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Statistical thermodynamics of formation of a new phase.
Il. Theory of boiling of volatile liquids

B. V. Deryagin, A. V. Prokhorov, and N. N. Tunitskii
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Zh. Eksp. Teor. Fiz. 73, 1831-1848 (November 1977)

The fluctuating growth of a vapor-filled macroscopic bubble in a moderately superheated or decompressed
volatile liquid is treated as two-dimensional diffusion of a germ of a new phase in the space of its
variables, viz., the volume v and the pressure p of the vapor in it. The relief of the free energy of a s
“liquid + bubble with vapor” over the (v, p) plane is investigated in the vicinity of the labile equilibrium
of the system, and the two-dimensional equilibrium distribution function of the germs with respect to their
variables is determined. The nondiagonal diffusion tensor in (v, p) space near the saddle point is also
calculated. A two dimensional stationary equation of the Kramers-Zel’dovich type of the kinetics of
formation of a new phase is solved and an expression is obtained for the probability of homogeneous
nucleation at arbitrary viscosity and volatility of the liquid far from its critical point. Various limiting

cases are considered.

PACS numbers: 05.20.Dd, 05.70.Fh

1. INTRODUCTION

The analysis of the kinetics of formation of a new
phase!'~®! has led to the development of a new method of
describing the kinetics of a first-order phase transition
in which the growth of a macroscopic germ of a new
phase is treated as diffusion over the germ-size axis.
The difference between the equation of the kinetics of
new-phase formation (the Fokker-Planck equation) and
the ordinary diffusion equation lies in the fact that the
germ-size axis is not homogeneous: a certain force
field is superimposed on it and is governed by the
“supersaturation” of the investigated system. A natural
macroscopic model of the kinetics of new-phase forma-
tion is therefore diffusion in the field of external forces.

The task of determining the rate of formation of the
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new phase in this approach breaks up into two stages:
(a) determination of the coefficient of diffusion of the
germ over the size axis as a function of the germ size;
(b) determination and investigation of the “potential re-
lief” on this axis, the relief being specified by the posi-
tion of the system on the Van-der-Waals diagram in its
metastable region. We make use here essentially of the
fact, first pointed out by Gibbs, that the potential relief
on the size axis is a potential barrier that separates the
quasi-single-phase region of the size axis from the two-
phase region. It is the diffusion flux from one region to
the other which determines the kinetics of new-phase
formation. Both stages of the solution of the nucleation
problem become much more complicated if a single
variable no longer suffices for a macroscopic descrip-
tion of the new-phase germ. This is the situation with
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a boiling volatile liquid, where two parameters charac-
terize the macroscopic bubble, its volume v and the
vapor pressure p in it. This can also be the case for
non-isothermal condensations (where the parameters
are v and the temperature ©), as well in some other
problems,

Stage (a) is made complicated by the fact that if we
have several variables the diffusion coefficient D is in
the general case a nondiagonal tensor. In stage (b),
before we seek the flux of the germs from the quasi-one-
dimensional region to the two-phase region it is neces-
sary first to investigate the potential relief on the plane
of the two variables, but it is impossible to state be-
forehand how this relief separates the quasi-one-dimen-
sional region on the plane of the germ variables from
the two-phase region.

We consider in this paper the boiling of a volatile
liquid, regarded as the process of diffusion of a germ
bubble in the space of its two variables v and p. The
analysis is based on a method proposed by a number of
workers, "® and on an approach developed by one of
us,™® which makes it possible to calculate accurately the
bubble equilibrium distribution function. Just as inm,
the analysis is restricted to moderate decompression or
superheating of the liquid, corresponding to a high poten-
tial barrier between the quasi-single-phase and the two-
phase regions.

We consider first the physical formulation of the prob-
lem., We isolate in a large liquid volume W with rigid
adiabatic walls a small part (having volume V) bounded
by a semi-permeable shell with pores of a size that pre-
vents passage of near-critical bubbles. The volume V
must satisfy here the relation

v.<V&W, (1)

where v, is the volume of the critical bubble. The prob-
lem is to calculate the probability v [sec™] of formation
of one transcritical vapor-filled bubble in the volume V
per unit time under the condition that the “medium” W
-V is in a single-phase state. The probability of simul-
taneous existence of several near-critical bubbles in the
volume V will be neglected.

2. ANALYSIS OF THE RELIEF OF THE SADDLE

The dynamics of the variation of the state of a real
bubble in a volatile liquid is quite complicated. For ex-
ample, apartfrom the fact that this bubble is not inthermo-
dynamic equilibrium with the surrounding liquid and that
there is no mechanical equilibrium between the external
pressure, the capillary pressure, and the vapor pres-
sure in the bubble, we must consider also the inhomo-
geneities of the pressure p and of the temperature © in-
side the bubble, the variation of the temperature on the
bubble boundary with changing number of molecules in
the bubble, the ambiguities in the variation of the bubble
shape at constant volume, and others.

We assume the macroscopic bubble to be spherical.
The temperature effects on the bubble boundary, which
are accounted for by introducing a correction in the dif-
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fusion coefficient,'*°? will not be considered here. As

to the inhomogeneities of p and © in the bubble, we shall
neglect both, assuming that the characteristic times of
establishment of hydrodynamic and thermodynamic equi-
librium inside the bubble are much shorter than the times
of variation of the bubble dimensions and of the number
of vapor molecules in it. Therefore the pressure p at
any instant of time will be connected with the number N
of molecules in the bubble by the equation of state of an
ideal gas

pv=N,8. )

The use of this equation means, besides the statements
made above, that we assume that 6 =p,/p; <1, where p,
and p, are the vapor and liquid densities in cm™, The
temperature © [ergs] will be assumed to remain constant
in the course of the nucleation, by virtue of the condition
(1) and the large heat capacity of the liquid.

