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The problem of the relaxation of a high-frequency oscillator interacting nonlinearly with the acoustic 
vibrations in a solid is considered. The problem is solved in the framework of classical mechanics. It is 
shown that at zero temperature there is no damping of the vibrations. On the other hand, in the case T> 0 
the vibrations of the high-frequency oscillator are damped, the damping constant r being anomalously 
small (_102 sec-I) compared with the characteristic frequencies of the system wand nD (_1012 _101' 

'sec-I ), and also compared with the interaction parameter (IlA) I f 2 - 101°- 1012 sec-I. It is shown that under the 
condition K = winD> I the function r( T) has the form r - TK and coincides with exponential accuracy 
with the temperature dependence obtained in the quantum method of calculation. 

PACS numbers: 62.90. 

The problem of the relaxation of a linear oscillator 
coupled with a continuous medium has been the subject 
of numerous studies. We shall mention here the work of 
Bogolyubov(l], in which it is rigorously shown that in a 
harmoniC solid an excited linear oscillator does not lose 
energy if its frequency W is greater than the Debye fre
quency OD of the crystal. It is interesting to determine 
the conditions for the absence of energy dissipation for 
an excited oscillator coupled with a medium by a weak 
nonlinear interaction. It then turns out that when the 
temperature of the crystal equals zero there is no energy 
diSSipation (in the framework of classical mechanics) if 
the condition W > QI) is fulfilled (in this sense, the con
clusion of the previous papers[2, 3] is confirmed). But if 
T> 0 (in classical mechaniCS, a nonzero temperature 
means that the energy of the crystal E ~ TV), this leads 
at once to energy relaxation, which is, however, fairly 
slow. If, e.g., K = :.l/nD » 1 and T/E « 1 (E is the energy 
of the oscillator when the vibration amplitude is of the 
order of the range of the interaction of the oscillator with 
the medium), the relaxation time r behaves like 
T ~ (T/E)-K. It must be assumed, however, that T/hQI) 
> 1, in order that the classical limit have meaning. 

In the framework of quantum mechanics relaxation 
occurs even when T = 0, since in quantum mechanics all 
processes in which energy is conserved are allowed. In 
the first two sections an equation for determining the 
asymptotic solutions is obtained and it is shown that the 
imaginary part of the oscillator frequency (or damping 
constant) equals zero at T = O. In the third section the 
lifetime is determined for T> O. In particular, this time 
is expressed in terms of the correlation two-time Green 
function of the solid. It is noted also that the temperature 
dependences of the lifetime of the high-frequency vibra
tion in the quantum and classical cases coincide with 
exponential accuracy (r ~ y-K). 

1. DERIVATION OF THE EQUATIONS 
DETERMINING THE BEHAVIOR OF THE 
SYSTEM AS t ~ 00 

We shall consider a system consisting of a high
frequency oscillator interacting weakly with a set of 
low-frequency oscillators (wo» flo = max {Qk})' In 
such a model the low-frequency oscillators describe the 
acoustic lattice vibrations and the high-frequency oscil
lator corresponds to an optical vibration excited in some 
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cell in the crystal. The equations of motion of such a 
1) . 

system have the form 

m 1/, 1" 
.i+Ol,'X=1' (rn,) U (-;y:;-.E M. ) 

"-. 

Eliminating the coordinates of the medium with the aid 
of the second equation, we obtain 

where 

';' 

.i+Olo'X=1' (:::.) U(q), 

1 N . 

Q(t)=-.,,-. '\" y.A. ccs (Q.t+'l'.), !,,~ .-. 

(2) 

(3) 

1 ~ y.' ·SD sin (Q-r) .D. 
M(-r)=-.i....J-sin(Q.-r),., YQ'---p(Q)dQ= S M(Q)sm(Q-r)dQ. 

