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The modulational instability of the plasma noise in resonance with high-current high-energy beams in a
plasma becomes important when these beams relax. The short-wavelength transfer of the oscillations
caused by such an instability appreciably protracts the process of the collective relaxation of the beam.
We derive and solve in this paper equations describing the dynamics of the relaxation under such
conditions. We study the cases of relativistic and non-relativistic beam energies.

PACS numbers: 52.40.Mj, 52.35.Py

1. The collective relaxation of an electron beam pene-
trating a “cold” plasma is caused by the resonance in-
teraction between the beam particles and the plasma
oscillations excited through the beam instability. The
theory of such a relaxation based on the weak turbulence
equations (see, e.g.,'*~%))iswell known; it is inapplica-
ble for high-current high-energy beams when in the
speciral region of the plasma noise in resonance with
the beam the effect of the modulational instability be-
comes important, 5

As a result of the instability cavities—bunches of
Langmuir energy with plasma flowing out of it—are
formed on the initially uniform background of the plas-
ma oscillations. The cavities collapse to a size where
resonance absorption by the plasma electrons of the
plasmons trapped in them (collapse of Langmuir waves,

first studied by Zakharov'®?) occurs. The short-wave-
length transfer of oscillations caused by the modulation-
al instability and the collapse can appreciably lower the
level of the plasma noise in resonance with the beam
and, hence, protract the collective relaxation process.

Sudan'”? was the first to draw attention to the impor-
tant role of the non-linear effects connected with the
modulational instability for the relaxation of high-cur-
rent beams. Subsequently attempts were made to study
qualitatively the relaxation process. under those condi-
tions.!™®?) However, the construction of a quantitative
theory of the quasi-stationary Langmuir turbulence ex-
cited when high-current beams relax in a plasma is
made difficult by the invalidity of the approximation of
a weak coupling between the modes (strong turbulence).

In the present paper we expound a phenomenological
approach to the problem, based upon the results of a
non-linear theory of the modulational instability.!?? Ac-
cording to that theory, the development of the modula-
tional instability creates a mechanism for the dissipa-
tion of long-wavelength plasmons in resonance with the
beam, the velocity of which is determined by the “effec-
tive” frequency of the scattering of plasmons by density
fluctuations:

Vesrmow,W/inT,, (1)

W is the energy of the oscillations; a is a numerical
coefficient; according to the results of a computer sim-
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In the problem considered by us the noise excited by
the beam plays the role of the long-wavelength pumping
for the Langmuir turbulence which arises as a result of
the modulational instability. In final reckoning the com-
petition between the buildup of the oscillations by the
beam and the dissipation produced by the collapse leads
to the establishment of a quasi-stationary turbulence.
The energy going into plasma turbulence due to the mod-
ulational instability is transferred to short-scale lengths
in the collapsing cavities and absorbed by the particles.
The corresponding balance condition has the form

E;} m W \"%
Verr o= = W, fu=uw, (il——noT,) s (2)
vy is the growth rate of the modulational instability
which determines the speed of the collapse.

The connection between the energy W of the plasma
turbulence and the pumping amplitude E, can be found
from Eqs. (1) and (2):

W Mo E¢
( 16,7, ) ’

T m 3)
The plan of the paper is the following. In Sec. 2 we
give a short summary of the results of the relaxation
theory based upon the weak turbulence equations and
we establish the limits of the applicability of such a the-
ory. Here we give a qualitative study of the relaxation
process, taking the modulational instability into account.
A quantitative theory of the relaxation of a nonrelativis-
tic high-current beam is constructed in Sec. 3. We re-
stricted ourselves to a study of the kinetic beam insta-
bility which arises when “smeared out” beams relax,
Av/vy > (ny/ng) V'3 (Av is the spread in the velocities in
the beam, n, and n, are, respectively, the beam and the
plasma densities, n, <<ny). The spectrum of the oscil-
lations excited by the beam is assumed to be one-dimen-
sional which, strictly speaking, corresponds to the pres-
ence of a strong magnetic field parallel to the beam mo-
tion, but one can use the formulae obtained for estimates
also when there is no field present. Finally, in Sec. 4
we consider the influence of the modulational instability
on the relaxation of relativistic beams. We study the
case of the relaxation of smeared-out beams when there
is no magnetic field, which is most important for many
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applications (heating of a plasma target by a beam, and
SO on).