We emphasize that it is precisely the difference be-
tween the pressure p and the saturated-vapor pressure
in a bubble of given curvature (i.e., the absence of ther-
modynamic equilibrium) which is the reason for the ap-
pearance of the second variable p of the bubble.

The free energy of a spherical bubble of volume v con-
taining N, vapor molecules and situated in a liquid with
temperature © at a pressure P is equal to the minimum
work required for its formation:

Fo,=v(P—p)+ost+N,[p.(p, ) —w(P, 6)]. @3)

Taking into consideration the condition for the thermo-
dynamic equilibrium of the critical bubble with the sur-
rounding liquid p, (., ©) = u;(P, ©) and the expression

1o (p, 8)=p.(p;, ©)+61n (p/p.),
we transform (3) into
Fop=v(P—p)+os+N.81n(p/p.), @)

where p, is the saturated-vapor pressure in the critical
bubble. Going over to the dimensionless variables x =v/
v., y=p/p., ¥=F, /O and expanding ¥(x,y) near the
point (1,1) (see Fig. 1) corresponding to the state of la-
bile equilibrium of a “liquid +bubble with vapor” system
in the volume V in powers of Ax=x-1, Ay=y -1 up to
second order inclusive, we obtain

‘F(Iay)=‘1’c+—%—(Ar'AAr)=\1fc+%(AIAy)(UR, 0 )(A.z)

0 1/R,/ \Ay
A 32 2
v, + (Az)* | (Ay) ) (5)
2R. 2R,
where
R »*v l
i oz* | . dzoyl. |} (—2osc/98 0)__ (1/R, 0 )
1 e I au;rl 0 Ny 0 /R,
dyozl o ady*l .

is the matrix of the second derivatives of ¥(x, y) at the
saddle point; Ar=(Ax, Ay) is the radius vector drawn '
to an arbitrary point from the saddle point; ¥, is the
dimensionless work of formation of the critical germ;
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FIG. 1. Projection of the dimensionless free-energy surface
¥(x, y) of the system near the saddle on the plane (x, z) of the
dimensionless variables of the germ. The cross marks the
principal axes of the saddle; d and d’ are its linear generators;
1 and 2 are the respective phase- and mechanical-equilibrium
lines of the germ, while 3 and 4 are the line of the energywise
most favorable growth of the germ and the watershed between
the quasi-single-phase and two-phase regions of the (x, y) plane;
a and Q are the steepest-descent directions of n,,/®,, and of the
flux of germs at the saddle point.

R, and R, are the principal curvature radii of the ¥(x, y)
surface at the point (1,1); o[g/sec?] is the surface ten-
sion, s, [cmz] is the area of the critical-bubble surface;
N§ is the equilibrium number of vapor molecules in the
bubble. The first derivatives (8%/8x),, (8¥/dy), are
equal to zero here because the respective conditions of
chemical and mechanical equilibrium are satisfied here.
The absence of a quadratic cross term in (5) follows
from the fact that AxAy =0, i.e., that the fluctuations
of the variables x and y are statistically independent, at
least near the saddle point.

It is seen from (5) that the principal curvature radii
R, and R, are of opposite sign, i.e., that the labile-
equilibrium point (1, 1) of the system is always a hyper-
bolic point of the surface. In this case the relief (4) of
the free energy of the bubble can be approximated in the
vicinity of the saddle point by the surface of a hyperbolic
paraboloid. This saddle-shaped free-energy surface of
the system lies inside the first quadrant of the (x, y)
plane parallel to the coordinate axes. The saddle point
is the point of intersection of the phase-equilibrium line
1 and the mechanical-equilibrium line 2 (see the figure).
These lines are expressed in the coordinates x and y by
the respective equations

y=y= exp{-—bp,7pz"}, (6)
Y=Yeutb/z", (M
where yo=po/Pc, Yext =P/Dc; P~ is the saturated-vapor
pressure over a flat surface; P is the external pressure
on the liquid,

b=20/R.p.=1—P/p. (8)

is the ratio of the capillary pressure to the vapor pres-
sure p, in the critical bubble; R, is the radius of the
critical germ bubble. Since R, and p. decrease with in-
creasing decompression or superheat of the liquid, the
parameter b=20/R.p. can serve as a measure of the
supersaturation of a volatile liquid relative to the boiling
process.
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In the region between 1 and 2 lies the energywise most
favored trajectory 3 of the fluctuation variation of the
macroscopic subcritical germ, a trajectory joining the
vicinity of the origin with the saddle point. It constitutes
the bottom of a trough going through the saddle; this
bottom is, from the point of view of the theory of sur-
faces, ! one of the two surface-curvature lines (i.e.,
lines such that at each of their points the tangent is di-
rected along the principal direction of the surface) pass-
ing through the saddle point. Using the differential equa-
tion of these curvature lines!!!!

dy \* )
[pat—(1+4)s] (S) + (8= (1+0)r] St (14)5-par=0, (9)

where

oy oy ' s *¥ s
pE—, E—, r-—' B
0z

oz dy S ezoy P (92)
in conjunction with the condition (dy/dx),=0, we can ex-
tend the trough-bottom line to the interior of the region
of small germs so long as the macroscopic expression
(4) for the free energy of the bubble holds in this region.
The second curvature line (4), which passes through the
saddle point and staisfies the condition (dy/dx), ==, is
the line of the crest that separates the quasi-line-phase
and two-phase regions of the (x, y) plane.

