when 8>>1, ®~1/(u+1) (see (94)). In view of that ¢(x)
=x7/2 and we finally get

Ou=e™Y/ (ut1).

Moreover, assuming the term in (77) without 3 to be
small and using the method of successive approxima-
tions we can also find the next-order term which has
the form

(D.=e"l"/1( 1 _ t )
B+u): 1+al

As a whole up to terms of order 1/8 or £ we can write
the result in the form

: 1 1 ‘ '
0 (t,u) meumo [ +W] ~e U0 (0,).  (g5)
We emphasize that this result is already invalid for

terms of order 8% or #2. The transfer of f to the ar-
gument of the exponential is justified by the fact that it
is clear from what preceded that & must be exponential-
ly damped at very large £. This means that when we
take integrals over ¢ we must put i3~ 8 — ¥ with y<«< 8.

Equation (95) automatically guarantees that.

Further we have®

o0 2 4 B 2
1—ip/2 B(+u)  (@p)(1+u)  (iB)*(1+uw)?

_fm (t,m)dt =

Substituting this expression into (81) we find

Q=—e’v/nctbie’v/ncp. (96)

Hence, connecting this with what preceded, we find the
asymptotic behavior of the dielectric permittivity and
of the conductivity:

e=—4e'v/0li=—4nn.e/mo,’,

0=2e*0/n0 1. =2n.6' 1./ m(w,1:)?,

where 7, = p,/T =mv/7 is the number of electrons, As
should be the case, when w7,>> 1 the permittivity is giv-
en by the formula for free electrons.

'The introduction of the mutually uncorrelated fields n and ¢
as well as Eq. (11) for G which is of first order in 8/8z is
valid provided 1/7<<ep,

one should note that equations very close to (57) and (73)
were obtained also by Berezinskif, [!! However, in view of
the fact that the numerical value of @(wg) found in'! ig in-
correct and that our method for solving the equations is some-
what different we thought it useful to give here the complete
calculation right to the end.

3)We note that the same result is obtained if we take the ex-
pression for & without transferring ¢ to the exponent and put
i —1iB -7y, where y—+0.
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The roton spectrum in superfluid He’-He* solutions is considered by taking into account interactions

between impurity excitations and rotons. An equation for the self-energy function of the rotons is obtained
within the framework of a model in which this interaction is assumed to be a point interaction. The
equation is solved by numerical integration with a computer. The solutions are used to determine the
thermodynamic characteristics of the rotons and the energy dependence of the cross sections of various

scattering processes in which rotons take part.

PACS numbers: 67.60.—b

INTRODUCTION

1t is known that in superfluid He®~He* solutions there
are two excitation branches—Fermi (impurity) and
Bose, We are interested in temperatures at which the
role of the phonons is negligible, i,e., the only Bose
excitations considered are rotons, Information on the
spectrum of these excitations in He®-He* solutions can
be obtained from measurements of the density of the nor-
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mal component by the method of the oscillating stack of
disks, [1=%1 the velocity of fourth sound, [*J or mobility of
the positive ions, 5 In the interpretation of the experi-
mental data, the authors of the cited papers have con-
cluded that the roton gap decreases strongly with in-
creasing impurity concentration,

However, the results of experiments on the scattering
of photons!®" and neutrons'® by superfluid He®-He*
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solutions, which have yielded direct information on the
parameters of the roton spectrum, have revealed no
noticeable change in the roton gap with changing concen-
tration, It was therefore necessary to reconsider the
interpretation of the experimental results of!!~5], Sobo-
1evt? has noted that in the reduction of the experimental
data it is necessary to take into account the deviation of
the disperson of the impurity excitation from quadratic.
Esel’son et al 117 attempted to reconstruct the disper-
sion of the impurity excitations from data on the density
of the normal component, The contribution of the rotons
to the normal density was calculated in this case by us-
ing the parameters of the roton spectrum in pure He*,
but the roton damping was taken phenomenologically into
account in accordance witht1,

It could thus be concluded that in the interpretation of
the experimental data it is necessary to take correct ac-
count of the form of the excitation spectrum, particular-
ly the damping of the excitations, This raises the ques-
tion of the theoretical treatment of the interaction be-