N Q. Q 
11=1 0 0 

Eq. (2) is a very complicated nonlinear integro-dif
ferential equation. We shall assume that the solution of 
the system (2) can be represented in the form of a sum 
of two functions: 

X(t)=Xp(t)+y(t), q(t)=qp(t)+r(t), (4) 

where xp(t) and qp(t) are periodic functions with the 
same period, and y(t) and r(t) tend to zero in a power-law 
manner as t - "'. It is obvious that xp(t) and qp(t) deter
mine the asymptotic behavior of .the solutions as t _ 00 , 

which will be of main interest to us in the following. 

In order to obtain equations for the functions xp (t) 
and qp(t), we substitute (4) into (2). As a result we obtain 

'f. 
Xp+Olo'Xp+!i+Olo'y=1' (:J U (qp+r) , 

(5) 

m 'I,' {JU-
qp+r=1' (rn') J M(t--r)[xp(-r)+y{'t)]aq- (qp{-r)+r{'t»d-r+Q(t). 

, 
In the following, for the sake of simplicity, we shall 
assume that m = mo, which in no way limits the general
ity. 
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Taking into account that xp(t) and qp(t) are periodic 
functions and are, consequently, defined for all t, and 
also that M(T) too is defined for all times, as follows 
from (3), we rewrite the system (5) in the form 

i'p+Wo'Xp=J.lU (qp) +J.l (U (qp+r) -U(qp)}- (!j+wo'y}, 

qp=fl jill (-r)xp(t-T) ;c (qp(t-.))dT+{ Q(t) -ret) -J.lj M(T)Xp(t-T) 
c q • 

au '[ (au x- (qpU-'t»d't+fIS .M(t-,) (Xp(T)+Y(T» - (qp('t)+r(1:» 
Jq aq 

o 

(6) 

As t - 00 the expressions in the curly brackets tend 
to zero, since, as T _ 00, M (T) and Q(T) _ 0 by defini
tion 2 ) , and y(t) and r(t) _ 0 by assumption. As a result 
of passing to the limit t _ 00 , for the periodic functions 
xp(t) and qp(t) at large t we obtain a system of the equa
tions of the form 

(7) 

We shall demand that xp(t) and qp(t) satisfy Eqs. (7) for 
all times. Then, finding xp and qp from (7) and substitut
ing them into (6), we obtain an equation for y(t) and r(t) 
with the boundary conditions y(t) _ 0 and r(t) _ 0 as 
t - 00. It can be shown that, to within terms of order Jl3, 
such an approach is consistent: for certain restrictions 
on M(t) (see below), Eq. (7) has periodic solutions, and 
the system (6) has solutions y(t) and r (t) that fall off in 
a power-law manner as t - cO. 

In the case when U(q) is a linear function, Eq. (6) can 
be solved excatly and the solution can be represented in 
the form of a sum of a periodic function and a function 

2. DETERMINATION OF THE FREQUENCY OF 
THE VIBRATIONS AT T = 0 

We shall find the periodic solutions of the system (7) 
and elucidate the restriction on the kernel M(t - T) that 
guarantees the existence of such solutions. In solving (7) 
we shall use a method described in the work of Bogolyu
bov on nonlinear mechanics[4]. We expand the solution in 
a Fourier series3 \: 

+-'! 

U(q)= .E Une i •• ,. (8) 

where 

Substituting (8) into (7), we arrive at the following non
linear system for the Fourier coefficient xn and ~: 

+~ 

(W O'-n2 w')xn=J.l{ ao6(n)+a.qn+a, .E 6 (n-n,-n,)q .. q .. + ... }. 

q.=J.lM.(w) {a,x.+2a2 f 6(n-m-n.)xm q .. 
m,n, __ oo 

+~ 

+3a, L, 6 (n-m-n,-n,)xmq .. q.,+ ... }, (9) 

where 
~ 

M.(w)= S M(-t)e-i'·'dT. (10) 
o 

We seek the solution in the form of a series in powers 
of Jl: 

Substituting (11) into (9), we can obtain the solution of 
the equations to any order in Jl. We shall write out the 
expressions for the frequency w, accurate to terms 
~ !l2: 