In the general case of a viscous and volatile liquid,
the fluctuation growth of the subcritical bubbles is con-
nected neither with the phase-equilibrium line 1 nor with
the mechanical-equilibrium line 2, and not even with the
energywise most favored trajectory 3. The reason is
that, besides the physical liquid volatility and super-
saturation parameters with which all these three lines
are connected, the nucleation problem involves also a
viscosity parameter, which influences the nucleation
process not via the potential relief in germ-size space,
but through the nondiagonal tensor of diffusion in this
space. The most probable germ-growth parameter is
therefore obtained for the vector flux Q as a function
of the variables x and y. By way of an example that
illustrates how strongly the viscosity of the liquid alters
the most probable germ growth trajectory, we consider
the case of an ideal inertialess liquid. In this case, at
all pressure fluctuations, the volume of the bubble as-
sumes instantaneously a value such that the bubble is in
mechanical equilibrium. It follows therefore from phys-
ical considerations that in this limiting case the most
probable trajectory for the germs is the mechanical-
equilibrium line 2. We note that the Doring’s hypothe-
sis™ that all the subcritical germs are in mechanical
equilibrium is precisely equivalent to replacing an ar-
bitrary liquid by the limiting case of an ideal inertialess
liquid.

It turns out, however, that not at all values of super-
saturation and volatility of the liquid is the equilibrium
of the bubble stable. To elucidate this question, we con-
sider the condition for the stability of the mechanical
equilibrium of a near-critical bubble.

Since the volume changes in an ideal inertialess liquid
much more rapidly than the number of vapor molecules
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in the bubble, it follows that the equation of state (2) can
be written in the coordinates x and y in the form xy =1.
Calculating at the saddle point the derivatives dy/dx of
the equation of state and of the mechanical-equilibrium
equation (7), we find that the mechanical equilibrium of
a near-critical bubble is stable at 5 <3 and unstable at
b>3.

Thus, in an ideal inertialess liquid, the most probable
trajectory of the fluctuation growth of a subcritical germ
coincides with the mechanical-equilibrium line only at
b<3. If b>3 the most probable trajectory no longer co-
incides with the line 2 and its determination calls for an
analysis of the general expression for the vector flux Q.
It was Ddrings assumption® that at b>3 the growth of
the germs is also connected with the condition of their
mechanical equilibrium which led to the incorrect con-
clusion that the nucleation rate tends to infinity as 5 -3
and that the final formulas of**! are discontinuous when
b goes through 3.

Examination of the average curvature H(x, y) of the
surface (5), given when account is taken of (2) by

H(z,y)='/2(1/R+1/R,)

=1/, (N*—205./98) =!/,N.*(1—b/3), (10)

where

1/sb=—R,/R.=20/R.p., (1)
shows that the dimensionless parameter 3b is the ratio
of the principal curvature radii of the saddle and charac-
terizes the “width of the saddle.” As the superheat or
decompression of the volatile liquid increases, i.e., on
going from 5 <3, H>0, IR, >R, to b>»>3, HX0, IR, |
<R,, the saddle changes from wide to narrow.

Thus, it is easily seen that in the two-dimensional
approach the passage of the average curvature of the
surface (5) through zero produces no discontinuity what-
ever either in the matrix A (see (5)) or in the matrix D
(see (II. 12) of Appendix II), which specify completely the
nucleation process. We shall return to this question in
Sec. 4.

We investigate the two-dimensional equilibrium dis-
tribution function given, as shown in Appendix I, by

Pu=gNv NN exp{—¥ (z, 1)}, (12)
where ¥(x, y) is defined in (5), Ny =Vp,;, N§=v.p;, N;
=v.p$, & is the total probability that the volume V con-
tains no macrobubbles. Substituting (5) in (12) we see
that near the saddle the variables separate in ¢, :

Py =PAPy, (13)
@:=gNvN exp{—¥ .+0s.(Az)*/98}, (13a)
@, =N exp{—'/:N."(Ay)*}. (13b)

The function ¢, which describes the equilibrium dis-
tributions of the germs along the trough that leads
through the saddle, is similar to the usual equilibrium
distribution function introduced by Zel’dovich'® in the
one-dimensional nucleation problem. The function ¢,,

which describes the equilibrium distribution of the bub-

bles with respect to the pressure inside them, i.e., in
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the cross section of the trough, calls in accordance with
fluctuation theory'!?! for the natural normalization:

T enatan=t

Consequently, it is necessary to write in place of (13b)
the correctly normalized transverse distribution func-
tion

@,=(No7/27)" exp {~'12N:*(Ay)?}, (13c)

the presence of which is one of the distinguishing fea-
tures of the two-dimensional nucleation problem. Then,
using (13c), we obtain in place of (12)

Pu=8eVpive(N./27) " exp {— ¥ (z, y)). (13d)
3. CALCULATION OF THE NUCLEATION
PROBABILITY

The liquid volume V introduced in Sec. 1 can have in
the course of the nucleation various states that differ
from one another in the energy E, in the number N of
the molecules in V, in the volume of the nucleated bubble,
and in the pressure in it. The aggregate of all possible
(single-phase and two-phase) states of the volume V is a
grand Gibbs ensemble. The volume W -V plays the
role here of a single-phase thermostat and a reservoir
of molecules with a specified chemical potential.

From the point of view of statistical physics the nu-
cleation process is determined by the flux Q of the states
of the volume V per unit time, directed from the meta-
stable quasi-single-phase states of the volume V (which,
by virtue of the absence of a macro-bubble, are charac-
terized by two variables, E and N), to its two-phase
states, which contain a transcritical bubble with vapor
(the later states are additionally characterized by two
more variables pertaining to the bubble).