"~ tween the rotons and the impurity excitations., Within
the framework of the point-interaction model, the self-
energy roton function was considered inf2? in second-
order perturbation theory. This approach, however,
does not yield the correct behavior of the roton spec-
trum near the roton gap, a behavior that is essential for
the consideration of the properties of super fluid He®*-He*
solutions, The model of the point interaction is used
also in the present paper to derive an equation for the
self-energy function, This expression makes it possible
to find the function by numerical computer integration
for different temperatures and impurity concentrations,

The obtained functions can be used to determine the
temperature dependences of the number of rotons, of
the roton contribution to the normal component, and of
other thermodynamic characteristics, and also to deter-
mine the energy dependence of the cross sections for
the scattering of various particles by superfluid He*-He*
solutions with participation of the rotons., The obtained
functions can be used to express directly the energy de-
pendence of the cross section for the scattering with
production of one roton; numerical integration with a
computer yielded the energy dependence of the cross
sections of two-roton scattering processes., Likewise,
numerical integration within the framework of the con-
sidered model yielded the damping of the impurity ex-
citations,

ROTON SPECTRUM

We are dealing with phenomena at temperatures T
~1°K, so that to describe the interaction of rotons and
impurity excitations (in other processes) it is necessary
to use the Green’s function method at finite tempera-
tures, 31 Actually, however, we are interested not in
Matsubara Green’s function, but in the behavior, on the
real axis, of their analytic continuations, namely the
retarded and advanced Green’s functions.

We present relations that can be easily obtained by
analytic continuation,!'*! If H(iw,) is given by the dia-
gram of Fig, 1a, where the solid line is set in corre-
spondence to G and the wavy line to D, then we have
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d? d
Im H* (0, k)n(w)=— Et%’—j. -ni

)

X{Im G" (e, p)n(e) } {Im D" (0—e, k—p) n(0—¢)},
and for the diagram of Fig. 2a

a2 d
ImH“(m,k)n(m)=—jﬁj-ﬂ—a

Xexp (%) {(Im G* (e, p)n(e)} {Im D* (0+e. k+p)n(o+e)}.  (2)

where 7 is respectively a Bose or Fermi distribution
function, depending on the statistics of the particles to
which G, D, and H correspond., The formulas are ex-
pressed in a system of units in which %=1, i.e., the
momentum is measured in f&", the energy is measured
in °K, and the mass is measured respectively in A2K-?,

The solid lines will henceforth correspond to the im-
purity Green’s function G, and the wavy lines to the ro-
ton function D, In the considered temperature region,
the rotons can be regarded as Boltzmann excitations,
We shall also regard the impurity excitations as Boltz-
mann excitations, thus restricting the applicability of
the considered model to solutions with He® molear con-
centrations approximately up to 0.2, Thus, in expres-
sions of the type n(e) ImG¥(¢) we can replace n(e) by the
Boltzmann value exp(-¢/7T), as will henceforth be im-
plied in all the formulas that follow,

We shall examine in greater detail the expression

given by the diagram of Fig, 1¢, which will henceforth
be designated F, An explicit expression for ImFF® in
terms of G® can be obtained from formula (2), If we
substitute for the impurity Green’s functions the expres-
sion for non-interacting quasiparticles G%,(e, p)=5,,/
(e + X —&(p) +i0), where X is the chemical potential and
¢(p) is the law governing the dispersion of the impurity
excitations, and integrate with respect to energy, then
we obtain

A—e(p)
T

d3
ns(©) Im F? (0, k) =— j.(Tf)zexp( )G[w—a(p)‘h:(p—k) 1. (3)

In the effective mass approximation we have &(p)
=p?/2m, and then (3) can be integrated fully and we ob-
tain

na(w)ImF"(m,k)——-—%(%)%exp[——z—if(f;‘%%)z], (4)

lw-i€ lwri€

O
S

FIG. 1.
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where we have substituted the number v=2(mT/27)3/2
x exp(\/T) of impurity quasiparticles per unit volume
(in the same effective-mass approximation).