2. The process of the relaxation of electron beams
injected into a plasma has recently been studied in de-
tail both in the quasi-linear approximationt'?! and also
taking into account non-linear effects in the weak tur-
bulence framework."’ In the quasi-linear relaxation
theory the diffusion of beam particles in the field of the
oscillations excited by them leads to the establishment
of a “plateau” on the velocity distribution function of the
beam at characteristic distances:

ve T.

No
L, =20 o
T e, mrs n S )

A is the logarithm of the ratio of the final to the thermal
noise which is of the order of magnitude of the Coulomb
logarithm. 1In the final state about half of the power is
transferred to the plasma oscillations; because the
group velocity of the oscillations is small, v, /v4~T,/
mvg, their energy density exceeds the energy density

in the beam considerably:

E;* n,mv,® mve*
= ~ 5
[ 16m ] o 15 T, (%)

The important role of the non-linear effects in the prob-
lem considered is, infact, connected with this. In
weak turbulence the main non-linearity is caused by the
induced scattering of the oscillations excited by the
beam by the ions in the plasma which leads to a transfer
of these oscillations from the spectral range in reso-
nance with the beam to the region of large phase veloci-
ties (small k). In a separate scattering process the
plasmon wavenumber changes by an amount

do m T;\"
ko~ dvg, [29 g (L
8 kvr/dk Ao (M TU)

which is usually much smaller than the width of the
spectrum of the oscillations excited by the beam Ak
~w, Av/v? so that the transfer by ions is differential in

character. The characteristic growth rate of this pro-
cess is
- (6)

16an.7, M Ko

The transfer appreciably affects the relaxation process
of the electron beam if for the maximum energy of the
oscillations, given by (5), the growth rate of the induced
scattering exceeds the growth rate of the beam instabili-
ty for a strongly smeared out (Av~v) beam: 7y,=w,n,/
ny.

The corresponding condition has the form

szmﬁ( Z. )3<1. (7)

m \ mvy®

If € <1 the spectral transfer of the oscillations by the
ions leads to a stabilization of the beam instability for
the following level of plasma noise in resonance with the
beam:

E; _ E2
[ 167 J wr [ 167 ] QLeA' (8)
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As a result of this the relaxation length of the beam in-
creases by a factor e*A™ as compared to the quasi-
linear length (4).

We have already noted in Sec. 1 that the applicability
of the relaxation theory expounded here is limited due
to the effect of the modulational instability which cannot
be described in the framework of weak turbulence. The
condition for the occurrence of such an instability W/
noT,>k%\% corresponds to the possibility of trapping of
plasmons in the density wells caused by the high-fre-
quency pressure force. For plasmons in resonance with
the beam this condition has the form

E? T

——>W =nT ——.
165 o mut (9)

Using (5) and (8) we can then write down the following
relations to determine the limits of applicability of the
quasi-linear theory and the weak turbulence in the prob-
lem of the relaxation of an electron beam:

o L. )’, R (10)

1, mu,’ 1, R4

The limits of applicability of the various theories in
the plane of the parameters mvs/T,, n, /n, are shown
in Fig. 1. The lines in this figure correspond to con-
ditions (10) and the condition e~ A™ so that I is the re-
gion of applicability of the quasi-linear theory, 1I is the
weak turbulence region, taking into account induced
scattering by ions, and III is the strong turbulence re-
gion where the modulational instability of the oscilla-
tions excited by the beam is important.