We note that by virtue of inequality (1) the production
and growth of the bubble in V affects only insignificantly
the fluctuations of such thermodynamic characteristics
of the volume V as its energy E and the total number of
molecules. These variables form thus a constant back-
ground against which the fluctuation growth of the germ
evolves. To get rid of the background of the variables
E and N, we change over from the four-dimensional
space of the states of the volume V to the two-dimension-
al space of the variables v and p, in which each point is
the trace of the space of the variables £ and N and has,
by virtue of the foregoing, practically the same statis-
tical weight go. Summing the quasi-single-phase states
over E and N, we obtain the total probability g, of V-
volume states in which there is no macroscopic germ
(see Appendix I).

Integrating the flux Q through the saddle over its cross
section we obtain the total flux I from the region of the
heterophase fluctuations into the two-phase region of the

(v, p) plane. Dividing the total flux I by g, we get
v=I/g,, (14)

where v is the probability of nucleation per unit time in
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the volume V that contains no macrobubbles in the meta-
stable state.

To calculate Q we must solve the two-dimensional
equation of the diffusion of vapor-filled bubbles in the
space of the dimensionless variables (x,y) = (v/v,, p/p.)
that has a potential relief

Y., =F../6.

In the vicinity of the saddle, the two~dimensional
nucleation-kinetics equation can be written in the form
of a continuity equation for the flux Q, similar to the
equation proposed by Kramers'® and Zel’dovich'™ for the
one-dimensional case!’:

(15)
(15a)

on/ot=div Q,

Q=¢=,D grad —,
Pry

where ¢.,=¢(x, y) is the equilibrium distribution density
of the germs relative to the variables x and y; n=n(x, y)
is the distribution density of the germs in the nucleation
process; D is the generalized diffusion tensor and is
calculated in Appendix II. Considering only a single
germ in the volume V, we normalize thereby n(x,y) by
the condition

Indzdy=1.
o

The external pressure P and the liquid temperature
© have been assumed constant already in the discussion
of the potential relief. In other words, it is assumed .
that no change in the decompression or the superheat
takes place in the course of the nucleation, i.e., the
nucleation process is stationary (dn,,/8t=0, where n,,
is the stationary distribution density of the germs). To
this end we shall remove from the ensemble of the states
of the volume V, by using suitable boundary conditions,
the states with grown bubbles and replace them by quasi-
single-phase states.

The boundary conditions for Eq. (15) are formulated
in the following manner: At the point O with coordinates
x=0 and y =0, where the source of the germ bubbles is
located in our problem, [8] we set the boundary condition

N/ Pry=1. (16)
Of course, we set this condition not at the point O itself,
but in those points in its vicinity which, first, are them-
selves far enough from the point O to be able to treat the
produced bubble macroscopically, and second, have
nevertheless distances close enough to the point O to be
negligible in comparison with the distance to the saddle

point,
The boundary condition
(v is arbitrary) , (163.)

N/ =0, x=2">x.

removes from the ensemble of states of the volume V
those states with grown bubbles.

We propose that practically the entire descent of n,,/
¢,y from unity to zero occurs near the saddle. We
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therefore seek the gradient of n.,/¢,,, in analogy with
the one-dimensional case, in the form

V —=~Caexp{'/.AaAr}, (17)

Pzy

which yields for Eq. (15) the required solution that goes
from the origin through the saddle. Here & is an unknown
vector that indicates the direction of the steepest descent
of n,,/¢.,, Ar=(Ax, Ay) is the radius vector drawn
from the saddle point to an arbitrary point, and X is an
unknown number that determines the speed of the de-
scent of n,,/¢,, (A<0).

Using the boundary conditions (16) and (16a), obtain
the constant C:

C=(~A/2m)", (18)
Substituting (5), (13d), (17), and (18) in (15a) we obtain
for the germs a flux

Vv,p, (Ar'AAr)

2

(19)

Q=2 A(aAr) }

(—AN, ‘)"‘exp{ ¥, —
whose direction does not agree, since the tensor Dis
not diagonal, with either the direction of the steepest
descent of n/¢, or with the principal axes of the saddle,
or even with the lines 1 and 2 (see the figure). If we
find for A and D formulas that depend on r, then ex-
pression (19) makes it possible to construct the vector
field on the (x, y) plane and solve completely the problem
of the most probable trajectory of the fluctuation growth
of the germ,

We obtain next from the condition (15) of the stationary
nucleation process an equation for & and x:

—(ArADa) +4(Ara) (aDa) =0,
or

ADa=>a(aDa). (20)

Equation (20) breaks up into the characteristic equation

ADa=ja (21)
for the elgenvalues A and the eigenvectors a of the ma-~
trix AD and the condition for the normalization of the
eigenvector a:

(aDa)=1. (21a)

Writing out (21) fully at the saddle point in the form

D:/R, —D/Rx

(22)
D&(6—0) /Ry Def(1+0) /Ry

ADa= ( ) a=ha,
where D¢ =30/4v.7, 6=p5/p;, and w=p R /fv, n are
dimensionless parameters, 7 [g-cm™-sec™!] is the vis-
cosity of the liquid, Bis a dimensionless condensation
coefficient, and v, [cm-sec™'] is the average thermal
velocity of the vapor molecules, we obtain a system of
linear equations

208, 208,

- A+D= u=k ay
b5 = 98 M

o
D‘N‘ﬁ 2 DN —— Y=gy
(0]
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whose solution yields for the nonpositive root of (22)
(this is the root of interest to us) the expression

=—D.{(Hi+K/0)"~H} = 35 ‘

—xte)+ix] " —1+y—0},

(23)
where H;=H +1/2wR, is the “dynamic” average curva-
ture of the system free-energy surface (5), K=1/R_ R,
is its Gaussian curvature, and x=bw/3 =20/38v,n is a
dimensionless parameter.

