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The modulational instability of the plasma noise in resonance with high-current high-energy beams in a 
plasma becomes important when these beams relax. The short-wavelength transfer of the oscillations 
caused by such an instability appreciably protracts the process of the collective relaxation of the beam. 
We derive and solve in this paper equations describing the dynamics of the relaxation under such 
conditions. We study the cases of relativistic and non-relativistic beam energies. 

PACS numbers: 52.40.Mj, 52.35.P~ 

1. The collective relaxation of an electron beam pene- ~ la t ion[" '~~ '  0 %  4 .  
trating a "cold" plasma is caused by the resonance in- 
teraction between the beam particles and the plasma 
oscillations excited through the beam instability. The 
theory of such a relaxation based on the weak turbulence 
equations (see, e.g., u'31) i s  well known; i t  is inapplica- 
ble for high-current high-energy beams when in the 
spectral region of the plasma noise in resonance with 
the beam the effect of the modulational instability be- 
comes important. [" 51 

As a result of the instability cavities-bunches of 
Langmuir energy with plasma flowing out of it-are 
formed on the initially uniform background of the plas- 
ma oscillations. The cavities collapse to a size where 
resonance absorption by the plasma electrons of the 
plasmons trapped in them (collapse of Langmuir waves, 
f irst  studied by ~akharov '~ ' )  occurs. The short-wave- 
length transfer of oscillations caused by the modulation- 
a1 instability and the collapse can appreciably lower the 
level of the plasma noise in resonance with the beam 
and, hence, protract the collective relaxation process. 

~ u d a n ~ ~ l w a s  the first  to draw attention to the impor- 
tant role of the non-linear effects connected with the 
modulational instability for the relaxation of high-cur- 
rent beams. Subsequently attempts were made to study 
qualitatively the relaxation process under those condi- 
tion~.[~*' '  However, the construction of a quantitative 
theory of the quasi-stationary Langmuir turbulence ex- 
cited when high-current beams relax in a plasma is 
made difficult by the invalidity of the approximation of 
a weak coupling between the modes (strong turbulence). 

In the present paper we expound a phenomenological 
approach to the problem, based upon the results of a 
non-linear theory of the modulational in~tability.[ '~' Ac- 
cording to that theory, the development of the modula- 
tional instability creates a mechanism for the dissipa- 
tion of long-wavelength plasmons in resonance with the 
beam, the velocity of which i s  determined by the "effec- 
tive" frequency of the scattering of plasmons by density 
fluctuations: 

W is the energy of the oscillations; 0 is a numerical 
coefficient; according to the results of a computer sim- 

In the problem considered by us the noise excited by 
the beam plays the role of the long-wavelength pumping 
for the Langmuir turbulence which ar ises  a s  a result of 
the modulational instability. In final reckoning the com- 
petition between the buildup of the oscillations by the 
beam and the dissipation produced by the collapse leads 
to the establishment of a quasi-stationary turbulence. 
The energy going into plasma turbulence due to the mod- 
ulational instability i s  transferred to short-scale lengths 
in the collapsing cavities and absorbed by the particles. 
The corresponding balance condition has the form 

y, i s  the growth rate of the modulational instability 
which determines the speed of the collapse. 

The connection between the energy W of the plasma 
turbulence and the pumping amplitude E o  can be found 
from Eqs. (1) and (2): 

The plan of the paper is the following. In Sec. 2 we 
give a short summary of the results of the relaxation 
theory based upon the weak turbulence equations and 
we establish the limits of the applicability of such a the- 
ory. Here we give a qualitative study of the relaxation 
process, taking the modulational instability into account. 
A quantitative theory of the relaxation of a nonrelativis- 
t ic high-current beam is constructed in Sec. 3. We r e -  
stricted ourselves to a study of the kihetic beam insta- 
bility which a r i ses  when "smeared out" beams relax, 
A V / V ~  > (%/no) "' (Av is the spread in the velocities in 
the beam, n1 and no are, respectively, the beam and the 
plasma densities, 92, << G). The spectrum of the oscil- 
lations excited by the beam is assumed to be one-dimen- 
sional which, strictly speaking, corresponds to the pres- 
ence of a strong magnetic field parallel to the beam mo- 
tion, but one can use the formulae obtained for estimates 
also when there i s  no field present. Finally, in Sec. 4 
we consider the influence of the modulational instability 
on the relaxation of relativistic beams. We study the 
case of the relaxation of smeared-out beams when there 
is no magnetic field, which is most important for many 
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applications (heating of a p lasma ta rge t  by a beam, and 
s o  on). 