When considering the interactions of the rotons with
the impurity excitations, we shall take into account only
two-particle elastic scattering, since the process of
scattering of an impurity quasiparticle with production
of a roton is impossible by virtue of the conservation
laws, The corresponding expression for the self-ener-
gy of the rotons, which follows from the Dyson equation,
consists of two parts given by the diagrams of Fig, 1d
and Fig, le, where the unshaded vertex corresponds to
the bare vertex function and the shaded one to the total
vertex function,

The number of rotons in the considered temperature
region is small, so that we can neglect the interaction
between the rotons (which makes its own contribution
to the self-energy function of the rotons) as well as the
distortion of the spectrum of the impurity excitations as
a result of the interaction between the rotons and im-
purity excitations (this will be confirmed by subsequent
estimates), Neglecting the interaction between the im-
purity excitations, we can thus substitute for the impu-
rity Green’s function the expression for the noninteracting
quasiparticles,

An important role in the vertices in the expression
for the self-energy function T of the rotons is played by
the energy transfer ~ T and the momentum transfer
~(mT)/2, so that it is reasonable to replace the vertex
functions by constants, But then the expression given
by the diagram of Fig, 1d contains a divergence, the
sign of which corresponds to a decrease of the roton
gap A. This indicates that within the framework of the
considered model it is impossible to calculate the shift,
However, the sign of the divergence makes it apparently
possible to conclude that the sign of the interaction of the
rotons and the impurity excitations corresponds to re-
pulsion, because, as already mentioned, no noticeable
shift A is observed in the experiment, so that the net
shift A determined by the diagrams of Figs. 1d and le
should be equal to zero.
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We shall assume henceforth that the parameters of the
real part of the roton spectrum are renormalized by an
integral over those parts of the spectrum which are far
from the minimum, Therefore when writing down the
equation for T it is necessary to exclude from considera-
tion the diagram of Fig. le, which yields a pure renor-
malization of A, and regularize the diagram of Fig, 1d,
The corresponding expression for ZZ is obtained by
analytic continuation, {1 by replacing each of the vertex
fuml:_t'zions by a constant and denoting its product
by

* (o, k) =—T" (Zd;l;, _[ dfllm F*(e, p) D" (et+o, ptk)
+ Im D*(e, p) F4 (e—0, p—k) Ins (). (5)

In this formula the integration region significant for
the second term is the one near ¢=A, and accordingly
ng(e) =exp(-¢/T), so that the integral of the second term
is exponentially small and can be neglected, The equa-
tion for =% is obtained by substituting (5) D® expressed
in its terms near the roton minimum

- (6)

Do, 8)=— 0o—A—s*—3%(0,s)

where s=(k—kg)/V2u, p is the roton mass, k, is the
momentum of a roton with zero velocity, and the con-
stant ¢ in (5) and all the succeeding formulas is included
in the redefinition of the vertex parts. As indicated
above, to calculate ImF¥ it is necessary to use the
Green’s functions of the noninteracting quasiparticles,
and as a result we obtain from (5) in the effective-mass
approximation, using (4),

(a0, k)=ZTF:(£F)% fdppf d(cos 8)

Xf deexp (-5 ix (22 +-2Y)) : :
< 2mT\ p 2 ote—A—s*—3F(wte,s)

where s=(lk+pl = ky)/(2u)*/2, The integration with re-
spect to the momentum p is carried out over a region
in which p < kg, and therefore |k+pl =k +p cosf and
d(cos8)=p-Y(2u)/3ds, The exponential factor indicates
that the significant momenta are p~ (m T2+ (m | |)V/?,
and therefore, by virtue of the smallness of u/m, we

- can assume that as cosd varies from -1 to 1 the value

of s changes from — = to +%, Integrating with respect
to ds, we find that Z® does not depend on %, and the
equation takes the form

z»z((.))=—i:T:Z(TI:LTM)Vé fdp rdg
me P

1 1
x|~z (5

* %)21 [ote—A—3*(ote) 1"’

Of the two roots, we choose the one with the smaller
argument, The integral with respect to dp is now cal-
culated by using the formula

j dt exp(—t*—z*/4t%) = (n*/2) exp(—|zl).
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We ultimately obtain for T the equation (we drop the
index R)