The rate of dissipation caused by the modulational in-
stability is so large that normally above the limit given
by condition (10) there lie beam density ranges in which
the threshold value of the dissipation speed v} is ap-
preciably larger than the growth rate vy, of the beam in-
stability. The dissipation produced by the modulational
instability then “freezes” the noise in resonance with
the beam at a level W*, The length over which the elec-

tron beam relaxes then turns out to be equal

pa et Loy Loyt 1)

W, n, mut 21 wp\ T,

The first term in this formula is the length over which

! i i1 I { 1 |
17 0? 7 Vit

n/n,
FIG. 1. Regions of applicability of various theories of beam

relaxation. I, quasi-linear theory, II: weak turbulence, III:
strong turbulence. We have used in the calculations the values
M/ m=2Xx 104, A=10, a=4%, and the shaded region corresponds
to high-energy electrons in the ionosphere,
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FIG. 2. Relaxation length
of an electron beam as a
function of its density.

4 nlny

the plasma noise grows to the level W*, A* is the loga-
rithm of the ratio of the “threshold” noise W* to the
thermal fluctuation energy. The second term is the re-
laxation length for a “threshold” level of oscillations.
Sufficiently far from the limits (10) of this regime the
relaxation length given by Eq. (11) enters a plateau as
function of the parameter n, /n, (see Fig. 2). The in-
duced scattering of the oscillations by the ions does not
play a role and only two processes are important: the
pumping of the oscillations by the beam and the dissipa-
tion due to the modulational instability. The upper limit
of the plateau on the relaxation length is determined by
the condition y,=vif}:

n,_ Ma’ ( T. \): (12)

N om mu,’
(the region below the dashed line in Fig. 1 corresponds
to the plateau of the relaxation length).

At large beam densities a “free” development of the
modulational instability is possible and the connection
‘between the energy of the plasma oscillations W and the
pumping amplitude E, follows from Eq. (3). The level
of the noise in resonance with the beam which performs

the role of a constantly acting long-wavelength pump
can be found from the condition that the energy transfer
to the resonance region compensates the dissipation in
that region as a result of the development of the modu-
lational instability (see*®);

Voo =vesy (W) E. (13)

The energy of the resonance oscillations determined
from this condition corresponds to a relaxation length
of the beam which slowly (<n;'/?) decreases with in-
creasing density and which is appreciably larger than
the relaxation length found in the weak turbulence
framework:

1 o muy’ (no Ma® )"2

I~
.\'L~_‘~—' -
21 wp T.

(14)

Hy m

We show in Fig. 2 how the relaxation length depends on
the beam density.

3. We consider in more detail the relaxation process
of an electron beam under the conditions of a free de-
velopment of the modulational instability, i.e., for
beam densities larger than those given by (12). We can
use for the description of such a process the quasi-lin-
ear equations modified by taking into account two non-
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linear effects: 1)dissipation produced by the modulational
instability; 2) macroscopic deformations of the plasma
density as a result of the spatial inhomogeneity of the
oscillations excited by the beam" E2(z):

af e 9 rlEl* 9f
or E—[—v-— g 1’ (1)
GIE.* 1 4n’e af . _
v = (o 0r gy = ver ) B ko=, (16)

1 o 2 __ 2
?n—jdklEkl =E2

In these equations w=[w3(z)+ 3k%%2,]'/2 is the frequency
of the plasma oscillations, v,=3%T,/mw, is their group
velocity, w,=(4me%(z)/m)'/?, n(z) is the plasma densi-
ty profile established as the result of the balance be-

tween the high-frequency and the gas-kinetic pressures:

n(z) T +W(z) =const.

The spatial distribution of the energy of the oscilla-
tions excited by the beam, obtained from the set of Egs.
(15), (16), is shown in Fig. 3. For small z the energy
of the oscillations increases exponentially, as in the
linear theory, E3x exp(2y,2/v,). When the energy of
the oscillations grows the first non-linear mechanism
to appear is the breaking of the resonance between the
beam and the oscillations due to the change in the wave-
numbers of the oscillations in a plasma with a non-uni-
form density. The inhomogeneity is produced as the re-
sult of the plasma flowing away from the region where
the oscillations are excited by the high-frequency pres-
sure force. The shift of the wavenumbers by the width
of the resonance with the beam A% takes place when the
energy of the oscillations changes by an amount

A E = Us=n,TkAk).o"
163’(— = ikgL e vD .

