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Effective exchange interaction in magnetic semiconductors is deduced by taking into account various 
factors: hybridization of the f-electron states with the valence and conduction bands, total interatomic 
exchange including the interband interaction of the electrons, Coulomb repulsion effect, and the effect of 
the finite f-level width. The calculated values of the exchange constants I ,  and I,  for europium 
chalcogenides are in good agreement with the experimental values. 

PACS numbers: 75.30.Et 

1. In the  description of t h e  p roper t i es  of magnetic di- 
electrics and semiconductors  based on transition and 
r a r e - e a r t h  meta l s  (REM), var ious  mechanisms of ex- 
change interaction are r e s o r t e d  to. Whereas  t h e  Kra-  
mers superexchange interaction mechanism[ll suffices 
to explain the  magnet ism of magnetic dielectr ics ,  which 
are antiferromagnetic in  mos t  cases, t h e  situation is 
m o r e  complicated i n  the  case of magnetic semiconduc- 
tors based on REM. Thus, f o r  example, in  t h e  series of 
of europium-chalcogenides, which have a more compli- 
cated electronic structure,  one observes  a broad spec- 
t r u m  of magnetic p roper t i es  on going f r o m  compound to 
compound or when t h e  lattice parameter  is a l te red  by 
p r e s s ~ r e . ~ ~ * ~ ~  Xavier and d e  G r ~ i a f [ ~ * ~ ]  attempted to ex- 
plain both t h e  ferromagnet ic  and antiferromagnetic ex- 
change interactions in EuO and EuS by using only t h e  
Bloembergen-Rowland interband-interaction mechan- 
ism.[=] The i r  overstated va lues  of t h e  interband-inter- 
action constants can, however, not be regarded  as ac- 
ceptable. 

An analogous mechanism, due to excitation of elec- 
trons f r o m  localized f~ orbits of anions into t h e  conduc- 
tion band, w a s  proposed by Berdyshev and ~ e t f u l o v ~ ~ ]  
and by ~ a z a k o v . ~ ~ '  T h e  d a t a  they used, however, w e r e  
taken f r o m  experimental   paper^^^*'^] whose authors  in- 
cor rec t ly  identified t h e  forbidden gap width B with t h e  
f-level1' binding energy A. T h e  real va lues  of t h e  para -  
m e t e r s  B (see  Table I) in europium chalcogenides are 
2-6 t i m e s  larger than those  assumed in t h e  aforemen- 
tioned theoret ical  so that  t h e  obtained ex- 
change integrals are s m a l l e r  by one or two o r d e r s  of 
magnitude than those  given in Table11 of [I1. Thus, t h e  
interband-interaction mechanism alone is not sufficient 
to obtain good agreement  with t h e  experimental  data. 

It follows f r o m  magneto-optical measurements  and 
f r o m  calculations of the  band s t r u c t u r e  with allowance 
for  the  s t rong  f-electron correlation[121 and t h e  lattice 
polarizationc1s1 that  in europium chalcogenides t h e  lo- 
calized weakly s m e a r e d  f level lies i n  the  forbidden gap 
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TABLE I. 
I ,  4 I 

EUO EUS l j . 7 1 5 . 2  i.1 6.3 1 
EuSe 1.9 4 6.2 
EuTc 2.0 3.8. 6.6 

between the valence and conduction In this 
case one cannot neglect the mechanisms of the direct 
and kinetic exchanges via excitations of the f electrons 
to the 6s and 5d-t,, levels of europium,c151 say on ac- 
count of hybridization of the localized f states with emp- 
ty conduction bandc"' o r  zero-point lattice vibra- 
t i o n ~ . " ~ '  However, the lattice mechanism in europium 
chalcogenides is apparently strongly suppressed, since 
the Curie temperature does not reveal any isotopic ef- 
fects or anomalies in the paramagnetic susceptibility. 
In addition to  the foregoing mechanism, other explana- 
tions, frequently quite complicated ones,tS1 were also 
offered for the exchange interaction in magnetic semi- 
conductors. 

The presence of a transition integral leads to the on- 
set, besides the usual Kramers-Anderson superex- 
change interaction, to new indirect exchange interac- 
tions connected with the interaction of the f electrons 
with the empty conducting band and the filled valence 
band. Estimates show that an appreciable contribution 
to the exchange interaction is made also by mechanisms 
with participation of excited 4 f * configurations with one 
excess f electron at the center, so  that it i s  necessary 
to take into account also excited states that admit of a 
transition of the magnetic f electrons from cation to ca- 
tion (directly, 4 f -4 f a ,  o r  via the empty conduction 
band). 

