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An isotropic irregular superconductor is considered. It is assumed that A-the effective interaction 
parameter determining the pairing of electrons-is smaller than or of the order of 0.5. The system of 
Eliashberg integral equations is solved for T --; Te. A simple analytic expression is obtained for Te' A 
detailed analysis is given of the nature of the variation of the critical temperature in superconductors 
containing impurity atoms. Its dependence on parameters describing the phonon spectrum of the impurity 
system is investigated. It turns out that the presence in the phonon spectrum of impurity modes with 
quasilocal and with local frequencies can lead both to relatively small, and also to quite appreciable 
changes in Te' The former case is typical for a situation when the impurity atom is a practically isotopic 
defect. If the impurity atom is very heavy (M, > Mo), the corresponding relative correction /l Te to Te is 
negative, and /l Te- cln(Mo/ M,). For a light defect the factor /l Te is, generally speaking, positive, but 
/l Te:$ c. The latter case is realized when the impurity atom is coupled to the atoms of the matrix in an 
anomalously weak ('Y,<'Yo) or an anomalously strong ('Y,>'Yo) manner. A sharp reduction in the effective 
force constant 'Y, for an impurity atom leads to an increase in /l Te:/l Te- c'Yo/'Y, OI.-joLIO». In the opposite case 
an increase in the value of 'Y, results in the appearance of a negative correction to Te, and 
/l Te- c/(A- joL~». A comparison with experimental data is carried out. For a number of solutions a 
qualitative description is given of the variation of Te due to the presence of impurities. The quantitative 
agreement between the calculated and the experimental values of /l Te is satisfactory. 

PACS numbers: 74.10. 

1. INTRODUCTION 

The study of the nature of the variation of the tem
perature T c characterizing the transition of metals into 
the super conducting state as the number of nonmagnetic 
impurity atoms is varied forms the content of a number 
of papers. Usually the investigation is carried out within 
the framework of the BeS theory, Le., it is assumed that 
the interaction responsible for the appearance of the 
super conducting state is a nonretarded one. In the sim
plest approximation when the metal is assumed to be 
isotropic and only the elastic scattering of electrons by 
defects is taken into account, it turns out that the value 
of T c does not change (cf., for example, [1]). Among the 
factors that lead to a variation of Tc the following have 
been investigated. 

Markowitz and Kadanoff[2] have investigated the iso
tropization, caused by the elastic scattering of electrons 
by defects, of an anisotropic energy gap in a real regular 
crystal. According to the usual estimates isotropization 
gives rise to a very inSignificant reduction of Tc. Mos
kalenko and Palistrant[3 f had set themselves the aim of 
determining the role played by impurities in supercon
ductors by assuming the existence of several energy 
gaps. However, the model with several energy gaps is, 
generally speaking, inapplicable to nontransition metals, 
where in accordance with the experimental data of[4] the 
anisotropy of the gap does not exceed 30- 40%, and it is 
also inapplicable to transition metals even with a very 
small content of impurity atoms[4]. Bar'yakhtar et al[S] 
have investigated the effect on Tc of the modifications 
of the electron spectrum near singularities due to the 
presence of impurities. Maksimov[6) has calculated the 
renormalization due to impurities of the effective inter
action parameter A which gives rise to the pairing of 
electrons. The difference was taken into account in the 
scattering amplitudes between the atoms of the basic 
lattice and the impurity atoms, and also, to some extent, 
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the special nature of the oscillations of the group of 
atoms singled out near the impurity. The values obtained 
for the difference A(C) - A(C = 0), where c is the concen
tration of the impurities, is of order CA(C = 0). 

A consistent theory of irregular superconductors 
must be constructed taking into account the effects of 
retardation and of the damping of the quasiparticles. 
Equations of the Eliashberg type[7, 8) for superconductors 
with impurity atoms have been obtained by Maximov[6]. 
Below in Sec. 2 these equations are solved for T = Tc in 
the case of an isotropic superconductor with intermediate 
coupling under general assumptions concerning the na
ture of the electron-phonon interaction and the shape of 
the phonon spectrum. A simple analytic expression is 
obtained for Tc. In Sec. 3 with the aid of this expression 
a special analysis is given of the manner in which T c 
varies when specific impurity modes are present in the 
vibrational spectrum of the superconductor: a local and 
a quasilocal mode. Theoretically the possibility of the 
existence of the aforementioned modes in weak solutions 
has been predicted by 1. Lifshitz[9] and by Yu. Kagan and 
Iosilevskii'(1O). Experimentally these modes have been 
directly discovered in a number of metals for the first 
time in the course of measurements of the spectra of 
the inelastic coherent[ll) and incoherent[12, 13) scatter-
ing of slow neutrons, and also, for example, as a result 
of the reduction of data on the low temperature mea
surements of specific heat[13-1S], resistance[16, 17), tun-
nel characteristics (cf., for example,[18). We note that 
the effect of quasilocal and local modes on T has been 
investigated theoretically earlier by Appel[19~. The re
sults of the present paper are compared to his results. 