The eigenvector a=(x,, y,) corresponding to the given
root A is of the form

a=x(1, 1+2RM/0). (24)
Thus, although the saddle point (1,1) does remain un-
changed in terms of the coordinates x and y at all physi-
cal values of the parameters R., 7, and p., the direc-~
tion a of the steepest descent of n/¢ depends via A on all
the physical parameters of the problem (see the figure).
In the limiting case of a nonvolatile liquid (.~ 0, w—0)
we have A~ - 0/2R_n and a— »(1,0), and coincides with
the x axis. If 2R.g\/0—~ -, then a becomes antiparal-
lel to the y axis.

From the normalization condition (21a)

Dy —-Ds 1
( L1+ ZRJM) _
— + |
o ( D 6—w Ds 1+to + 2R.nA
® © g

we obtain for » the value

2+5 2Rk | 148 (25)
(0] [} (0]

4o [2Ra0\}
#=(D<G)", Gm= “’(ZR" )+

(0] [+]

From (24) and (25) we get the modulus of a, namely

o= (gl {1+ 555) )"

To find the nucleation probability v in a volume V per
unit time, we must integrate Q along the axis passing
through the saddle point perpendicular to the vector Q
~D¢, and divide the result according to (14) by g,. But
by virtue of divQ =0 the result of the integration does not
depend on the direction of the chosen axis. It is more
convenient to integrate Q along an axis perpendicular to
the vector a. Then Ar=Azny;and a-n,=0, where

(26)

ne=x(—1—2R.nr/o, 1) (27)

is a unit vector perpendicular to &, From the condition
ny=1 we get
x=[1+(1+2R\0)?] ", (28)

Taking (14), (19), and (21a) into account, we obtain

1% 1% aQ
v s | Q,.d(Az)=EI —d(az)

chpl ———(=AN) " exp{—¥.} I exp{ zz) (no’.:ina)
2 — c UA
+xAzmq}(ma)d(Az)=M(%(—ntj\‘h—o) exp{-¥.}, (29)
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where it can be shown that

20s, (H_ZR;qx) ] >0

%6 (30)

n,’An,=%’ [N ¢ —

for all values of R, 7, and p,.

Substituting (23), (26), (28), and (30) in (29), we obtain
an expression for the nucleation probability per unit
time:
3pv® MG \'"

—fgn ) e
M=[(1—y+0)*+4x]"—1+y—a,
1+o M\* 8 M
=15 ) - (2-5) (1-5)
L=1—"/sb(1—M/2y)".

v=Vp*R. ( (31)

Formula (31) is in fact the sought expression for the
per-second probability of formation of a critical bubble
with vapor in a volume V. This expression is valid for
stationary volume boiling: of a decompressed or super-
heated volatile liquid far from the critical point, in the
entire range of variation of the viscosity and volatility
of the liquid at not too large supersaturation of the sys-
tem. The effect of the inertial properties of the liquid
and of the heat relaxation on the interface between the
bubble and the surface can be taken into account in the
spirit of Kagan’s work™® by modifying the diffusion ten-
sor D (see formula (22)) without changing the subse-
quent procedure of obtaining the final formula (31).

4. DISCUSSION OF RESULTS

The problem of the boiling of a volatile liquid involves
three physical parameters whose values determine the
state of the system: the radius R; of the critical germ
(it characterizes the supersaturation), the vapor pres-
sure p. over the flat liquid surface (it characterizes the
volatility), and the viscosity n of the liquid. We neglect
here the effect of the vapor density in the bubble on the
surface tension 0. Representing (31) in the form

. o, 1 MG 3[5:;,6&’}
M e"p{ 90 2 L 16q

=Vpiexp{—fi(Re) +f2(Re, Pe, M)}, (32)
where -
MG
L
—ul 22 (1-5) - (2= ) (=30 1] /-5 (1-3) ]
(32a)

we see that by varying the viscosity and volatility of the
liquid we can obtain | £, |>f, .

Thus, the criterion

(33)

I MG 3ﬁv‘9R : 20s.
In >—
30

determines the region of the values of R, p., and 7
where the pre-exponential factor has a stronger effect
on v than the work of formation of the critical germ.
The limiting nucleation cases, which we shall now con-
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sider, identify several such regions. A detailed inves-
tigation of the criterion (33) is beyond the scope of the
present paper.

In the course of solving our problem we have intro-
duced in lieu of the three dimensional parameters R,,,
D«, and 7 the three dimensionless parameters

Smp,/p, bm=20/R.p., x=20/3ven, (34)

where
Pe=P= exp{—20/p:OR.}.

Two of them are best combined into a dimensionless
parameter w:

o=3y/b=p.R./pvm, (35)
which contains all three dimensional parameters and is

convenient for the investigation of the limiting cases of

the problem. We shall consider various limiting values
of the parameter w, which enters the final formula (31)

via the factor MG/L.

The limiting case w—0 corresponds to the following
limiting values of the physical parameters: n—« or R,
-0, or else p.~0. In the case of an infinitely viscous
liquid we have A= 0, DS—0 and v~ 0. The case of un-
limited supersaturation of the system (R.-0) cannot be
considered in our scheme, since the latter is intended
for small and moderate superheats and decompressions
of the liquid.