We obtain below, using the simple model of the band 
structure of a magnetic semiconductor shown in Fig. 
1 (compare with Fig. 24 of [,I),  an effective exchange 
interaction that includes all the mechanisms listed 
above. Account is taken also of the effects of hybridi- 
zation of the states of the f electrons and of the local ex- 
change with the valence band.[''] This model provides 
not only a correct qualitative description of the ex- 
change in magnetic semiconductors, but makes it also 
possible to obtain good qualitative agreement with the 
exchange-parameters values obtained experimetally for 
a large family of magnetic semiconductors of the euro- 
pium-chalcogenide type. 

2. In real  magnetic semiconductors, the conduction 
and valence bands a r e  made up respectively of the 
states 6s and 5d-t,, electrons of the metal (cations) and 
p states of the anions. These states a r e  represented in 
the figure by the upper band, with a dispersion E,,, sep- 
arated by a gap A from a localized f level of width -W, 
and a lower band with a dispersion law E,,, separated by 
a gap B from the bottom of the conduction band. We 
consider a case with one localized f electron at the cen- 
ter;  we assume that the excitation energy of a system 
with two f electrons at the center due to Coulomb re -  
pulsion, U, is larger than the Fermi energy. All the 
energies a re  reckoned from the bottom of the conduction 
band. 

FIG. 1. Model of band 
structure. 

The Hamiltonian of the model is given by 

The first  two t e rms  of (1) a r e  the kinetic energies of the 
upper and lower bands respectively; the fourth and fifth 
terms constitute the energy of the localized f electrons 
in the s i te  representation with a transition integral e- 
qual to W,,. The sixth term represents local hybridiza- 
tion of the f level with both bands, which takes the form 
V, ,(k) = V,exp(zkR,), V, ,(k) = V,exp(ikR,); the seventh 
term is the local intra-atomic exchange and includes 
also the interband exchange $, due to  the interaction of 
holes and electrons from different bands.c61 Finally, the 
third term is the intra-atomic repulsion of the f elec- 
trons at one center. We note that without the t e rms  J 
and W the Hamiltonian (1) is a generalization of Ander - 
son's model to the case of two bands. 

In the considered substances, the parameters d, V, 
and W can be regarded a s  small  (3, V, W<< A, B, U), 
and perturbation theory then yields an effective ex- 
change-interaction Hamiltonian in the form 

- 1 - i  i - - i i . .  
H - V-V-V- V+V-I- ( Eo-Ho E.-H. E n - H  Eo-H. E.-H. V 

The averaging in (2) is over the 2N-fold degenerate sub- 
space of the localized functions of the f electrons for a 
filled valence band and an empty conduction band. 

Substituting in (2) the explicit form of the correspond- 
ing operators from (I) ,  carrying out the necessary com- 
mutations of the operators a,,(~,,), a,,+(~,,+), and using 
the usual transition, on the subspace of the homopolar 
functions (b,++b i + +  bi-+bi- = 1) from electron operators to 
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spin operators bit+bit = 1/2 *SiL, bit+bii =Sit, we obtain 
in analogy withL16' the expression 

where 

' exp ( i  (k,-k,) RI,} 
, (5) 

and R i j = R = R i  -Rj  is the distance between the ith and 
jth atoms. 

The first  integral here is the contribution made to the 
exchange interaction by the hybridization and by the lo- 
cal exchange on account of the upper band. The first  
term in (4) represents the kinetic exchange mechanism 
and is a direct generalization of the Kramers-Anderson 
super exchange interaction. 

Putting U-m in (4) we arrive a formulas (4) and (5) 
OfC161 . We note that allowance for the Coulomb repulsion 
U leads to a renormalization of the exchange constant 
dl, which does not depend on the momentum. The in- 
crement to $, is negative here and in the absence of $, 
the term (4) is always antiferromagnetic. The last term 
in (4) corresponds to the process wherein the electron 
excited into the empty conduction band interacts in ex- 
change fashion with the remaining magnetic f electrons. 
The effective constant 

can be obtained from Anderson's model by the Schrief- 
fer-Wolff transformation. [lgl 