2. The process  of the relaxation of electron beams  
injected into a p lasma h a s  recent ly been studied in de- 
tail  both in  the quasi- l inear  approximation'"21 and a l so  
taking into account non-linear effects in  the weak tu r -  
bulence framework.[31 In the quasi-linear relaxation 
theory the diffusion of beam par t i c les  i n  the field of the 
oscillations excited by them leads  to the establ ishment  
of a "plateau" on the velocity distribution function of the 
beam a t  charac te r i s t i c  dis tances:  

A is the logarithm of the ra t io  of the final to  the thermal  
noise which is of the o r d e r  of magnitude of the Coulomb 
logarithm. In the  final s ta te  about half of the power is 
t rans fe r red  to  the plasma oscillations; because the 
group velocity of the oscillations is small ,  v, /vo- T e /  
mu;, their  energy density exceeds the energy density 
in the beam considerably: 

~z,mv.Z mvOZ 
or. 15 T, 

The important ro le  of the non-linear effects  in  the prob- 
lem considered is, in fact, connected with this.  In 
weak turbulence the main non-linearity is caused by the 
induced scat ter ing of the osci l la t ions excited by the 
beam by the ions in  the plasma which leads to  a t rans fe r  
of these oscillations f r o m  the spec t ra l  range in reso-  
nance with the beam to the region of l a r g e  phase veloci- 
t i es  (small k).  In a separa te  scat ter ing process  the 
plasmon wavenumber changes by a n  amount 

which is usually much s m a l l e r  than the width of the 
spectrum of the oscillations excited by the beam Ak - w, AV/V'  SO that the t rans fe r  by  ions is differential in  
character .  The charac te r i s t i c  growth r a t e  of this  pro- 
c e s s  is 

The t rans fe r  appreciably affects the relaxation process  
of the electron beam if fo r  the maximum energy of the 
oscillations, given by (5), the growth r a t e  of the induced 
scat ter ing exceeds the growth r a t e  of the beam instabili- 
ty f o r  a strongly s m e a r e d  out (AV - v )  beam: yb = o,nl / 
no 

The corresponding condition h a s  the f o r m  

If E << 1 the spec t ra l  t rans fe r  of the oscillations by the 
ions leads t o  a stabilization of the beam instability fo r  
the following level  of plasma noise in  resonance with the 
beam: 

As a resu l t  of this  the relaxation length of the  beam in- 
c r e a s e s  by a factor  a s  compared to the quasi- 
l inear  length (4). 

We have a l ready  noted in Sec. 1 that the applicability 
of the relaxation theory expounded h e r e  is limited due 
to the effect of the modulational instability which cannot 
be described in the f ramework  of weak turbulence. The 
condition f o r  the occur rence  of such a n  instability W /  
no T , > ~ ~ X ;  corresponds to the possibility of trapping of 
plasmons in the density wells caused by the high-fre- 
quency p r e s s u r e  force.  F o r  plasmons in resonance with 
the beam th i s  condition has  the f o r m  

Using (5) and (8) we can then wr i te  down the following 
relat ions t o  determine the l imi t s  of applicability of the 
quasi- l inear  theory and the weak turbulence in the prob- 
l em of the relaxation of a n  electron beam: 

The  l imi t s  of applicability of the various theories  in 
the plane of the p a r a m e t e r s  m v ; / ~ , ,  nl /no a r e  shown 
in Fig. 1. The l ines  in  th i s  f igure correspond to con- 
ditions (10) and the condition E =  A-' s o  that I is the re -  
gion of applicability of the quasi-linear theory, I1 is the 
weak turbulence region, taking into account induced 
scat ter ing by ions, and 111 is the s t rong  turbulence re -  
gion where  the modulational instability of the oscilla- 
tions excited by the beam is important.  

