrices, we 
can readily obtain the following expression for the con- 
tribution to  ip of the f i rs t  of the mass-type diagrams 
(diagram b): 

ma2 - 
Am: = - - Z+Y J dx dy erp ( - -- ) J d 2 p  d2q 

4n' 21 

The corresponding expression for the contribution of 
the second mass diagram will differ from the given ex- 
pression by reversal of the common sign, permotation 
of the matrices y c ,  and the replacement of P - by P + . 
As is readily seen, both expressions c%n lead here to a 
finite result, which is valid only with doubly logarithmic 
accuracy in 5 ,  since, on the one hand, the integral over 
q contains a logarithmic contribution of values q2 - y, 
and, on the other, the integral over y contains a 
lcgarithmic contribution of values y -7. Restricting 
ourselves in this connection to determining the leading 
contribution in 5 and noting that to  this accuracy we can 
make the substitution 

since the effective contribution to  the integral over p 
is made by the region p2 -S maxi k2, m21, for the total 
contribution of the two mass diagrams we obtain the 
expression 

which, a s  can be seen, leads in i ts  turn t o  a contribu- 
tion only to  the form factor g(t). Hence, in accordance 
with the definition (1) in the nonrelativistic limit 
t e r n 2  we find the following expression for the contribu- 
tion of diagrams of this type to the form factor g(t): 
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6. Correction from vertex diagrams of type c 

The contribution of these diagrams to 6, can be 
readily obtained by using the general formulas of Sec. 
2. For one of them, the result has the form 

The contribution of the second diagram is obtained 
from (12) by the well-known replacements and permu- 
tations. 

eecause of the property of the matrices, namely, 
PQ fs = 0 when there is an odd number of 7 matrices in 
the operator 9, the numerator in (12) and the analogous 
second express ion contains after the necessary trans- 
formations not higher than the third power of the vir- 
tual momentum p and the first power of q. Therefore, 
the effective contribution to the integrals over p and q 
is made by the regions q2,p2 S maxi k2, m2), which 
agrees with the condition of applicability of the two-di- 
mensional approximation of QED. Thus, in contrast 
to the preceding case, the expression (12) will cor- 
rectly give all powers of In[. By virtue of the same 
circumstance, in the leading order in ln5, the integrals 
over x and y in (12) can be replaced by ln2 5 [see (O)], 
to which the required correction will be proportional. 

C. Correction from diagrams of type d and e 

The contribution of diagram d, which is also obtained 
on the basis of the general formulas of Sec. 2, has the 
form 

and that of diagram e has the form 

An analysis of the expressions (13) and (14) similar to 
the one made in subsections A and B shows that the 
main terms in (13) and (14) have the order Ins(. How- 
ever, there is no need to calculate them explicitly, 
since after summation they are compensated (in the 
framework of the chosen approximation). Therefore, 
the total contribution to A!' of these diagrams will not 
be higher than ln2[. 

4. CONCLUSIONS 

It follows from the above analysis that at the given 
step in the expansion the logarithmic contributions to 
the form factor f(t) do not exceed a21n25; the logarith- 
mic contribution to the form factor g(t) i s  determined 
in the nonrelativistic approximation by the expression 
(11). Since the contribution of the diagrams of third 
order to g(t) has the order ah€, the results obtained 
here do not a s  a whole change the conclusions drawn 
earlier about the limits of applicability of perturbation 
theory for B >>Bo. 

It would be interesting to elucidate the nature of the 
convergence of the compact diagrams of QED in the 
next step of the expansion, i.e., to investigate the sixth- 
order diagrams for the mass and polarization operators 
and the seventh-order diagrams for the vertex function. 
The method for writing dawn analytically the corres- 
ponding matrix elements by means of the general form- 
ulas used in Sec. 2 is fairly obvious, and the idea of the 
approximate calculations with separation of the leading 
powers of ln5 illustrated above considerably simplifies 
the calculations. At this stage we can note that factori- 
zation of the leading asymptotic behavior in the field 
occurs in the presence in the complex diagram of only 
"mass" and "vertex" insertions in the main skeleton 
diagram,B.losll and in the presence of "polarization" in- 
sertions there is no fac tor iza t i~n .~"~ 

"1n Ref. 5, the four-rowed matrices y, were used. However, 
there is actually no need for this, since the electron Green's 
function in this approxhation is proportional to the matrix 
(1 - u3)/2, and the four-spimr u(p) is an eigenfunction of this 
matrix. 

 he normalization of the four-spinor u(p) is the same; the 
density matrix p in four-dimensional notation has the form 
i@+rn)( l -s) ;  inEq. (2c) InRef. 5, the hdor (1-us) was 
omitted. 
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