The second integral J(,) corresponds to interband ex- 
change ascribed to the upper band. Here, a s  in (4), the 
usual constant is replaced by a quantity that depends on 
the momentum. As seen from (5), at 3, = 0 the hybridi- 
zation itself leads to an effective interband interaction. 
Expression (6) contains three terms: the f i rs t  two a re  
new exchange-interaction mechanisms due to the inte- 
gral  of the transition with participation of the conduction 
band and of the excited 4f level with energy A+ U, 
while the last term of (6) is the usual Kramers-Ander- 
son antiferromagnetic e~change.~"  

In the limit of strong repulsion (U--m), the term (6) 
is left with an exchange integral corresponding to a pro- 
cess of third-order perturbation theory, in which the f 
electron goes from the given center into the conduction 
band; the vacant place is taken by an f electron from a 
neighboring atom, and then the electron returns from 
the band to the center. This process leads to ferromag- 
netic exchange interaction. 

As U-m the strong Coulomb interactions prevents the 
presence of more than one f electron at the center; in 
this case the Pauli principle, which excludes electron 

transitions to occupied states, prevents the onset of ex- 
change mechanisms via interaction of the f electrons 
with the valence band, analogous to expressions (4)-(6). 
If U is finite, however, it is possible to have, besides 
the exchange integrals (4)-(6), also indirect-exchange 
mechanisms due to virtual transitions of valence-band 
electrons to the excited 4f level. 

The additional effective exchange interaction in (3) is 
of the form 

where 

The exchange integral AJ(" represents here an intra- 
band contribution analogous to (4) to the exchange inter- 
action, but due to the valence-band electrons, AJ"' cor- 
responds to interband exchange ascribed to the lower 
band, and finally AJ(3 '  i s  an exchange integral analogous 
to (6) but with a completely filled band. 

As U-m, expressions (7)-(9) vanish, a s  expected, 
and the effective exchange is determined by the contri- 
bution of the integrals J(", JC2', and J(3'. It i s  easy to 
verify, by substituting the data from Table I, that for 
all cases of practical importance the integrals (7)-(9) 
at U>A a r e  smaller than (4)-(6). These integrals can 
be grouped with the corresponding terms in (4)-(6). 

It i s  interesting to note that by assuming U-.o and 
J,,,,,=O we obtain, in the framework of the single-par- 
ticle Hamiltonian, an effective exchange interaction that 
consists of ferromagnetic and antiferromagnetic parts. 

3. The exchange integrals (4)-(6) can be calculated 
by assuming a parabolic dispersion law for both bands 
in the form el,= F?k2/2tlz, and c2,= - B - F?k2/2)7z2. By 
changing in the usual fashion from summation to inte- 
gration over the momenta 

(9 = v / N  is the volume per atom) we obtain an analytic 
expression for the integral J(1'c161: 

It is seen that, depending on the ratio of the parameters, 
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the summary interaction (10) can be of either sign. 

We obtain similarly from (5), after a first  intergra- 
tion over the momenta and over the angles of the vector 
k, an expression for 

Xerp { -R - ( ~ ) " ( 2 r n t B + ~ ) ' * } ~ s i n k R d k ,  - A' 

integral 5''' can be calculated exactly and is always ne- 
gative. We note also that the previously a s ~ u m e d ~ ~ ' ~ ]  
approximation is crude, since in the compounds in ques- 
tions we have m, - m, 5 mo.c211 

The integral can be calculated simply, and i t  e- 
quals 

where C = 92m,/(2n)3PR2. 

At V=O the integral (11) is equal toCz0' 

j'" = - 
R'h' (rn,+rnl) (12) 

where Kz(x) is a Bessel function of imaginary argument. 

An approximate expression for the integral J(,' at 
Vf 0, when the condition 

is satisfied, is of the form 

In the other limiting case 

neglecting the momentum dependence in the exchange 
constant in the integral ( l l ) ,  we get 

In real substances B = 4-6 eV, A = 1-2 eV, c2*31, 

R[2(vzl+ ~ , ) B ] ' / ~ / A >  5, and R ( ~ ~ , A ) " ~ / A >  2, so that 
relation (14) is valid for all cases of physical interest. 
It is seen that the interband interaction is, a s  in (lo), of 
short-range character. Another approximation can be 
obtained from (5) if we let the mass m, go to  infinity 
after integrating over the states of the valence band and 
limit to range of integration over the momenta to  k,= 277 
(4n52/3)-'I3. As a result we obtain for J',' the expres- 
SiOnC4, 5,81 

Here F(x) = (x cos x - sin x)/# is the Ruderman-Kittel 
function. 