As p.—~0 we go over to the analysis of a nonvolatile
liquid, the cavitation in which was considered int®), An
investigation of the relief (5) expressed in the coordinate.
v and p shows that one of the axes of the saddle drops to
the v axis, and the trough leading through the saddle be-
comes infinitesimally narrow. The problem thus be-
comes one-dimensional, corresponding to a germ with a
single variable, v. The expression (31) for the nuclea-
tion probability takes the limiting form

v= mR—'(Go) *exp(—¥.), (36)
21
which coincides with formula (36) of'®’. We note that
Kagan’s corresponding expression (34)!1% is equivalent
in our notation to
v= -E‘Vp—l%(eo)"’ exp(—¥.),
pr 27
i.e., it undervalues the result by a factor pj/p; and
states erroneously that nucleation is impossible in a
nonvolatile liquid.

The opposite limiting case w—* corresponds to the
following limiting values of the physical parameters: R,
—® or n—=«<. The case R,=« corresponds to eliminating
the superheat or the decompression of the liquid. The
work of formation of an infinitely large critical germ is
then infinite, i.e., boiling of the liquid is impossible.?’

As n—~0 we deal with the boiling of a nonviscous (ideal)
volatile liquid. If we neglect in this limiting region the
influence of the inertia of the liquid, then we obtain
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from (II. 8) for an ideal liquid Ay =~3bAx, i.e., arig-
orous relation between the variables x and y, so that our
problem becomes one-dimensional, This means physi-
cally that any finite fluctuation of the pressure in the
bubble changes the volume instantaneously in such a way
that the bubble remains in mechanical equilibrium. Thus,
the bubble always remains on the mechanical equilibri-
um line (2) throughout its fluctuation growth, a fact en-
sured by the infinitely large D¢,

Allowance for the influence of the inertia of the liquid
as 11— 0 upsets the rigorous correlation between Ax and
Ay, so that in the general case the nucleation problem
remains two-dimensional also for an ideal liquid. Al-
lowance for the inertia of the liquid affects the nucleation
probability v by altering the expression for bDe (see Ap-
pendix II). To obtain quantitative results we shall con-
sider, taking (II. 7) into account, the region

pimo/8n<n/R.<p./pvr, (37
in which w>>1, but is not so large as to allow the inertia
of the liquid to come into play at the very outset. If /3
>1, which corresponds to a decompression — P> 2p,,
expression (31) reduces to

(20-3p.R1 ()" exp(~ ¥,

s}

_ Vplch
V= 41]

(38)

which goes over into (36) if 3/b is neglected with unity.

At b/3 <1, which corresponds to positive and limited
negative values of P, the expression (31) takes the form

] NyBu, ( c

2
=B BB (0N e (—W).
¥ o 2(1-5/3) e) exp(—¥)

(39)

If b/3 is neglected, this expression differs from Ka-
gan’s'% formula (36), in which no account is taken of
temperature effects on the bubble boundary, by a fac-
tor p; /p5, which corresponds to the correct choice of
the pre-exponential factor of the equilibrium distribu-
tion functions.

At b/3 comparable with unity we must use the general
formula (31), which remains continuous when b/3 goes
through unity and does not lead to an unphysical decrease
of the nucleation rate.

We have considered the limiting case of the two-di-
mensional nucleation problem, where, in accord with the
numerical value of w, one of the two parameters (vola-
tility or viscosity of the liquid) is decisive in the kinetics
of the formation of the new phase, but since expression
(35) for w contains the quantity R., which is connected
with the degree of supersaturation of the system, it fol-
lows that for any liquid the entire system supersatura-
tion range breaks up into three regimes: the volatile-
liquid regime (w> 1), when viscosity can be neglected;
the viscous-liquid regime (w <1), when volatility can be
neglected, and the intermediate regime (w~1), when the
liquid must be simultaneously regarded as liquid as well
as volatile. According to (35), the intermediate regime
for highly volatile liquids shifts towards larger satura-
tions, and towards lower ones for highly viscous
liquids.
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APPENDIX |

As already mentioned in Sec 3, each state of the
volume V is characterized in the nucleation process by
four variables: the energy E,y(v,p), the volume V, the
number N of molecules in it, the bubble volume v, and
the vapor pressure p in the bubble; the last two variables
are physically meaningful only for states with quasi-
macroscopic germs of a new phase.

At small and moderate supersaturation of the system,
when the region of the heterophase fluctuations and the
two-phase region of the four-dimensional space (E, N, v,
p) are separated by a high energy ridge, the calculation
of the flux of the states of V from the first region to the
second does not require a detailed examination of the
growth of the germ of the new phase, including its micro-
scopic stage, It is quite sufficient to consider, on the
one hand, the states near the metastable equilbrium
of the system, i.e., the states of a homogeneous super-
heated or decompressed liquid, and on the other, the
states near the labile equilibrium of the system, which
contain a macroscopic near-critical bubble.

Near-metastable states will be assumed to correspond
to the values® v=p =0, i.e., they are described by only
two variables, E and N, in contrast to the near-labile
states. The probability of a near-metastable state of
the volume V such that it is in an n-th quantum state with
energy E,y and contains N molecules of liquid (while the
medium W~V is in a single-phase state) is equal to

way=C exp {k~'S(E,/—AE, N,/—AN)}, (I.1)
where C is a normalization factor and is constant for the
given reservoir W- V regardless of the states of the
volume V< W; k is Boltzmann’s constant; S is the en-
tropy of the medium W - V in the state corresponding to
the given state of V; E{j and N| are the energy and num-
ber of molecules of the volume W -V in the state of
equilibrium with the metastable state of the volume V,
characterized by Ey and Ny; AE=E,y-E;, AN=N—-N,;
the subscript zero labels metastable states.