+o — e —
Z(e)=—ig j da exp [— (@ e)T(a

(M

e) 1
] [a—2(ax)]®’

where g=vI?mv2u/4n, and the energy is reckoned from
the roton gap, corresponding to the condition Re>(0)=0,
Formally, the integral in the right-hand side of (7) di-
verges at negative a with large absolute values, since
the exponential is equal to unity in this case, and
1/[a-=(a)2=1/i(la|)*/?, but this divergence is con-
nected simply with the already mentioned impossibility
of calculating the shift A within the framework of the
considered model.

We chénge over from (7) to a differential equation in
which there are no divergences at all, To this end we
calculate

e (-F)aze]

substituting the right-hand side of (7) for ©. Double
differentiation under the integral sign gives rise to
6(a —¢), after which integration with respect to da
yields the equation

ST =—ig/(e—S2)". (8)

It is seen from this equation that == Tf(g/T"% ¢/T),
i.e., a change takes place in only one essential dimen-
sionless parameter g/T'/2, which determines the form
of the energy dependence of Z,

From (8) we can obtain an asymptotic expression for
Z as |e]| =, It takes the form

S~—2ige"—g'Ine. (9)

We are interested in the parameter values g/T'/2<1, so
that the criterion for the applicability of (9) is le| > T,
At large negative €, Eq, (9) yields == 2g(lel)}/?
-g%Inlel, and in general all the terms of the asymptotic
expansion of the expansion of Z at negative ¢ are real,
since ImY decreases exponentially with energy. We
shall write down the corresponding asymptotic expres-
sion in the form

Im S~—g(nT)" exp (t+e/T), (10)
where &= g/(T)¥2], Expression (10) is valid for ¢
« —(gT)* 2 (generally speaking, this criterion is valid
if g/TY2351),

Starting from (7), we can obtain an expression for £,
since the imaginary part of the integral in the right-hand
side of (7) contains no divergence. Replacing 6(a —¢) by
unity in the argument of the exponential as ¢~ —=, we
get

1
(IIT) '/7_

4o
exp ()= j daexp(—q/T)Re (11)

_r
T ()"
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In the limit of zero concentration (i.e., at g=0), we
have Z =0, and taking the integral in the right-hand side
of (11), we obtain £(0)=0,

We write down also the asymptotic expression at ¢
<=-T

1 _ gan*

=) 2lel”

exp(E+e/T). (12)

It is seen from (12) that the integral (11) indeed con-
verges at negative energies,

Equation (8) was integrated with a computer, and the
result was the plot of {(g/T'/?) shown in Fig, 2a. Figs.
2b and 2c show plots of ImZ and ReZ against the energies
at T=1 for various values of g, also obtained by numeri-
cal integration,

THERMODYNAMICS OF ROTONS

To determine the thermodynamic characteristics of
the rotons within the framework of the considered model
it suffices to know the form of the function £(g/TY2),
We express in its terms the number of rotons per unit
volume, N, From the general formula (for Boltzmann
excitations) we have

&k
(2m)*

do ) D !
XITEXP(—T) Im D*(w, k).

N=

Substituting in this formula expression (6) for D*(w, k),
changing over to the energy reckoned from A, and in-
tegrating over the momenta, we obtain

oA (2

2n
exp(—e/T)

—_ (13)
[e—=(e)]"

o
X j de Re

The integral in this expression is expressed by means
of formula (11) in terms of £, Substituting, we obtain
N=exp (£)No, (14)
where N; is the Landau expression for the number of ro-

tons per unit volume (with renormalized parameters of
the roton spectrum):

() e (-7)
N°_c:1 ('ﬂ exp 7))

Knowing the N(T) dependence, we can find the various
thermodynamic quantities, for example the density Q
== TN of the thermodynamic potential, and the contri-
bution p, = (k3/3T)N of the rotons to the normal compo-
nent of the density, The formulas for these quantities
are similar to (14), e.g.,

pr=exp (§)po, (15)
where p,, is the contribution of the rotons to the normal
density without allowance for the interaction.
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SCATTERING PROCESSES WITH PARTICIPATION
OF ROTONS