In the last, fourth section an investigation of the ex
perimental data is carried out within the framework of the 
theory developed here in order to obtain directly the vari
ation of T c produced by specific impurity modes. Use 
has been made of the results of measurements of the low 
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temperature specific heat of impurity superconductors. 
We recall that in the case of such measurements it turns 
out to be possible along with T c to determine the manner 
of the variation of the density of normal electron states 
on the Fermi surface N and the Debye temperature 80. 

2. GENERAL RELATIONS 

As our point of departure we take the system of the 
Eliashberg integral equations for an isotropic irregular 
superconductor which determine the renormalization 
parameter for the electron mass Z and the parameter 
for the energy gap A[a,6]. We restrict ourselves to the 
examination of the situation when all the characteristic 
phonon frequencies :">0 Significantly exceed the value of 
the super conducting transition temperature Tc. We also 
assume that the effective parameter i\ is smaller than 
or of the order of 0.5. Then, as can be shown, in order 
to find T c it is sufficient to solve an equation of the form 

( ) =S~d 'th~ q>(oo') [,I( ,)_fL9 (B.-00')] 
q> 00 00 2T, 00' \ 00,00 ReZ(oo') , . (1) 

where 
A ~ doo 

,,- Hj.' A = 2 S --;;;-S(oo), (2) 

q>(oo) =Re .1 (00) Re Z(oo)!Re .1 (O)Re Z(O), 

I ( ') 1 S· d "s ( ") ( 1 + 1 ] 
00,00 =J: 00 00 00'+00+00" 00'-00+00" . . 

In (1) we have denoted by Jl the matrix element of the 
screened Coulomb interaction averaged over the Fermi 
surface and multiplied by the value of the density of 
normal electron states at the Fermi level, (j is the unit 
function. The general expression for S is given in [6]. 

We note that the kernel of the integral equation (1) 
has a logarithmic singularity as w - O. The correction 
terms AI which have not been taken into account explicitly 
in the expression for the kernel do not have such a Singu
larity. If we take into account the specifiC nature of the 
frequency dependence of AI, then it turns out that this 
leads to the appearance in the equation for T c of terms 
of order 1/, IJ. and 3T c/wo in the factor multiplying the 
exponential. 

For the solution of (1) we utilize an approach close 
to the one described in[20 1. We go over from Eq. (1) to 
the following system of equations: 

~ d ' (3) 
'f (00) =/(00, 0) +[I(w, 0) -1] x+V S :' [I (00,00') -/(00, 0) 1(0, co') ]q> (00'), . 

's' doo W q>(oo) 
X=fL --;-th 2T, ReZ(oo)' (4) 

• 
1=" S~ ~q>(oo)th~/(O, oo)-x. 

00 2T (5) . 
We make some comments regarding the re lations 

(3)- (5). Firstly, the kernel of (3) no longer has a loga
rithmic singularity as w - O. Secondly, the inhomogen
eous term in (3) in fact corresponds to the well-known 
trial function of Morel-Anderson[21] (cf., in addition, (221). 

By utilizing the system (3)- (5) it is not difficult to 
obtain an expression for T c in the form 

where 
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T,=1.1400, exp {-1!(g-il.)lo (6) 

oo,=exp«lnoo>.), g=-,"--, 
1 T'1V/2 
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'1=// ~In OO~,» . \\(0 -w W (0) (,j' 

(7) 

The symbol <. .. ) is to be interpreted as follows: 
~ d ~ d 

<I>. = S 0000 S(oo)/(oo) / S : S(oo). (8) . . 
We emphasize that Eqs • .(6)- (8) have been obtained 

for an irregular isotropic superconductor with inter
mediate coupling. In deriving these expressions no as
sumptions were made, generally speaking, concerning 
the nature of the electron-phonon interaction and the 
shape of the phonon spectrum. 