Expanding S in (I. 1) in powers of AE and AN about
the metastable state and then summing w,y over » and
N, we obtain the total probability that the volume V has
no macrobubbles, i.e., that it is at the point (v =0, p =0)

'AN—AFy°
g 2 won=A, 2 exp {"T"}
nN N

where

(I.2)

A,=C exp {S/k},

p,‘,’ is the chemical potential of the liquid in the volume
W when the volume V is in a metastable state; AFY
=Fy-FY is the change of the free energy F of the
volume V in comparison with its metastable state; S,
is the total entropy of the volume W at the metastable
state of V.

To consider the probability of the near-labile states
of V, we shall attempt to separate an expression simi-
lar to (I. 2), so as to determine the change of the total
probability of the states of the volume V following the
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transition from the metastable to the labile state. Ac-
cording to™#), the probability dw,y(v, p) that the volume"
V in the n-th quantum state with energy E,y(v, p) contains
N molecules of liquid as well as a bubble having a volume
in the interval (v, v +dv), in which the vapor pressure is
in the interval (p,p +dp), is

dwan(v, p)=C exp {k~*S(E/—AE., N.'—AN.)}dv dp, (I.3)
where E. and N/ are the energy and number of mole-
cules of the medium W -V in the state corresponding to
the labile equilibrium of V; AE,=E,y(v,p)-E, and AN,
=N =N, is the change of the energy and of the number of
molecules of the volume V in comparison with the state
of the labile equilibrium, and ¢ is an index that desig-
nates the labile-equilibrium state.

Expanding S in (I.3) in powers of AE and AN about
the labile equilibrium point and then summing dw,y(v, p)
over z and N, we obtain, in analogy with®, the prob-
ability dw(v, p) that the volume V contains a macroscopic
bubble with a volume in the interval (v, v +dv) with a
vapor pressure in the interval (p, p +dp):

. AN, —AFy,
dw (v, p)= Z dwan (v, p) =Ap: _28— Zexp {"_'.O—A"'.
. N N

A.=Cexp {S./k},

}dv dp;
(1.4)

where p; v, /0 is the value of the Jacobian 8(N;, N, )/
3(v, p) of the transition from the dimensionless space of
the variables (N;, N,) to the dimensional space (v, p),
where N, is the number of vapor molecules in a bubble
of volume v and with pressure p; N, is the number of
liquid molecules filling the bubble volume v at constant
pi; i is the chemical potential of the liquid W when V
is in the labile state; AF §,, =Fy,, —F §,, is the change
of the free energy of the “liquid +bubble with vapor” sys-
tem in the volume V compared with the labile-equilibri-
um state; S, is the total entropy of the volume W when
V is in the labile state.

It is important to separate in the expression for Fy,,
the terms that do not depend on N and take them outside
the sign of summation with respect to N. To this end,
we treat the “liquid +bubble with vapor” as a sort of
weak solution of bubbles in a liquid. The free energy

of our system, accordingtothermodynamics of solutions
iql12]
is

FanzFN-*_va“e In N, (I. 5)
where Fy is the volume free energy of N molecules in
the volume V-v, F,, is the free energy of the bubble
characterized by the values v and p, and the third term
takes s into account the entropy of the mixing of the bub-
ble in the liquid. Then

AFjoy=AFy++AF 010 (N/Ny), (1.8)
where Ny is the number of liquid molecules in the vol-
ume V-v,, the logarithmic term being neglected here
because we are seeking dw,y(v, p) only in the vicinity of
the labile equilibrium point.

Substituting (I. 6) in (I. 4) we obtain
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dw (v, p) =1 (v, p) dv dp )" wnn'=

nN

‘AN —AFy¢
}dv dpA. Zexp{u‘T"},

€

where

S. ‘AN.—AF ¢
8= 2 Wax*=C exp {T } Zexp{ WT"}
aN N

is the total probability that the volume V has a macro-
scopic critical germ, and

(1.8)

Ve AF ¢
O

is the probability density that the macroscopic germ in
V has a volume and pressure in the respective inter-
vals (v, v+dv) and (p, p +dp).

Thus, owing to (I. 5), the probability of formation in V
of a given macrobubble can be represented as a product
-of the probability of formation in the volume V of a crit-
ical bubble in which the vapor pressure is saturated by
the probability of the deviation of the critical bubble
from the given values of v and p.

In comparing g. with go we shall neglect, in view of
the inequality (1) and the invariance of the temperature
and of the supersaturation of the system, the difference
between V —v and v, and will also assume that p¢ = pf.
We shall also assume that the presence of the germ in
the volume V produces practically no change in the fluc-
tuations AN and A Fy of the number of molecules and of
the free energy of the volume V. Then, substituting
(I.2) in (1. 8), we obtain

8-~g,exp {AS/k}, (I.9)
where AS =S, -S, is the increase of the entropy of the
volume W when V goes from the metastable homoge-
neous-liquid state into the labile state of the “liquid
+bubble” system, a state that serves as a thermody-
namic characteristic of the process of new-phase forma-
tion.