The r a t e  of dissipation caused by the modulational in- 
stability is s o  l a r g e  that normally above the l imit  given 
by condition (10) t h e r e  l i e  beam density ranges  in which 
the threshold value of the dissipation speed v::; is ap- 
preciably l a r g e r  than the growth r a t e  yb of the beam in- 
stability. The dissipation produced by the modulational 
instability then "freezes" the noise in resonance with 
the beam a t  a level  W*. The length over  which the elec- 
t r o n  beam re laxes  then tu rns  out to  be  equal 

UO no T. ~;;'m--- 
1 u mu,' ' '\'+--4 - 

up n ,  m, 23 up ( T e  ) 
The f i r s t  t e r m  in this  formula is the length over  which 

FIG. 1. Regions of applicability of various theor ies  of beam 
relaxation. I, quasi- l inear  theory,  11: weak turbulence, 111: 
s t rong  turbulence. We have used in the calculations the values 
M : m  = 2  x l o 4 ,  A = 10, =;, and the shaded region corresponds 
t o  high-energy e lec t rons  in the  ionosphere. 
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FIG. 2. Relaxation length A+ function of an electron of fta beam density. as a 

I I 

the plasma noise grows to the level w*, A* is the loga- 
rithm of the ratio of the "threshold" noise W* to the 
thermal fluctuation energy. The second term is the re- 
laxation length for a "threshold" level of oscillations. 
Sufficiently far  from the limits (10) of this regime the 
relaxation length given by Eq. (11) enters a plateau a s  
function of the parameter nl/n, (see Fig. 2). The in- 
duced scattering of the oscillations by the ions does not 
play a role and only two processes a re  important: the 
pumping of the oscillations by the beam and the dissipa- 
tion due to the modulational instability. The upper limit 
of the plateau on the relaxation length i s  determined by 
the condition yb = v:!: : 

n, Ma' T. ? 

~ ,=T(G)  
(the region below the dashed line in Fig. 1 corresponds 
to the plateau of the relaxation length). 

At large beam densities a "free" development of the 
modulational instability i s  possible and the connection 
between the energy of the plasma oscillations W and the 
pumping amplitude E o  follows from Eq. (3). The level 
of the noise in resonance with the beam which performs 
the role of a constantly acting long-wavelength pump 
can be found from the condition that the energy transfer 
to the resonance region compensates the dissipation in 
that region a s  a result of the development of the modu- 
lational instability (see[13]): 

The energy of the resonance oscillations determined 
from this condition corresponds to a relaxation length 
of the beam which slowly ( = n i l f 2 )  decreases with in- 
creasing density and which i s  appreciably larger thap 
the relaxation length found in the weak turbulence 
framework: 

I 1. mro' 110 I W C X ~  ' 3  /,',"=-"-- -- 
22 up T c  ( I t ,  m ) . 

We show in Fig. 2 how the relaxation length depends on 
the beam density. 

3, We consider in more detail the relaxation process 
of an electron beam under the conditions of a free de- 
velopment of the modulational instability, i. e., for 
beam densities larger than those given by (12). We can 
use for the description of such a process the quasi-lin- 
ear  equations modified by taking into account two non- 

linear effects: 1) dissipation produced by the modulational 
instability; 2) macroscopic deformations of the plasma 
density a s  a result of the spatial inhomogeneity of the 
oscillations excited by the beam" E;(Z): 

In these equations w = [wg(z)+ 3k2v2,,]112 is the frequency 
of the plasma oscillations, v, = 3 kT, /m w, is their group 
velocity, w,= (4 ne2n(z)/m)1/2, n ( z )  is the plasma densi- 
ty profile established a s  the result of the balance be- 
tween the high-frequency and the gas-kinetic pressures: 