We consider first the simplest process of scattering
of a particle by the superfluid solution He®-He* with
production of one roton, The amplitude of the corre-
sponding scattering process is represented by the dia-
gram of Fig, 3a, where the dashed lines correspond to
the amplitudes of the scattered particle in the initial and
final state, and the vertex function is designated f, Us-
ing the analytic properties of the Green’s functions
(seef™, Sec, 17), we can obtain for the cross section
corresponding to the diagram of Fig. 3a the expression

do 1 .
7= —7|f(Pu o, k)| =

2 D,
——— Im D* (0, k) ——.
' exp(—o/T) m Do, k)

d

(2n)® (16)
In this formula V is the volume, v, is the velocity of

the incident particle, while w and % are the energy of

the momentum of the roton and are connected by the con-

servation laws with the initial and final momenta p; and

p; of the scattered particle.

The significant energy transfers are at w=A and the
significant momentum transfer are near k=%k,, so that
the dependence of the cross section on the angle and on
the energy transfer is determined mainly by the factor
ImD®(w,k) and the exponential (16) can be neglected,
Substituting expression (6) for ImD®(w, %) and changing
over to the differentials of the scattering angle 8 and of
the roton energy w, we obtain

d 2 1
B 0,k P Im
o

dod(cos8). (17)

V2%, A—s—Z(a)

To determine the energy dependence of this cross sec-
tion we must use the ReZ and ImZ obtained as a result
of the numerical integration and shown in Figs, 2b and
2¢, It is seen from (17) that at a given scattering angle
the cross section has a Lorentz peak at w - A ~ s ~ReZ
=0, and the width of the peak is determined by [ImZ|.
Far from the peak we have ImD®=ImZ>(w)/(w - A - s2)%;
the asymptotic forms of this expression can be obtained
in accord with formulas (9) and (10),

In full analogy with (16), we can obtain an expression
for the scattering cross section of a two-roton process,
the amplitude of which is represented by the diagram of
Fig. 3b, Assuming that the corresponding vertex func-
tion y depends only on the summary energies and the mo-
mentum transferred by the scattered particle, and in-
troducing the two-roton Green’s function K, we get
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do P

2
2 . 2
7 2:1’12,172” Ps 00|

“Im K*(y. q)

1—exp(—y/T) (18)

dy d(cos 0).
In this formula x and q are the energy and momentum

transfers, while v and p are the velocities and momenta

of the scattered particle in the initial and final states.

We shall take the two-roton processes to be scatter-
ing with production of two rotons and elastic scattering
by a roton, The diagrams that determine K, neglecting
the interaction between the rotons, are shown for these
two cases on Figs, 3c and 3d, In accord with formulas
(1) and (2) we have

.. .
ns(x) Im K2 (x, ) =—exp (—x/T) IW

d
X JIT(D- Im D* (o, k) Im D*(x—o, g—k) (19)
for scattering with production of two rotons and
d’k
5 K. (y, q)=—exp(— ——
ns(x) Im K. (y, ) =—exp( x/T)J TPE
deo
X _"Texp(—%) Im D* (0, k) Im D* (3+o, g+k) (20)

for elastic scattering by a roton,

The momentum dependence of ImD¥ in (19) and (20) is
determined by s,=(k - k,)/(2u)*/2 and s,=(lqtk| —kg)/
(2u)2, so that the regions of importance in the integra-
tion with respect to d3k are those in which k and |q+k|
lie near k.