(12) 

decreasing as t - 00. It is of importance here that the It can be seen from formula (12) that if the quantity 
periodic part can be obtained by solving the system (7). M1(wO) is complex there are no periodic solutions. It is 
Moreover, if the linear system (U(q) = Xq) does not have not difficult to convince oneself that, in any order in Jl, 
a purely periodic component but has an oscillating solu- imaginary frequencies will appear only in the case when 
tion damping exponentially with a small damping constant the Mn(w) are complex. From this it follows that the 
~Jl2, then this solution can be found, again by solving the question of the existence of periodic solutions reduces 
system (7), and the damping constant turns out to be equal to studying the reality of the functions Mn(w). 
to the imaginary contribution to the frequency (in this 
case, the system (7) also has no purely periodiC solutions). Substituting (3) into (10), we find that ImMn (w) is 

The above properties of linear systems, and also the 
fact that these properties also hold for nonlinear sys
tems, at least to accuracy ~ Jl3, make it possible to find 
the asymptotic form of the solutions from Eqs. (7). The 
frequency of the periodic solution of the system (7) can 
turn out to be complex, generally speaking. In this case, 
its imaginary part will determine the damping constant 
(growth constant) of the solutions of the original system 
(2) as t _ x>. Taking the above considerations into ac
count, in studying the behavior at large times of a high-
frequency oscillator interacting nonlinearly with a set 
of low-frequency oscillators, we shall start from Eq. (7). 

The only difference in the following will be the fact 
that for T > 0 the function Q(t) is assumed to be random 
and therefore does not tend to zero as t _ 00. This means 
that in the second equation of the systems (6) and (7) the 
term with Q(t) must be retained on passing to the limit 
t _ 00 (see below). 
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given by the following expression: 

(13) 

It follows from (13) that in the case when 

(14) 

the quantities Mn(w) are purely real, and, consequently, 
a periodic solution exists. On the other hand, if 

(15) 

then, for suffiCiently small Jl, certain of the quantities 
Mn (w) will turn out to be complex and there will be no 
periodic solutions. In this case, the damping constant r, 
to second order in !l, is equal to 

(16) 

From the treatment given it can be seen that a high
frequency oscillator interacting nonlinearly with a set 
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of low-frequency weakly-excited oscillators will per
form undamped oscillations (the large frequency differ
ence guarantees the fulfilment of (14), while the small 
degree of excitation of the low frequencies ensures that 
Q(t) = 0 in Eq. (2)). 

3. DETERMINATION OF THE RATE OF DAMPING 
OF THE OSCILLATIONS IN THE CASE T> 0 

We shall consider the case Q(t) f O. This corresponds 
to the situation in which the low-frequency oscillators are 
excited, i.e., the temperature T is nonzero. This implies 
that the function Q(t) is random. We shall take the law 
by which Q(t) is distributed to be the following: the amp
litudes Ak and phases <Pk' determining Q(t) (c!. (3)) are 
independent for all k and k', and the phase <Pk is uni
formly distributed. From this definition it follows that 
the correlator (Q(t - T)Q(t) has the form 

1 N 1 OD 

<Q(t-~)Q(t»=2iY L, 1.'<A.'> COS (Q.1:) x::' 2 S Q'(a)cos(CGT)p(a)da, 

,~, Q' (Q.) =1.'<A.'>. (17) 

Since, with this definition of the function Q(t), it does 
not tend to zero as t ~ 00, Eqs. (7) in this case have the 
form 

X+x=~U(q), 

- au q=Q(t)+~ SM(1:)X(t-T)iI(q(t-T)dT, (18) 
o q 

where the frequency Wo = 1. We shall seek x(t) to terms 
of order 1l 2 • To this end, we find the function q(t) to 
order Il from the second equation of the system (18) and 
substitute it into the first equation, as a result of which 
we have for x(t) the equation 

- au 
X+x=~u {Q(t) +~ J M(1:)x(t-~)aq(Q(t-T) )d'll (19) 

Expanding U(q) in the right-hand side of (19) in a 
power series and retaining terms ~ 1l2, we transform 
Eq. (19) to the form 