This mechanism can not fully stabilize the beam in-
stability (it is in general switched off when E3= const)
but if we take it into account the regime indicated by the
number 2 on Fig. 3 is established. In this regime the
spectrum of the oscillations is broadened in the direc-
tion of larger % as the result of spectral transfer caused
by the macroscopic density inhomogeneity; the energy of
the noise in resonance with the beam is maintained at a
constant level [E3/167)],,,= U and the total energy of the
oscillations increases linearly:

LT L))

FIG. 3. Spatial distribution of the plasma noise in resonance
with the beam,
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further, caused by the collapse dissipation sets in, and
in final reckoning the beam instability is eliminated as
a result of the cancellation of the pumping by the damp-
ing 7, =vey . The total energy of the oscillations, and
with it also the plasma density, change rather slowly
(on the scale of the quasi-linear growth length v, /y,) so
that the resonance pumping of the oscillations proceeds
as in a uniform plasma.

... The formula for the distribution in the beam in the
regime .considered. is-obtained from the:condition that
-the right=hand side .of Eq. (16) vanishes.. When integrat-

ing that equation-we find-that in the wavenumber region

in which pumping occurs ve.,= const. The result has the
form

f(z, v)=A(z)—B(z)/v, (18)

where we have written

2 Ve
B="n—=,
©p
Ny 4 Veit 1
A=2 — +—n, .
V:—vy n W, Ut

The integration constant in Eq. (18) was determined
from the condition that the current in the beam be con-
served

Do
I vf dv = const,

v

v,(2) is the lower limit of the distribution function. I
the beam distribution function is known the spectrum of
the plasma oscillations in resonance with the beam can
be found from the quasi-linear Eq. (14)

e
By =2m —— (——fiuz—ﬂuw(z) ) k=22,
©pVers 2 dz dz v

We obtain the equations for the quantities C(z) and vgq4(2)
using the following obvious conditions on the spectral
density of the oscillations:

|Ex|*(v=v1) =0, |Ex]*(v=0s)=0,

1 o Ve m 2
gj Bl dk—16nnoT.(—‘ITﬁ)
Using these conditions we can write the formula for the
spectral density of the energy of the plasma oscillations
in the form

m dB » (vo—v) (v—uy)
Vot

|Eal'=—212 (19)

WpVess dZ

.and obtain the following set of equations for v, and v, :

) Vert =ﬂ_£§_ Voly , (20)
@y no (Vo—v1)?
_ 1 d’v,;/‘=24n wpT (V,H ma)u' (21)
Vesy A2 m(vo—v,)° \ @, Mo

We solve this set of equations in two limiting cases:
small spread in the beam Av=vy— v, < v, (initial stage
of the relaxation) and a strongly spread out beam Av
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~v, (state close to the plateau). In the first case we find
from (20) and (21) an equation for

1 dAv n, m\» T

—— = o e —

v, dz 127 (nu Moc’) m(Av)?® @r (22)
The solution of this equation

Av 3n% z 1" -

w2 [T@] 23)

-determines the way the:beam spreads out under the con-
~ditions :when:the modulational instability is important.

The energy of the oscillations changes rather slowly

with distance (E3x<z™'/% section indicated by the num-
ber 3 in Fig. 3).

At large z ~1,; , when the spread in the beam Av~v,
the solution of (21) can also be found easily:

Mo’ Vo mvo* \*
PN Loy . . 24
Ve 0s m (12nm,z T, ) (24)

The energy of the resonance oscillations in this regime
changes inversely proportional to z (section 4 in Fig. 3).
The beam distribution function is given by the relation

@,

j(z,v)=—2—n—I 1—-—20—(—1——3-) (LL) ] (25)

Vo 36 \ v Vo z

Finally, when z >I,, the plasma noise is damped so
that it vanishes and a plateau is established on the dis-
tribution function.