Consider the case when the momentum transfer ¢ is
not small, In the half-plane passing through the vectors
k and q, we choose unit vectors n; and n, such that k,
=k; +q, where k, =k, and k,=kgm,, In the case, say,
of formula (20) we assume k=k,; +8, and then k+q
=k, +B, i.e., the values of £ and |[k+q| close to %, cor-
respond to < k,. We can therefore put s,~ (n,8)/(2u)"/2
and s,~ (nyB)/(21)!/2, We can thus transform the inte-
gration differential d2g— 2p sinzds,ds,, where z is the
angle between n; and n,, and accordingly d*k~2nkgd?g

- —=4nkgyu sinzds,ds,. The criterion for the applicability

of this approximation is z > (2ua)/2/k,, where o
=max(T, |x |) is the characteristic energy. Recognizing
that the angle z is connected with g, namely 2k, sinz/2
=g, we can rewrite the criterion in the form 2ky2¢

> (2pa)V/?,

Each of the factors ImDF in (19) and (20) depends only
on s, or s,, So that the integration with respect to them
can be separated, Substituting (6) and integrating with
respect to ds; and ds,, we get

: ko
ns(x) Im K.*(y, q)=—exp(—x/T) exp(—A/T)-;T' sinz

! (21)

dee exp(—e/T)Re Re sy vl

1
[e—=(e)]™

In this formula we have changed from integration with
respect to the energy reckoned from the roton gap. An
analogous formula holds also for ImK 2,

Substituting the obtained expressions in (18), we get
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*Tate—z(@te) "

ﬂ’—‘=m‘—z|'ﬁ(m;x, q) I>B, (x—2A)dy d(cos 8), (22)
v 4o,
do, pipkosinz _ A ) )
o B e () M 00 PB )k dcos ). (23)
where
Bi(@)= rde Re Re ! (24)
! e [e—Z(e)]" [a—e—Z(a—e)]"’
e 4
Bi@)= [ de Re X2/ g ! (25)

[e—Z(e)]™

Let us find the asymptotic forms of (24) and (25). As
a — the main contribution to the integral B, builds up
at e~a, and we can therefore neglect Z in comparison
with ¢, and as a result we get

|
Bi(x)~ ;[de?w=
This asymptotic expression is valid for a > g2, As a
-~ ~—oo, the principal part of the integral is built up near
e=0and e=a., Accordingly we obtain, substituting (12)
and using (11),

~ 1 g(nl)" o ¢
Bi(@)~2 [de ke S mem (24 - 1)

ng{ exp (ZE + %) .

leel

This asymptotic expression is valid at la| > T, As
to B,, as a =+« the principal part of the integral builds
up near ¢=0, therefore

@)= Jaees( ) Ry~ ® ()

where we have again used (11), The criterion for the
applicability of this asymptotic expression is a > T,
The values B,(a) at negative a are expressed in terms
of the values at positive a via the formula B,(— a)
=exp(- a/T)B,(a), which holds for any integral of the
form

_[ de exp(—e/T)f(e) f(e+ar).

Plots of B,(a) and B,(a) at T=1 for different values of
g, obtained by numerical computer integration, are
shown in Figs, 4a and 4b,

We consider now the production of two rotons at a low
momentum transfer (g <(2u7T)*/2), In this case we have
in (19) Iq~-k|~k, and we can make the substitution d3k
~4nk3(2u)Y2ds, where s=(k —kg)/(2p)Y2, We substitute
(6), integrate (19) with respect to ds, and substitute in
(18). As a result we obtain (we have changed over to
the energy reckoned from A):

E . (zu) ‘/,knzpzz
14 8n'v,v,

1Y (pyx, @) ° B (x—2A) dy d (cos 8), (26)

where

645 Sov. Phys. JETP, Vol. 44, No. 3, September 1976

b,
(a,+ib,)" (a,—a,+ib,)*+b,’

By(a)=Re }ade{

1 b
L ! 27
* (a,+ib,)" (a,—a,+ib,)*+b.? } @7

e,=(ate)/2, e.=(a—e)/2,
a,—¢,—Re Z(ey), a.=e.—ReZ(e:),
by=—1Im Z(&,), by=—1Im Z(e.).