With increasing lattice parameter, expression (15) 
can become positive. Xavier and de Graaf attempted to 
attribute the antiferromagnetic component of the ex- 
change interaction to the same indirect-exchange me- 
chanism. However, the antiferromagnetic interaction in 
their resultc4] is due to the specifics of the assumed ap- 
proximation. As seen from (12) with V= 0, the exchange 

The decrease of the integral J(3' with interatomic dis- 
tance is slow compared with (10) and (14), because of 
the absence of the coefficient 2 in the argument of the 
exponential of (16): a t  large distances, the exchange in- 
tegral J"' becomes dominant. 

The integrals (7)-(9) a re  close in their structure to 
the corresponding expressions in (4)-(6), and they can 
be calculated in similar fashion. From (10)-(16) it is 
-seen that at short distances the total exchange integral 
is ferromagnetic. Using the analytic expressions for the 
exchange integrals, we can determine the resultant ex- 
change parameters for the interaction with the nearest 
neighbors I,, taken at R = d (where d is the distance be- 
tween the nearest cation atoms), and with next-to-near- 
est neighbors, I,, in a lattice of the NaCl type (at 
R = d f i ) .  The qualitative behavior of the exchange para- 
meters I, and I, is the same as inCls1: at short distances 
the resultant exchange is ferromagnetic, and at large 
distances it reverses sign and remains antiferromagne- 
tic. 

4. By way of example we consider a family of typical 
well-investigated magnetic semiconductors-the chalco- 
genides of europium. It i s  known that the large variation 
of the exchange constant in the chalcogenide series (by a 
factor 6-7 on going from EuO to EuTe) cannot be attri- 
buted to only the variation of their lattice parameter 
R,, t211s1 SO that to calculate the exchange integrals we 
must have data on the band structure. Table I lists 
some parameters for europium chalcogenides, obtained 
in e x p e r i m e n t ~ [ ~ - ~ * l ~ ]  The data on EuS and EuTe a re  in- 
complete, and we use the extrapolated values marked in 
the table by an asterisk(*). 

In the chalcogenides of europium, the wave functions 
of the anion p,  join two nearest cations, which a re  next- 
to-nearest neighbors to one another, to form an 180- 
degree configuration. Although the next-to-nearest cat- 
ions a re  separated by large distances, the effective 
transition integral W for them turns out to be of the 
same order a s  for the nearest neighbors, owing to the 
additional effective overlap of the orbitals via the f~ -band 
of the c h a l c ~ g e n . ~ ~ ~  

The effective transition integral can be regarded a s  
different from zero for only two nearest coordination 
spheres, and the parameter is W - Vt/(B + U) and is ap- 
proximately equal to  (5-12) x lo-' eV. The parameters 
dl and V1,,, a s  inc2*31, will be assumed to be -0.3-0.4 
eV; the intra-atomic constants 3, and 3, a re  small, 3, - 3,=0.1 eV, and the effective masses are  assumed to 
be of the order of the mass of the free electron.c211 The 
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TABLE II. 

lrlMl 'loip 1 '1e.X~ 

I I I I 

best agreement with experiment is obtained at W = 9.014 
eV and V,,, = 0.33 eV. 

EuO 
EuS 

EuSe 
EuTe 

We note that the effective constant 

in J(" decreases on going from EuO to EuTe, in agree- 
ment with the available data.c51 

0.64 83-0.67 
0.20 0.20 P 0.15 0.14 
0.12 0.10 

Table I1 lists the theoretically calculated values of the 
exchange parameters I, and I, (in OK) and their experi- 
mental values.c221 The data in the parentheses were 
taken from CZ1. Some discrepancy in the case of Eu and 
EuSe for the exchange constant I, is apparently due to 
the incorrect choice of the B and U (see 
alsoL231). We note that all the mechanisms except J(,) 
make approximately the same contribution to I,, where- 
as in I, the principal role is played by the exchange in- 

-0,06 
-0.16 

-0.17 
-0.i6 

tegral J'S'. On the other hand, the term representing 

-0.07 
-0.09 

(-0.06 + -0.14) 
-0.14 
-0.21 

(-0.12 + -0.17) 

the Bloembergen-Rowland effective interband interac- 
tion makes in all cases a small contribution to I, and 

decreases rapidly on going from EuO to EuTe. By way 
of example, in EuO (EuSe) contributions to I, are made 
by fi1'/2 =0.11(0.03), J','/2 = 0.07, and J(3'/2 = 0.46 
(0.12), and contributions to I, by the values J(3)/2 
= -0.06(-0.17). 