By using an electronic computer we have made esti
mates of the accuracy of formula (6) for Tc. The vibra
tional spectrum was assumed to be in turn a Debye 
spectrum and of the form of a sum of two Lorentz terms 
with characteristic peak frequencies that did not differ 
much from each other. In evaluating the function for the 
electron-phonon interaction the electron-ion potential 
was chosen in the form of a screened Coulomb potential. 
It turned out that the coefficients in the numerator of 
the index of the exponential in (6) multiplying 1/2 and 1/ Jl 
are respectively smaller than 0.5 and 1. The coefficients 
of ~ '/2 and of 1/ Jl2 in the denominator do not exceed unity. 
(In 23], where the phonon spectrum has been approximated 
by a single Einstein peak, similar results have been ob
tained). In the models mentioned above f/ is practically 
equal to unity. 

Taking the foregOing into account it can be easily 
seen that relation (6) for T c bears a strong resemblance 
to the well-known empirical formula due to McMillan[241• 

For f/ ~ 1 and i\» IJ.* we have 

00, ( 1H ) T,""-exp . 
1.45 A-fL' (HO,5J.) 

(9) 

We state the desired expression for that part of Tc 
which is due to the presence of impurity atoms. We take 
the impurity concentration c to be a small quantity. We 
then have 

() T (0) 2 (0'_ to) 

6T, T, c - ,c= = g. {(!::.-~fL') 
T,(c=O) (g.-il'.") , J.o' Ito'g.' , (10) 

fL~')) 00' S.(oo) » } -- In---
go (J)'2 80 (w) w Ill' , 

where 

Al=A( c) -A(C=O), fL."" (N./N(c=O) -F( 6k.» fL·, (11) 
S.=S(c) -S(c=O), Nl=N(c) -N(c=O) 

We note that explicit representations for the function 
Sl (w) in metals with impurity replacement atoms have 
been obtained by Yu. Kagan and one of the present au
thors in [25,26], and in metals with implanted impurity 
atoms and with vacancies-in[27J• The change in the 
mass M and in the pseudopotentials V was taken into ac
count exactly. The change in the force constants y of the 
interaction between the atoms was described approxi
mately. For example, in the case of replacement impurity 
atoms we have 

.2::..= «v.'» -H(2+~~)(~-1) «v/» + N. (12) 
cJ.. «v.')) 1. 1. «v.'» cN(c=O) 

where the symbol (( •.. )) is defined by the relation 
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(Both here and in future we denote by the indices 0 and 1 
quantities which refer respectively to atoms of the basic 
lattice and to impurity atoms). 

The expression for the first term in (10) practically 
coincides with the expression obtained by Maksimov[6 J• 
This term is associated with the impurity renormaliza
tion of A and /l. Its value is determined by the values of 
the parameters VI/VO' NI/No and YliYO' The second term 
in (10) appeared as a result of taking into account the 
frequency dependence of t:.. in the course of finding T . 
It is a function of the parameters VI/VO, NdNo, MI/~t 
and YliYO' In the usual situation the principal term in 
(10) is the first term. However, if specific impurity 
modes (quasilocal or local) appear in the lattice and the 
frequency dependence of t:.. changes appreciably then the 
first and the second terms turn out to be of the ~ame 
order of magnitude. 

3. DISCUSSION OF RESULTS 

For the sake of definiteness we assume that the im
purity atoms are situated at the lattice points of the ma
trix. We make an analysis of the specific manner in 
which the quantity Tc varies. We consider several cases. 

1) «V,'»r«Vo'», N,*O, M,=M" "(,=" 

In this case 1>T c is determined only by the first term in 
(10). We note the following. Maximov has noted[6] that 
Al ~ t:..p(eo) where t:..p(eo) is the temperature dependent 
part of the impurity resistance in the classical tempera
ture limit[25]. As direct calculations have shown (cf., for 
example[l6]), for a qualitative description of the experi
mentally observed behavior of t:..p(eo) in the nontransi
tion metals in the case of impurity atoms replacing the 
original ones one can usually neglect in the correspond
ing equations the term of type F and simultaneously as
sume that ViaZi and Na(Z/n)l/\ where Z· is the effec
tive charge of the i-th ion, while Z and n ke the "aver
age" charge and volume. The foregoing enables us to 
assume that in the nontransition metals the sign of AI, 
and consequently also the sign of the correction to 1>T c 
under discussion are determined by the sign of the dif
ference ZI -Zoo 