The spatial distribution of the energy of the oscilla- 
tions excited by the beam, obtained from the set  of Eqs. 
(151, (16), is shown in Fig. 3, For small z the energy 
of the oscillations increases exponentially, a s  in the 
linear theory, E ~ S  exp(2ybz/v,). When the energy of 
the oscillations grows the first  non-linear mechanism 
to appear is the breaking of the resonance between the 
beam and the oscillations due to the change in the wave- 
numbers of the oscillations in a plasma with a non-uni- 
form density. The inhomogeneity is produced a s  the re- 
sult of the plasma flowing away from the region where 
the oscillations a r e  excited by the high-frequency pres- 
sure  force. The shift of the wavenumbers by the width 
of the resonance with the beam Ak takes place when the 
energy of the oscillations changes by an amount 

This mechanism can not fully stabilize the beam in- 
stability (it i s  in general switched off when E;= const) 
but if we take it into account the regime indicated by the 
number 2 on Fig. 3 is established. In this regime the 
spectrum of the oscillations is broadened in the direc- 
tion of larger k a s  the result of spectral transfer caused 
by the macroscopic density inhomogeneity; the energy of 
the noise in resonance with the beam is maintained a t  a 
constant level [~;/16n],,,= U and the total energy of the 
oscillations increases linearly: 

When the energy of the plasma oscillations increases 

0 .  JNL z 

FIG. 3. Spatial distribution of the plasma noise in resonance 
with the beam. 
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further, caused by the collapse dissipation se ts  in, and 
in final reckoning the beam instability i s  eliminated a s  
a result of the cancellation of the pumping by the damp- 
ing y, = ven.  The total energy of the oscillations, and 
with it also the plasma density, change rather slowly 
(on the scale of the quasi-linear growth length v,/y,) so 
that the resonance pumping of the oscillations proceeds 
a s  in a uniform plasma. 

. The formula fa r  the distribution in the beam in the 
mgime  mnsidemd is obtained from the condition that 
the right~hand side of Eq. (16) vanishes. Whenlntegrat- 
ing that equation we find that  in the wavenumber region 
in which pumping occurs v,,,= const. The result has the 
form 

where we have written 

The integration constant in Eq. (18) was determined 
from the condition that the current in the beam be con- 
served 

v,(z) is the lower limit of the distribution function. If 
the beam distribution function is known the spectrum of 
the plasma oscillations in resonance with the beam can 
be found from the quasi-linear Eq. (14) 

We obtain the equations for the quantities C ( z )  and V, ,~ (Z)  
using the following obvious conditions on the spectral 
density of the oscillations: 

Using these conditions we can write the formula for the 
spectral density of the energy of the plasma oscillations 
in the form 

and obtain the following se t  of equations for v,, and v1 : 

We solve this set  of equations in two limiting cases: 
small spread in the beam Av = v0 - v, << v, (initial stage 
of the relaxation) and a strongly spread out beam Av 

-vo (state close to the plateau). In the first  case we find 
from (20) and (21) an equation for 

The solution of this equation 

determines the way the beam spreads out under the con- 
ditflsns when the modulatianal instability is important. 
The energy of the oscillations changes rather slowly 
with distance ( ~ i a z " " ;  section indicated by the num- 
ber 3 in Fig. 3). 

At large z -1, , when the spread in the beam Av -vo 
the solution of (21) can also be found easily: 

The energy of the resonance oscillations in this regime 
changes inversely proportional to z (section 4 in Fig. 3). 
The beam distribution function is given by the relation 

Finally, when z >I, the plasma noise is damped so  
that it vanishes and a plateau is established on the dis- 
tribution function. 

One possible application of the theory expounded here 
is the problem of the relaxation of fast  fluxes of elec- 
trons in different problems of plasma astrophysics. We 
have noted in Fig. 1 the parameters of one such phe- 
nomenon (shaded region)-the currents of high-energy 
(10 to 20 keV) electrons penetrating into the ionosphere 
in auroral regions. In that case the fast electrons tra- 
verse a distance of more than 10' cm in the ionospheric 
plasma without noticeable loss of energy which is, ap- 
parently, connected with the moderation of the collective 
relaxation rate caused by the development of the modu- 
lational instability. Indeed, an estimate using Eq. (13) 
gives a value for the relaxation length 1, - 10" cm 
which exceeds the quasi-linear relaxation length by six 
orders. 