Since the volume W is insulated, the entropy incre-
ment AS is equal to the change AFy,, of the free energy
upon formation of the critical germ, divided by the ab-
solute temperature T. Using (I.5), we get

AS/k=—AF o/ kT=—(Fx*+F;*—0 In Ny—F°)/0~—F.,*/8+In Ny

(I.10)
Substituting (I.9) and (I.10) in (I.7), we get

F.»
dw (v, p) =@ (v, p)dv dp=gNvp: — o exp{——-e—}dudp (1.11)

Assuming that the onset of the macrogerm in V hardly
changes the fluctuations of the number of particles and
of the energy in the volume V, we arrive at the conclu-
sion that the variables E and N, which characterize the
states of the volume V together with v and p, are an al-
most constant background that accompanies the forma-
tion of the new phase in V. We can therefore go over
from the four-dimensional space (E, N, v, p) to the two-
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dimensional space of the germ variables, each point
(v, p) of which corresponds to a sum, over » and N, of
all possible states (E, N, v, p) with fixed v and p. The
probability density ¢(v,p) is then the equilibrium dis-
tribution function of the nucleating bubbles with respect
to their variables v and p and is connected with the re-
lief to the free energy F,, of the system.

Changing to the dimensionless quantities x=v/v,,
y=p/p., ¥=F,, /O, we obtain in (x, y) space

dw(z Y) =9udz dy=gNyN N exp {—¥ (z, y)}dz dy; (1.12)

Ne=vep, Nof=vep.“.

APPENDIX 11

In any diffusion problem, to find the diffusion tensor
we must know the forces that act on the system, and the
velocity with which the system moves under the influ-
ence of these forces. In Zel’dovich’s formulation of the
nucleation problem, the forces acting on the system are
specified by the equilibrium distribution function ¢,
that determines the potential relief ¥(x, y) in the space
of the germ variables

F=grad (In ¢,) =—grad ¥ (z, y). (I.1)
The velocities ¥=7/v, and y =p/p, are obtained from the
phenomenological equations of motion that describe the
time dependence of the bubble radius (the bubble center
is immobile):

R

3 20
pimRR+ ?p,mH’=p R P—4n X

(I.2)

where m is the molecule mass, and the dependence of
the number of vapor molecules in the bubble on the time
is

N=nBv.R*(p=—p)/0 (. 3)
where v; = (80/7m)!/%, py is the pressure of the saturated
vapor in a bubble of given curvature and is connected
with the saturated-vapor pressure p. over a flat surface
by Kelvin’s formula

Pr=P~ exp {—20/p.6R}. (0. 4)

The calculation of the diffusion coefficients as functions
of the arguments v and p require both an exact solution
of Egs. (II.2) and (II. 3) and an exact calculation of the
forces, using (II.1) and (4). But the presence of a rather
steep saddle in the problem allows us to replace this
problem by the simpler one of calculating the diffusion
coefficients in the vicinity of the saddle, near which the
small forces F, and F, and the velocities x and y can be
expanded in powers of Ax and Ay and only the linear
terms retained:

(1. 5)

Neglecting in (II. 2) the term with R? near the saddle and
recognizing that § =R dR/dR, we get

e (p-2-r) / (s,

2 = (. 6)
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The criterion for neglecting the inertia term can be
readily shown, with the aid of (II.6), to be of the form*

omoR./8n* <1, (. 7)

from which it follows that at sufficiently small displace-
ment of the system and low liquid viscosity we can dis-
regard the effect of the inertial term.

We neglect next, for simplicity, the inertial term.
We transform (II. 6) and (II. 3), with allowance for (II. 4),
in the following manner:

20 a

R——-[p petpe— P— 2.2 =—Ap T
N =&(pa—p=+pc—p)= Zupvpp“ AR~ TR Ap,
[J1S) e
or else, changing to the coordinates x and y,
;é=-i—f:-[%Az+Ay], (1. 8)
- Z;” [%(6—@)A1—(1+Q)Ay]. : (1. 9)

To obtain the connection between the forces and the
velocities, which defines the tensor D, we reduce Egs.
(15) and (15a), assuming the tensor D and the forces to
be functions that vary much more slowly than n,, and
gradn,, in the vicinity of the saddle, to the form

on,, dn,,
=~ (DF A Dy ,)—-——(D F D F) = Pay
10 Ty Y+ (Duf Dyt —a P (I 10)
0x? oz ay

and, rewriting this equation of diffusion in an external
field in the Fokker-Planck form
Ony ,Ong | Ong 0Ny 0*nay 0*nyy

=== m +D 2 4 D (D, D,
at gz dy ax? Yooyt (Da"+D, ) dz oy’

we obtain the system of equations

DyF 4D F,~i DSF+D, F.=jy. (m.11)

Substituting (II. 5), (I.8), and (I.9) in (II.11), we write
out the system of equations
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208, b 3p. 3p.
D=2 N g Do NiAy = —2Pe pg + 9P
g (FT DNy = Ant Ay,
20s. b3
D, ‘;s Az—n,wmy_—ﬂ(s— )Ax—L(H )Ay.

Equating the coefficients of Ax and Ay, we obtain the
diffusion tensor D at the saddle point:

D¢ ~D,*
A e 30

D= 8~ 1+
\\ D.* _m D —— ko )
(0] ©

(m.12)

4oy’

We see therefore that at w> § the tensor D¢ becomes
symmetrical. The ratio of the viscosity, volatility, and
superheat of the hqmd for which we can neglect the
nondiagonal form of D° can be determined from the
criterion w <1 and 6 < 1, which corresponds, for ex-
ample, the low-volatility liquids or those with very low
viscosity.

DThe method of solving (15) was proposed by V. N. Likhachev,
DAs follows from (11,7), as R,—= it is necessary to take into
account the influence of the inertia of the liquid on the value

of the diffusion tensor.

The presence of microscopic germs is reflected in the value
of chemical potential of the homogeneous liquid.

YA method for taking into account the inertial term in D is
given inf%, The criterion (IL 7) practically coincides with
criterion (35) of that reference.
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