2) «V,'»=«Vo'», N,=O, M,*M" "(,="(, 

In considering the qualitative aspects of the pheno
menon we choose the following model. We assume that 
the vibrational spectrum of the regular lattice is de
scribed by a single Einstein mode. The frequency of this 
mode Wo is determined by the average phonon frequency 
w~O). In the presence of "foreign" atoms in accordance 
with[25] we have 

S(Io)=N(c) [(1-C) «v,'» 6(1o'-ooo')+c «V,'» 6(00'-00,')], (13) 
M, M, 

where wUwg = Mo/MI' 

We note that the representation of S in the form (13) 
in a situation when the frequencies Wo and WI differ ap
preciably is, strictly speaking, valid only in the case of 
a very small number of impurity atoms[2B]. 

We substitute (13) into (10). We obtain 
g' 1 (0) 

6T, = c 0 [ 1+ ( 11.) Mo] 
(go-fl'.'»' 1-MoIM, g;- InM. 

(in the general case, if MI :> Mo or MI « Mo, (14) is 
valid with an accuracy up to numerical coefficients). 

(14) 

The introduction into the lattice of massive impurity 
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atoms (MI» Mo) produces in an obvious manner a re
duction in the magnitude of Tc. The possible scale of the 
change is cln(Mo/M I). Let the lattice contain light im
purity atoms (Ml « Mo). If one starts with the BCS rela
tion for Tc: Tc ~ ®l)e-1/A , then since for the isotopiC 
defect A(C "10) = A(C = 0) and ®o<lM- 1/2 , where M = (1 
- c)Mo + cMI we find that the presence of light defects 
gives rise to an appreCiable increase of Tc. On the other 
hand, in accordance with (14), Tc, generally speaking, 
decreases, although to a very inconsiderable extent: 
1>Tc S c. 

3) «V,'»=«Vo'», N,=O, M,=Mo, "(,*"(. 

Let us make use of the Simplest model. We again 
neglect the dispersion of the phonon frequencies and 
assume that the correction to the dynamic matrix of the 
force constants is t:..l>nn' = Cn1>yn'YI. Then S(w) is deter
mined by Eq. (13), where wUwo = YliYO. If the effective 
force constants yo and Yl differ considerably, then we 
have 

6T,""c [(2~- ~~)..!..+1!.(_1 __ 11.(0)) In 1'..] . 
" Yo A, " 1-,.1'1', g, '1'0 (15) 

Consequently, the appearance in the lattice of anomalously 
weakly bound impurity atoms (y I « YO) should lead to an 
appreciable increase in Tc' In the opposite case, when 
Yl» Yo, Tc decreases. 

We compare the results obtained above with the re
sults of the work of Appel[19]. Above we have obtained 
an expression for 1> T c for an isotropic irregular super
conductor with intermediate coupling using a description 
of the characteristic function of the electron-phonon in
teraction a 2 and of the function describing the density of 
the phonon states !Ji(S = a 2!Ji) without introducing a model. 
Appel solved equations of the Eliashberg type only for a 
problem involving a model. It was assumed that the func
tion '-f! for a regular crystal is a Lorentz function. The 
correction to l/J proportional to c was chosen in the form 
of a 6-function. The principal conclUSions in[19] were made 
on the basis of numerical calculations. It is essential that 
in that case a 2 was taken to be ~bitrary. But in actual 
fact this is not so (cf., for example, (13)). For the afore
mentioned reason Appel in[19] obtained an incorrect re
sult for the light isotopic defect and in fact an incorrect 
picture is presented when Yo and Yl differ appreciably. 

4. COMPARISON WITH EXPERIMENT 

There are many experimental papers in which the ef
fect of nonmagnetic impurity atoms on the magnitude of 
Tc has been analyzed. We note, first of all, a detailed 
study[29] of the variation of Tc with changing content of 
the impurity atoms (c ~ 0.01- 0.3 atomic %) in displace
ment solutions of Al with Ag, Mg, Zn, Ge, Sn and of In 
with Cd, Ga, Tl, Sn, Pb, Bi, and also aninvestigation[30] 
of weak solutions of Sn. A direct comparison with the 
results of Lynton, Serin and Chanin is difficult for a 
number of reasons. However, rough estimates according 
to formula (12) lead, generally speaking, to a correct 
description of the observed sign for relatively large 
values of c(1)Tc > 0 for 1>Z > 0 and conversely). 