One possible application of the theory expounded here
is the problem of the relaxation of fast fluxes of elec-
trons in different problems of plasma astrophysics. We
have noted in Fig. 1 the parameters of one such phe-
nomenon (shaded region)—the currents of high-energy
(10 to 20 keV) electrons penetrating into the ionosphere
in auroral regions. In that case the fast electrons tra-
verse a distance of more than 10% cm in the ionospheric
plasma without noticeable loss of energy which is, ap-
parently, connected with the moderation of the collective
relaxation rate caused by the development of the modu-
lational instability. Indeed, an estimate using Eq. (13)
gives a value for the relaxation length /,; ~10'° cm
which exceeds the quasi-linear relaxation length by six
orders.

4. The relaxation process for relativistic energies
is basically similar to the relaxation of non-relativistic
beams considered above. We restrict ourselves there-
fore in the present section to a brief exposition of the
main results which characterize the relaxation of a rel-
ativistic beam in a plasma. We shall consider the case
of the relaxation of a beam with a large angular spread
A6=v,/c>mc?/& (& is.the beam energy) which is of
most interest for applications (first of all for plasma
heating). In that case the relaxation is connected with
the development of the kinetic beam instability.

The quasi-linear theory of the relaxation of relativis-
tic beams was considered in'%7'¢), The basic conclu-
sions of the quasi-linear theory are the following. Ow-
ing to the anisotropy of the relativistic masses the fast
developing transverse thermal spread stabilizes the
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pumping of “sloping” oscillations and the instability
spectrum is in the case of a relativistic beam nearly
one-dimensional k, /&< Af. Diffusion with respect to
longitudinal momenta is the basic feature in the field of
these oscillations and the angular spread stays approxi-
mately constant. The quasi-linear relaxation length
changes as compared to the non-relativistic case (4) by
a factor &(a0)%/mc?:

The role-of the parameter € which measures the im-
portance of the non-linear effects connected with the
induced scattering of the oscillations by the ions is now
played by the quantity

w07 (55) (5) o

(27)
The theory of the relaxation of a relativistic beam in-
cluding induced scattering by ions was constructed in™73,
If £, <1 the spectral transfer of the oscillations as a
result of scattering by ions, as in the non-relativistic
case, stabilizes the beam instability at a level of noise
in resonance with the beam given by the relation

iy (BN = _m me* 1
AY(EP) ="y, Yr=0p e ?(—AO—)—;
(v is the beam instability growth rate, v, the growth
rate for the transfer of the oscillations due to the ions

(Eq. (6)).
We thus find

Eg Ten, M A
[ ], "5 o (28)
At the same time the induced scattering leads to an
isotropization of the spectrum of the plasma oscillations
as the result of which the main quasi-linear effect of the
action of the oscillations on the beam becomes diffusion

in the angle 6 in momentum space. The relaxation
length increases by a factor €A™ as compared to its
quasi-linear value and turns out to be equal to

- S ) () 2o

wp \ mc* T,

(29)

for a beam with an angular spread A#6.

For typical parameters of relativistic beams used for
plasma heating the quantity €,,~1072 to 10~ so that for
the collective relaxation of such beams the non-linear
effects of the induced scattering by ions are important.

The limit. of-applicability of the theory-based upon the -

~weak turbulence equations.is, as inthe non-relativistic
case, connected with the appearance-of.a dissipation
mechanism for the noise in resonance with the beam,
caused by the development of the modulational instability
and collapse. One can easily find the limit in terms of
the level of the energy of resonance oscillations estab-
lished under the action of induced scattering (Eq. (28))
and it has the following form (see®®’):
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(26)_' ‘

n, .m & .
—=At———(Af)2
no A M mc'( 6

(30)
Breizman and Ryutov'®! have suggested that above the
threshold (30) the modulational instability creates such
an efficient mechanism for the dissipation of the plasma
noise excited by the beam, that when the beam density
increases. the energy of that noise becomes frozen at a
level corresponding to the appearance of the modulation-
al:instability (9). .As in the non-relativistic case, the

¢ “relaxation:length:of the beam-as function of:its:density

then shows a:plateau:

(31)

1l (—{)l (A0)*.