Let us find the asymptotic forms of By(a) as a ~+ =,
In this case b'(a/2) < 1, and we can therefore assume
that the poles of the integrand in (27) are determined by
the equations (+ e +§b) + b%= 0, where b= b(a/2), i. e. , they
occur at e=0 and e=+2ib, The two pole terms at £¢=0
cancel each other (so that there is no singularity in the
integrand at € =0), the pole contribution to the integral
from the two other pole terms is determined by half the
difference between the residues at the corresponding
poles (this contribution can be correctly taken into ac-
count since 1/(a +ib)!/? varies little over the length of
b). As a result of the calculation we find that the pole
contribution is equal to Rem(2a)*/2, Thus, at a > g2 the
asymptotic form of B, is By(a)=n(2/a)'/?, and that at
negative a the pole term is equal to zero., Therefore
at @ <~ T the integral builds up near 4,=0 and a,=0,
i.e,,

b,

Bs(a)~2Re jde(a‘—m's'.;";

Substituting the asymptotic expression for b, from (10)
and using (11), we get

4m,
a

Bs(a)=

gT a
5 exp(2§+7—).

Plots of By(a) at T=1 for different values of g, obtained
by computer integration, are shown in Fig, 4c.

We consider now the damping 7 of the impurity excita-
tions as a result of their interaction with the rotons,
It is determined by the imaginary part of the advanced
self-energy function of the impurity excitations, which
is shown in Fig, 3d, The vertex parts are again con-
sidered to be constant and their product is replaced by
the quantity I', while G is replaced by the expression
for the non-interacting particles, If we now use (1) and
then integrate with respect to energy, we get

|
“JB'“ ] a g=0
1213

—2/_0-5\
/—'\
! | .
1 2 3
o
FIG. 4.
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FIG. 5.

a—e

7 ) ng(o—e) Im K,* (a—e, B—k), (28)

n(e, §)=—Flj-(7i;c—,—e>&p(

where ¢ = ¢(k).

In the integral (28), and the g2~mT of interest to us,
the significant values are ¥ ~mT> uT, so that we can
use the expression for ImK § in terms of B,, as deter-
mined by formulas (21) and (25). Recognizing that %2
~mT< k%, we substitute sinz=g/k, and obtain, integrat
ing over the angles,

2(a, a)=3(‘2‘—£),pexp(—%) [ kUt —kpBiae). (29)
To estimate the energy smearing of the impurity excita-
tions it suffices to know 7n(a)= n(a, B), where a =&(g).
We change over in (29) to integration with respect to the
energy e=p?/2m, Recognizing that B,(- w)=exp(-w/T)
X By(w), we obtain

n(a) =pI*m? exp (—A/T)B(a)/6x°, (30)

where
B(a)= j.de (4a—e) (1—e/a)™B,(e) + jde (3et+4a)B.(e)exp(—e/T),

(31)

The results of the numerical integration by formula (31)
at T=1 are shown for different values of g in Fig, 5a.

COMPARISON WITH EXPERIMENT

The considered model is valid in the temperature re-
gion 0,6-1,4 °K; it is bounded from below by the statifi-
cation curve of the superfluid He®~He* solutions, and
from above by effects connected with the presence of
roton-roton interaction, which becomes appreciable as
the number of rotons increases, We assume that in the
indicated temperature regions the impurity excitations
obey Boltzmann statistics, a fact that limits the applica-
bility of the model, to (molar) concentrations x of the
He® atoms up to approximately 0.2, in which case the
effective mass of the impurity excitations depends little
on their concentration, {19
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Recalling the expression for g, we can conclude that
if we neglect the dependence of the effective mass of
the impurity excitations and of the particle density in the
solution on the concentration, then g becomes propor-
tional to x. Accordingly, the proportional coefficient £
=g/x can be determined from various experiments,

Direct information on the quasiparticle spectrum is
obtained from experiments on the scattering of various
particles by He®-He* solutions, However, the inter-
pretation of the neutron scattering cross sections, which
are usually employed for this purpose, is made compli-
cated by the large probability of neutron absorption by
the He® nuclei, In'® are cited results from which we
can estimate the damping of the rotons in the region
above the threshold (at x=0,05 and T=1,6 °K). Figure
5b shows a comparison of the experimental data off® and
the curve obtained from the considered model at £=3
K1/2 (corresponding to gT-1/2=0,12),