In recent years a series of papers has been published 
in which data are given on the measurement of low tem
perature specifiC heat. It is essential that the' experi
ments were carried out using samples with a relatively 
large content of impurity atoms, i.e., of the order of 
several atomic percent over a sufficiently wide tempera
ture range (1-10 K). This enabled one to obtain together 
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with Tc(c) simultaneously N(c) and 90 (c) and enables one 
in principle to separate out the contribution to T c due to 
the impurity isotropization of the gap. In particular, im
purity superconductors were investigated characterized 
by high values of Tc: InSn[31], PbIn[32), VTa[15), VW[33].) 
VHf[34] VTi[35] VNb NvB TaV[36) TaNb[37] NbMO[3BJ 

, , '.J , , , 
TaRe[39], and also ZrHf[40J and MoRe[41). 

Of course, a comparison of the theory presented 
above with data for a superconductor with strong coupling 
(Pb) and for superconductors numbered among the tran
sition metals is, strictly speaking, incorrect. Neverthe
less, taking into account the closeness of Eq. (6) to 
McMillan's empirical formula it is natural to assume that 
on the whole the above scheme is also applicable here, at 
least if one restricts oneself to the qualitative aspect of 
the phenomenon. In particular this applies to the part 
liT c related to the perturbation of the phonon spectrum 
due to the presence of impurities and to the renormali
zation of A because of this perturbation. 

In order to establish the specific properties and the 
magnitude of the above mentioned corrections to liTc 
we have carried out, for the alloys investigated in [31-41), 
calculations on the basis of relations (10), (12), and (13). 
The values of AO were taken from McMillan's paper[24]. 
Since for Pb his data for AO differ appreCiably from the 
data of Kakitani [22], AO was taken to be equal to 1.12 and 
1.55. The factors !1 and !1 ':) were taken from [21,24] (for 
Zr we have taken !1~) = 0.11 and 0.17). The value of N, 
was taken from experimental results. Since the Debye 
temperatures of the solution and of the matrix are known 
one can make an estimate of Y1/YO by utilizing the for
mula[26) 

11 D 
-=1---, 
10 1+aD 

D= 8 D (c)-ElD(C=O) +~ (MI_l) 
CElD (c=O) 2 Mo 

where a is a constant (for example, for a lattice of the 
body centered cubic type a = 0.16). For alloys based on 
vanadium the factor ((V~))/((V~)) was determined on the 
basis of the data of [24] and on data on residual :reSistance 
Po, in the remaining cases this factor was taken to be 
proportional to (Z,/Z0?, where Z is the charge of the ion 
(in fact this corresponds to the choice of V in the form of 
a screened Coulomb potential). 

A sigI}ificant role in (16) is also played by another 
term liT(A) which takes into account the effect on Tc of 
the impurity isotropization of the energy gap. H we take 
into account only the isotropization of the gap then using 
the data on the measure of the mean square anisotropy 
of the gap[4] we found (cf., [2]) tbat for alloys based on 
V, Ta and Pb the value of IiT(A) is approximately by an 
order of magnitude smaller than the values of aTc ob
served experimentally. Moreover, for the systems un
der consideration[31-41] the initial samples of V, Nb, Ta, 
Mo and Zr are characterized by the ratio p(eo)/po 
~ 10-20, i.e., they are already quite impure. Taking the 
foregoing into account we have in what follows neglected 
the contribution to liT c due to the isotropization of the 
energy gap of the superconductor. 

The values of Y1/YO, Moy,/M,yo, liTc and aTc (!1= 0) 
are given in the table. 

Firstly, examining the data in the table which deter
mine the relationship between the effective frequencies 
Wo and w, one can conclude that in the majority of alloys 
under consideration the phonon spectrum is sharply de
formed. We note the following circumstance. In alloys 
of nontransition metals (InSn, PbIn) the difference be-
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tween Y, and Yo usually does not exceed 20- 30%. But in 
alloys of transition metals, as can be seen from the 
table, y, and Yo can differ by more than 100%. 

Secondly, as can be seen from the table, for all the 
alloys one observes agreement with respect to Sign and 
order of magnitude of the calculated and the experimental 
values of aT c. The agreement is better for the alloys 
InSn and PbIn when the concept of an effective screened 
Coulomb potential is, generally speaking, justified, and 
also in the case of alloys of transition elements for 
which the values of Po are known. 