4. The relaxation process for relativistic energies 
is basically similar to the relaxation of non-relativistic 
beams considered above. We restrict  ourselves there- 
fore in the present section to a brief exposition of the 
main results which characterize the relaxation of a rel- 
ativistic beam in a plasma. We shall consider the case 
of the relaxation of a beam with a large angular spread 
A0 zv,/c >mc2/8 (6 is the beam energy) which is of 
most  interest f a r  applications (first of all for plasma 
heating). In that case the relaxation i s  connected with 
the development of the kinetic beam instability. 

The quasi-linear theory of the relaxation of relativis- 
tic beams was considered The basic conclu- 
sions of the quasi-linear theory a r e  the following. Ow- 
ing to the anisotropy of the relativistic masses the fast 
developing transverse thermal spread stabilizes the 
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pumping of "sloping" oscillations and the instability 
spectrum is in the case of a relativistic beam nearly 
one-dimensional k L / k  < A8. Diffusion with respect to 
longitudinal momenta is the basic feature in the field of 
these oscillations and the angular spread stays approxi- 
mately constant. The quasi-linear relaxation length 
changes a s  compared to the non-relativistic case (4) by 
a factor & ; ( ~ 8 ) ~ / r n c ~ :  

c no 8 
I P L  - - --- T. 

(Ae)=A-. 
up n, mc2 mc- 

The role of the para mete^ E which measures the im- 
portance of the non-linear effects connected with the 
induced scattering of the oscillations by the ions is now 
played by the quantity 

The theory of the relaxation of a relativistic beam in- 
cluding induced scattering by ions was constructed in['"]. 
If &,, << 1 the spectral transfer of the oscillations a s  a 
result of scattering by ions, a s  in the non-relativistic 
case, stabilizes the beam instability at a level of noise 
in resonance with the beam given by the relation 

(y, is the beam instability growth rate, yi the growth 
rate for the transfer of the oscillations due to the ions 
(Eq. (6)). 

We thus find 

At the same time the induced scattering leads to an 
isotropization of the spectrum of the plasma oscillations 
a s  the result of which the main quasi-linear effect of the 
action of the oscillations on the beam becomes diffusion 
in the angle 8 in momentum space. The relaxation 
length increases by a factor &-'A-' a s  compared to i t s  
quasi-linear value and turns out to be equal to 

for a beam with an angular spread A8. 

For typical parameters of relativistic beams used for 
plasma heating the quantity &,,- lom2 to lo5 so  that for 
the collective relaxation of such beams the non-linear 
effects of the induced scattering by ions a r e  important. 

The l imit  of applicability of the theory based upon the 
weak turbulence equations is, a s  in the non-relativistic 
case, connected with the appearance of a dissipation 
mechanism for the noise in resonance with the beam, 
caused by the development of the modulational instability 
and collapse. One can easily find the limit in terms of 
the level of the energy of resonance oscillations estab- 
lished under the action of induced scattering (Eq. (28)) 
and it has the following form (seecB1): 

~ r e I z m a n  and ~ ~ u t o v ~ ~ ]  have suggested that above the 
threshold (30) the modulational instability creates such 
an efficient mechanism for the dissipation of the plasma 
noise excited by the beam, that when the beam density 
increases the energy of that noise becomes frozen a t  a 
level corresponding to  the appearance of the modulation- 
a1 instability (9). As in the non-relativistic case, the 
relarnttian-length -of the beam ,as function of-its density 
'then shows a plateau: 

Knowing the rate of the dissipation produced by the 
collapse (the quantity v,,, given by Eq. (1)) we a re  able 
to find the upper limit of the plateau on the relaxation 
length: 