It is clear from the results that in the general case it 
is impossible to  separate in magnetic semiconductors 
any particular indirect-exchange mechanism, and it is 
necessary to include in the analysis of the magnetic 
properties of these substances the principal mechanisms 
that take into account the concrete singularities of the 
electronic structure, and to  estimate their relative con- 
tributions to the effective exchange interaction. 

In our analysis we made a number of simplifying as- 
sumptions (a  local character of the matrix elements of 
the hybridization and of the intra-atomic exchange, and 
a simple form of the spectrum of c,, and c,, in the ef- 
fective-mass approximation); in addition, in the numer- 
ical comparison with experiment it was assumed that in 
europium chalcogenides, on going from EuO to EuTe, 

one can assume that the changes of parameters such as 
V,,,, dl ,,,,, m ,,,, and W, are small  and that it suffices to 
take into account the variation of only those parameters 
which are listed in Table I. None the less, even under 
these assumptions the simple model considered here 
gives good numerical agreement between the calculated 
exchange parameters and their experimental values. 

In conclusions, the authors thank D. I. ~ h o m s k i r  for 
useful discussions and valuable remarks. 

')A detailed discussion of this question is found in the book by 
Methfessel and Mattis, Chaps. 6 and 7 and Appendixes I and 
II. 

'P. W. Anderson, Phys. Rev. 115, 2 (1959). 
's. Methfessel and D. Mattis, Magnetic Semiconductors (Russ. 

transl.), Mir, 1972. 
3 ~ .  Kasuya, IBM J. Res. Develop. 14, 214 (1970). 
4 ~ .  M. de Graaf and R. M. Xavier, Phys. Lett. 18, 225 (1965). 
5 ~ .  M. Xavier, Phys. Lett. 25, 244 (1967). 
6 ~ .  Bloembergen and T. J. Rowland, Phys. Rev. 97, 1679 

(1955). 
'A. A. Berdyshev and B. M. Letfulov, Fiz. Tverd. Tela (Lenin- 

grad) 11, 2759 (1969) [Sov. Phys. Solid State 11, 2234 (1970)l. 
'A. A. Kazakov, Fiz. Tverd. Tela (Leningrad) 12, 2021 (1970) 

[Sov. Phys. Solid State 12, 1605 (1971)j. 
'G. Busch, J. Appl. Phys. 38, 1386 (1967). 
'OG. Will, S. J. Pickart, H. A. Alperin, and R. Nathans, J. 

Phys. Chem. Solids 24, 1679 (1963). 
"s. Methfessel, F. Holtzberg, and T. R. McGuire, IEEE 

Trans. Magn. 2, 305 (1966). 
"5. J. Cho, Phys. Rev. B 1, 4589 (1970). 
1 3 ~ .  Kasuya and A. Yanase, Rev. Mod. Phys. 40, 684 (1968). 
I4s. Methfessel, IBM J. Res. Develop. 14, 207 (1970). 
155. B. Goodenough, Magnetism and the Chemical Bond, Wiley, 

1963. 
I6A. N. Kocharyan and D. I. ~homski:, Fiz. Tverd. Tela 

(Leningrad) 17, 462 (1975) [Sov. Phys. Solid State 17, 290 
(1975)l. 

"J. Smit, J. Appl. Phys. 37, 1455 (1966). 
"A. N. Kocharyan and P. S. Ovnanyan, Abstracts of Papers 

Third Conf. of Young Scientists of the Erevan Phys. Inst., 
Nor-Amberd, 1977, p. 28. 

"J. R. Schrieffer and P. A. Wolff, Phys. Rev. 149, 491 (1966). 
"A. Erdelyi, ed. Tables of Integral Transforms, McGraw, 

1954, Vol. 1 (R~ss .  transl., Vol. 1, Nauka, 1969, p. 75.) 
"~izicheskie svoistva khal 'kogenidov redkozemel 'nykh 

Blementov (Physical Properties of Rare-Earth Chalcogen- 
ides), in: Collected Articles, ed. V. P. Zhuze, Nauka, 1973, 
Chaps. 4.5. 

2 2 ~ .  L. Nagaev, Usp. Fiz. Nauk 117, 437 (1975) [Sov. Phys. 
Usp. 18, 863 (1975)l. 

2 3 ~ .  M. Mariot and R. C. Karnatak, Solid State Commun. 16, 
611 (1975). 

Translated by J. G. Adashko 

330 Sov. Phys JETP 47(2), Feb. 1978 A. N. Kocharyan and P. S. Ovnanyan 330 