~ ~ ~ 

i+x=Jl L,a,Q'(t)+~2L, \lsava.S M(T)X(t-1:)Q'-'(t)Q·-'(t-~)dT.(20) 
,,=0 0 

It can be seen from (20) that the solution x(t) is a ran
dom function, and the random correction is ~ Il. This 
circumstance enables us, in the statistical averaging of 
Eq. (20), to make use of the following relation: 

<X(t-T) Q' (t-1:) Q' (t) >=<X(t-T) ><Q' (t-T) Q' (t) >. (21) 

Replacement of the averages in accordance with formula 
(21) leads to an error ~ 11 3 and does not take us outside 
the limits of the assigned accuracy ~ Il 2. Furthermore, 
from the definition of the random function Q(t) (cf. (3) 
and (17)) it follows that 

<Q'(t»=const, <Q'(t)Q·(t-1:»=<Q'(~)Q·(O) >. (22) 

Carrying out the statistical averaging of Eq. (20) and 
taking the relations (21) and (22) into account, for the 
averaged quantity (x(t) we obtain the following equation: - ~ 

<x>+<x>=~'L, \lsa,a, S M(T)<X(t-T»<Q'-'(T)Q'-'(O»dT. 
(23) 

In the right-hand side of Eq. (23) we have omitted the 
term that does not depend on the time, since it leads 
only to a negligible (~Il) shift of the averaged ampli
tude (x(t). We shall solve (23) by perturbation theory. 
Putting (x(O) (t) = Aeit + A*e-it , we obtain for the cor-
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rection W(2) ~ 11 2 to the frequency the expression 

00(2)=-- ~; t (v+1) (8+1)a.+,a.+, j M(~)e-" <Q'(1:)Q'(O» dT. 
,_0 (24) 

The terms of the series in (24) will be complex for 
sufficiently large v and s. In fact, from the definition of 
the functions Q(T) and (QV(T)QS(O) (cf. (3) and (17)) it 
follows that the most rapidly oscillating part of the cor
relator in the integrand of (24) has the form 

where 

<Q'(T)Q'(O» 
N!COS"(QD~) <Q"-" (0) >Q'" (QD) 

2"(N-n)! 

n=min (v, s), N=max (\7, s). 

(25) 

Taking (13) and (25) into account, we arrive at the fol
lowing relation: -

1m S M(T)e-"<Q'(T)Q'(O»dT+O, (26) 
o 

if 0 < 1 - nno < no. 
It is clear that the condition (26) will be fulfilled for 

sufficiently large v and s, and the corresponding terms 
of the series (24) will be complex, indicating the absence 
of periodiC solutions. We shall assume that the coef
ficients a v falloff sufficiently rapidly with the index v. 
In this case, the imaginary part of the frequency W(2) 

is determined by that term in the series for which the 
sum v + S is a minimum and, at the same time, the con
dition (26) is fulfilled. It is obvious that this will be the 
term in the series with v = s = n. Taking account of 
what has been said, for the damping constant r we ob
tain the expression 

f= 1m 00(2)=-'/, ~'(n+1)'a:+,( 1m I M(T)e-" 

) ~~, (n+l) 'n!a!+1 °SD 
XQ"(~)Qn(O»d~ = 2'"+' p(a,)da, ... 

o 

.. .r p(an)dan Q'(a,) ... Q'(an)M (1~ i:a.) e (1- i:,a·) , 
o " 

(27) 

where 8(a) is the usual theta-function and M(a) and 
Q2 (a) are defined by formulas (3) and (17) respectively. 
In the integration over the variable T in formula (27) 
the representation (25) of the correlator has been used. 