2nw, \T,

Knowing the rate of the dissipation produced by the
collapse (the quantity v, given by Eq. (1)) we are able
to find the upper limit of the plateau on the relaxation
length:

_n_’_—._@i(_z_"_) (A0)2. (32)

no m mc* \ mc*

At large beam densities the energy of the oscillations
in the resonance region of the spectrum can be found
from Eq. (13) corresponding to the compensation of the
pumping energy in the region by the beam dissipation
produced by the modulational instability. The role of
the induced scattering by ions is in that regime negligi-
bly small and the spectrum of the oscillations in reso-
nance with the beam which corresponds to pumping when
the modulational instability develops is nearly one-di-
mensional.? The diffusion of the beam particles for such
a spectrum of oscillations is described by the equation

cﬁ=e’—a—[jdklEx|’6(kc(1—%2)—0),) o171 (33)

0z apy 0—I7||J ’
The relaxation length determined from Eqgs. (13) and
(33) decreases, as in the non-relativistic case, slowly
(<n7'/?) with increasing beam density and is consider-

ably longer than the relaxation length found from the
weak turbulence Egs. (26) and (29):

(34)

g (R M) (2 ) g

ng m m—c’
In experiments on the triggering of a pulsed thermo-
nuclear reaction in a plasma target by a relativistic
beam, conditions (30) and (32) correspond to current
densities in the beam which are approximately equal to
10° and 10" A/cm? so that for the actual parameters of
the beams in those experiments the collective relaxation

of the beam is described by the weak turbulence theory.

-At the same time in experiments on heating of a gaseous
:plasma the corresponding magnitudes:of the limiting
- wcurrent densities are:appreciably lower .and the protrac-

tion of the collective relaxation caused by the modula-
tional instability therefore becomes important.

DThe turbulence occurring as a result of the modulational in-
stability of the plasmons trapped in the collapsing cavities
occurs mainly at short lengths k 2 A;l(W/n,T)!/2. The energy
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of such a turbulence in the long-wavelength region of the .
spectrum in resonance with the beam is small in the ratio of
the corresponding phase volumes.

Ae T, Y Ty Av yneT\ %

’ (”an) T V_o'(_WT)
(T,, is the transverse temperature in the beam). Assuming
that A <E (2) 167W we shall in the present paper not take into
account the effect of the trapped plasmons on the dynamics of
the beam.

2)According to'!8? the development of the collapse leads to the

excitation of rather strong sound turbulence in the plasma.
However, the conversion of plasma noise in resonance with *
the beam into density fluctuations which are produced by
sound does not contribute greatly to the total energy balance
as the characteristic growth rate of such a process cannot
exceed the growth rate of the modulational instability v,
~ w,(mW/MnOT)“ %, and hence remains considerably smaller
than vg,.
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The establishment of a stationary turbulence spectrum due
to induced scattering of waves by particles

B. N. Breizman

Institute of Nuclear Physics, Siberian Division, USSR Academy of Sciences

(Submitted August 18, 1976)
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We consider the problem of the evolution of the turbulence spectrum, taking into account the processes of
creation, destruction, and induced scattering of waves. We show that any initial distribution of waves
relaxes to a stationary distribution. We estimate the relaxation time.

PACS numbers: 52.35.Ra

In studying plasma turbulence one often has to deal
with the following equation for the occupation numbers

n(k, t):

%n=27xn+n j Ak K)n(k’; £) d°k +es. (1)
The problems of the spectra of the turbulence excited by
beam or parametric plasma heating (see, e.g., ™)
and also some problems in non-linear optics,® %! in par-
ticular, reduce to the solution of this equation. The
first term on the right-hand side of Eq. (1) describes
the induced emission and absorption processes of waves
(depending on the sign of the growth rate v,), and the
second the processes of induced scattering of waves by
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particles. The scattering probability is characterized
by the kernel A(k, k). The actual form of the kernel is
unimportant for what follows. Essential is only that the
number of quanta is conserved in the scattering. A for-
mal expression of this fact is the antisymmetry of the
kernel with respect to the interchange of the arguments
k and k';

Ak K)=—A(K’; k).

The third term on the right-hand side of (1) is the inten-
sity of the thermal noise source.

We assume that Eq. (1) has a stationary solution and
we consider the problem of how this stationary solution
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