There are also experimental results on Raman scat-
tering, ™ In the energy-transfer region investigated
in these experiments, a major role is played by the two-
roton scattering cross section, which is determined
within the framework of the considered model by formula
(26), since the photon momentum is small (and the mo-
mentum transfer is correspondingly small). For optical
photons the frequency shift at the considered Raman
scattering is small in comparison with its frequency,
therefore p,=p,. In addition, it is reasonable to assume
that v depends weakly on the energy transfer near y
=24, therefore the energy dependence of the cross sec-
tion in this region should be determined by the factor
By(e), e=x —2A, However, the cross section receives
also contributions from processes in which a roton pair
is produced, [1%? so that the measured cross sections
must be interpreted as sums of cross sections corre-
sponding to these two mechanisms, Figure 6 shows the
experimental data!®? for x=0,059 and x=0,109, the plots
determined by By(e) at £=3 K'/% and A=8,5 °K, and also
the fit curves that are obtained by adding to the afore-
mentioned the Lorentz cross section corresponding to
the production of a roton pair with zero momentum, a
binding energy Ez=0.3 °K, and half-widths y=0,7°K
and 1,1°K, We note that at such a conversion coeffi-
cient, the relation g/7'/2<1, which was used when we

dojde
/
= ; 2 Tek FIG. 6.
dofde ’
b
// 1 |
-1 0 1 2 7€k
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established the criteria for the applicability of the asymp-
totic expressions, does indeed hold in the considered
region of He® temperatures and concentrations, Recall-
ing the definition of ¢, we can estimate I' from the for-

mula ¢ = v,T?m(2u)t/2/4n, where v, is the density of the °

particles in pure He!, Substituting the numerical values
of the constants, we find
I—300K A*. (32)
Substitution of this value in (30) and the use of Fig,
5a shows that in the entire energy region of interest to
us the impurity-excitation damping due to the interaction
with the rotons is much less than the temperature, and
this justifies the assumption made from the very outset,
that we can neglect the impurity-excitation Green’s-
function distortion due to collision with the rotons,

The interpretation of experiments in which the normal
density was measured by the method of an oscillating
stack of disks!*~31 and was estimated in terms of the
velocity of the fourth soundf*! is hindered by the fact
that p, consists of roton and impurity components p, and
p;. Within the framework of a quadratic dispersion law,
p; does not depend on the temperature, but this inde-
pendence does not obtain if the dispersion of the impurity
excitations deviates from quadratic. Esel’son et al, [0
have considered the general form of the expansion of
the energy of the impurity excitations in terms of the
momentum and sought to find the first terms of this ex-
pansion by reducing the experimental data. The cor-
rections to p, due to the interaction of the rotons with
the impurity excitations were taken into account phenom-
enologically in accord with the paper of Reut and
Fisher, [ The model considered by us makes it pos-
sible to find p, directly from formula (15). The reduc-
tion of the data given inf® for the impurity molar con-
centrations x=0,11 and x=0,2 allows us to conclude
that the p,(T) dependences can be explained within the
framework of the concepts described inf?, but to obtain
quantitative results it is necessary to know more ac-
curately the shift 6 of the roton gap.

In addition to those mentioned, experiments were per-
formed to determine the mobility of heavy ions in He3-
He! solutions, The effective mass of the ions is large,
so that their reciprocal mobility, which is connected
with scattering by the rotons, is determined by the cross
section for scattering with zero energy transfer., At x
=0 this cross section is determined mainly by rotons
having momenta close to k, The presence of impurity
excitations, which leads to an effective smearing of

- these states, should decrease the cross section for the
scattering of ions by rotons with decreasing concentra-
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tion. Within the framework of the considered model,
the concentration dependence of the cross section for
scattering by rotons, as seen from (23), is determined
by the factor B,(0). In accordance with the described
general considerations, B,(0) decreases with increasing
g, and in the range of values in which the numerical in-
tegration was carried out, this dependence can be ap-
proximated by the formula B,(0)x g-1/2,

The roton contribution to the reciprocal ion mobility
in the presence of impurity excitation should at any rate
be smaller than in pure He!, On this basis, the data
given inf%? lead to the conclusion that in the considered
temperature region, for x2 0,05, the mobility of the
heavy ions in He®-He* solutions should be determined by
scattering by impurity excitations,
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