We put 

p (a) =3a'/QD', Q'(a) =2Tlma', M(a) =p(a)la. (28) 

This corresponds to Yk = 1 in (3) and (17), and to or
dinary classical statistics, in which the mean energy of 
an oscillator with frequency a is equal to ma2Q2(a)/2 
= T. Substituting (28) into (27) and performing the inte
gration, we obtain 

2 . 
f=t/2n~2(n+1) an+l (3Tl2mQD') n{ (n+1) QD-l} n(3/QD'). (29) 

We put U(q) = eAq; then an = An/n!. Substituting this 
expression for an into (28) and taking into account that, 
according to (26), n = [1/00] ~ 1100, and also 1/00» 1, 
we obtain for the damping constant r the formula 

f= ~ J.I.'h' (3e'h'T) t/OD. 

4 QD 2m 
(30) 

In formula (30) the frequency of the high-frequency os
cillator is w = 1, and therefore the quantity r is dimen
sionless. 
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,--

In order to write r in sec-1 it is convenient to intro
duce the following notation: 

~=fliJw(WQD)"'. il=(3e';"T/2mw')'f,. (31) 

In formula (31) all parameters have cgse dimensions, 
including J1.-{cm . sec 2] (these dimensions are deter
mined from Eq. (1)). Taking (31) into account, we ob
tain for the damping constant r the following expres
sion: 

(32) 

It is interesting to note that the quantum calculation by 
perturbation theory leads, for large values of the ratio 
wino» 1, to exactly the same temperature dependence 
r -TK • 

We shall estimate the magnitude of r. For real mo
lecular crystals the parameters arsraring in (31) have 
the following orders of magnitude 5 : 

--5 ;'-1O'cm- 1 p_ ._ D . __ D -01 w fl;' Q ';'-1;' (Q) '/, 
nD ' 'w(wQDf' w(wQDf' w . , 

il- ( 3e';"T ) 'f, _ (~) 'f, -01 w-10" sec~1 (33) 
2moo2 mw2A, _2 ' 1 

Substituting (33) into (31), and then into (32), we obtain 
r - 102 sec -1. Inasmuch as we have obtained an anoma
lously small value of r, it is necessary to estimate the 
contribution to r of higher orders in the parameter /l. 
To do this, we note that the expression (32) for r is a 
product of powers of two small quantities {32 and t:..2 , the 
total power of which is equal to wino + 1 = n + 1. This 
structure of the expression for r is a consequence of 
the fact that damping of the high-frequency vibrations 
occurs because of their resonance with the (n + l)-st 
harmonic of the low-frequency vibrations, the coupling 
with these being provided by the Pft of the nonlinear 
interaction with the form J1.X(AqP+ . It is obvious that 
a coupling between the indicated resonances also arises 
in the (n + l)-st iteration of the linear part of the inter
action, of the form /lXAq. As a result of taking this part 
of the interaction into account, we obtain for the damping 
constant r an expression of the type (32), in whieh the 
powers of the quantities {32 and t:..2 have exchanged places, 
i.e., 
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(34) 

Taking (33) into account, we see that (34) gives the 
same order of magnitude (102 sec-I) for the damping 
constant as (32). 

The inves tigation carried out shows that the rate of 
diSSipation of energy of a high-frequency oscillator in
teracting nonlinearly with acoustic vibrations is anom
alously small compared with the characteristic frequen
cies 'J) and no of the system, and also compared with the 
interaction parameter (J1.A)I12, and tends to zero as T _ O. 

I)In writing out Eq. (1) we have omitted all terms that are anharmonic 
in the coordinate x, since their contribution to the damping will be 
-(mel/mnuc)lJ2r, where r is the damping constant, calculated be
low, and mel and mnuc are the electron and nuclear masses. For the 
same reason we can disregard the effect of the other electronic terms. 
The arguments given are the consequence of the Born-Oppenheimer 
adiabatic theory. 

2)The function Q(t) ~ 0 as t ~ 00 only in the case when the coefficients 
Ak and 'Pk are smooth functions of the index k (cf. (3)). Below we 
shall assume them to be random quantities, and in this case Q(t) does 
not tend to zero as t ~ 00 (see below). 

3)Everywhere below we shall write simply x(t) and q(t), meaning the 
periodic functions xp(t) and qp(t). 
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