At large beam densities the energy of the oscillations 
in the resonance region of the spectrum can be found 
from Eq. (13) corresponding to the compensation of the 
pumping energy in the region by the beam dissipation 
produced by the modulational instability. The role of 
the induced scattering by ions is in that regime negligi- 
bly small and the spectrum of the oscillations in reso- 
nance with the beam which corresponds to pumping when 
the modulational instability develops is nearly one-di- 
m e n s i ~ n a l . ~ '  The diffusion of the beam particles for such 
a spectrum of oscillations is described by the equation 

The relaxation length determined from Eqs. (13) and 
(33) decreases, a s  in the non-relativistic case, slowly 
(an;"2) with increasing beam density and is consider- 
ably longer than the relaxation length found from the 
weak turbulence Eqs. (26) and (29): 

In experiments on the triggering of a pulsed thermo- 
nuclear reaction in a plasma target by a relativistic 
beam, conditions (30) and (32) correspond to current 
densities in the beam which a r e  approximately equal to 
loQ and 10" ~ / c m ~ ,  so  that for  the actual parameters of 
the beams in those experiments the collective relaxation 
of the beam is described by the weak turbulence theory. 
At the same time i n  experiments an heating of a gaseous 

-plasma tke corresponding magnitudes of the limiting 
current densities are appreciably lower and the protrac- 
tion of the collective relaxation caused by the modula- 
tional instability therefore becomes important. 

 he turbulence occurring as a result of the modulational in- 
stability of the plasmons trapped in the collapsing cavities 
occurs mainly at short lengths k 2 A;'(w/~,,T)''~. The energy 
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of such a turbulence in the long-wavelength region of the 
spectrum in resonance with the beam is smal l  in the ratio of 
the corresponding phase volumes. 

(T,, i s  the t ransverse  temperature in the beam). Assuming 
that A < < E ~ ,  16nW we shall in the present paper not take into 
account the effect of the trapped plasmons on the dynamics of 
the beam. 

' ' ~ c c o r d i n ~  toll8' the development of the collapse leads t o  the 
excitation of rather strong sound turbulence in the plasma. 
However, the conversion of plasma noise in resonance with ' 
the beam into density fluctuations which a r e  produced by 
sound does not contribute greatly to the total energy balance 
a s  the characterist ic growth ra te  of such a process cannot 
exceed the growth r a t e  of the modulational instability yM - w ~ ( ~ w / M ~ , , T ) ~ ' ~ ,  and hence remains considerably smal ler  
than v,,. 
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The establishment of a stationary turbulence spectrum due 
to induced scattering of waves by particles 

B. N. Breizman 
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We consider the problem of the evolution of the turbulence spectrum, taking into account the processes of 
creation, destruction, and induced scattering of waves. We show that any initial distribution of waves 
relaxes to a stationary distribution. We estimate the relaxation time. 

PACS numbers: 52.35.Ra 

In studying plasma turbulence one often has to deal particles. The scattering probability is characterized 
with the following equation for the occupation numbers by the kernel A&, kt). The actual form of the kernel is 
n&, t ) :  unimportant for what follows. Essential is only that the 

number of quanta is conserved in the scattering. A for- 
d 

-n=2ym+n S A  ( k ;  k')n(ke; t)d3k'+er.  ma1 expression of this fact is tine antisymmetry of the 
at kernel with respect to the interchange of the arguments 

k and k': 
The problems of the spectra of the turbulence excited by 
beam or  parametric plasma heating (see, e. g., r1-41) 

A ( k ;  k') =-A (k';  k )  . 
and also some problems in non-linear ~ ~ t i c s , ~ ~ ' ~ '  in par- 
ticular, reduce to the solution of this equation. The The third term on the right-hand side of (1) i s  the inten- 
f irst  term on the right-hand side of Eq. (1) describes sity of the thermal noise source. 
the induced emission and absor~ t ion  Drocesses of waves 
(depending on the sign of the growth rate y,), and the We assume that Eq. (1) has a stationary solution and 
second the processes of induced scattering of waves by we consider the problem of how this stationary solution 
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