Thirdly, we examine directly how liT varies when in 
the superconductors investigated in [31-41? modes exist 
with quasilocal and local frequencies. Suppose that a 
quasilocal mode exists in a superconductor. Then, if the 
impurities are close to isotopic (VTa and VNb), the mod
ification of the phonon spectrum leads to a decrease in 
T c. For VTa the corresponding correction to liT c is of 
the order of 30% and for VNb it is ~ 10%. For the sys
tems VHf, VTi, MoRe and VW with an anomalously large 
difference between Yo and Y, the variation of aT c due to 
the deformation of the phonon spectrum has a more pro
nounced character, with the corrections to aT c due to 
the deformation of the phonon and the electron spectra 
being of the same order of magnitude. 

Suppose that a local mode is present in a supercon
ductor. For an isotopic impurity (PbIn) the correction 
to aT c due to the deformation of the phonon sp ectrum is 
positive and amounts to 30%. In the case of NbV, where 
Y1/YO> 1, the situation is completely determined by the 
deformation of the phonon spectrum. 

We note that within the framework of the theory de
veloped above it turns out to be possible to understand 
the nature of the variation of aT c in weak solutions VTa 
and VW. Here the picture is as follows: the relative 
change in the density of electron states in VTa is by a 
factor of two greater than in the system vw, but the 
relative change in aTc is approxi mately by a factor of 
1.2 larger in VW. It turns out to be possible to explain 
the observed behavior in these alloys by the fact that 
in VTa the force constants vary but little, while in VW 
their strength is doubled. 

Thus, the presence in superconductors of isotopic 
impurities (both of heavy and light masses) and the de
formation of the phonon spectrum produced by them, gen
erally speaking, have a small effect on the magnitude of 
the change in Tc. Nevertheless, even for a qualitative de
scription of the variation of aTc it is necessary to take 

Composition I c, % 

VTa ["J 3.55 1 ,3 0.35 -0.13 -0.14 -0.17 
VW[33] 5.2 2 0.55 -0.22 -0.16 -0.29 
VHf["J 0.9 0.6 G.17 0.01 0.002 0.005 
VNb["J 15 1.2 0.70 -0.17 -0.28 -0.29 
VTi ["J 5 0.4 0.42 0.:1I 0.48 0.49 
NbV ["J 10 1.54 2.80 -0.16 -0.09 -0.05 
;'ibMo ["J 10 0.98 I -0.37 -0.28 -0.51 
TaV ['"] 10 0.62 2.34 -0.17 -(J.05 -0.02 
TaNb [37] 3.7 0.97 1.89 0.02 0.03 -+ 0.03 
TaRe ["] 2.5 3.43 3.39 -0.20 -0.13 -0.14 
MoHe [uJ 5 0.61 0.32 +0.50 .~ 0.67 0.61 
ZrHf [.oj 9.5 I. 75 0.89 -0.29 -0.16 -0.31 

1-'0 . .36*1 InSn [31J 5.03 1.02 0.98 0.13 (1.11 0.10 
Pbln ["J 10 0.94 1.71 -0.02 --0.0.3 -0.025 

-0.02** 

'For the calculation the value 1l1J!) = 0.17 was utilized. 
"For the calculation it was assumed that A = 1.55. 
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into account the difference in the masses of the atoms. 

If in the impurity system the effective force constants 
Yo and Yl differ strongly, then the quasilocal and the lo
cal modes arising because of this change in the force con
stants have a large effect on T c' The renormalization 
of A due to the interaction of an electron with such a 
type of quasilocal modes leads to an appreciable increase 
in Tc , while an interaction with local modes leads to a 
decrease in T c • 

In the weak solutions based on transition metals dis
cussed in Sec. 4 the value of oTc is determined to an 
equal extent by the renormalization of the density of el
ectron states N and of the parameter A of the electron
phonon interaction (due to the variation of the force con
stants). In isoelectronic solutions the change in Tc di
rectly due to the deformation of the phonon spectrum 
turns out to be essential. 

The authors express their gratitude to N. A. Cherno
plekov, Yu. Kagan, B. T. Genikman and B. N. Samonov 
for discussing the results of this work, and also to R. 
L. Zaltsev for a useful discussion. 

APPENDIX 

In the papers of Markowitz and Kadanoff[2] and Maxi
mov[6], where the variation of Tc was investigated in 
crystals with impurity atoms, in the derivation of equa
tions for Z and A electron and phonon Green's functions 
were used averaged over the impurity configurations 
being formed. Evidently such an investigation is an ap
proximate one. Below we show how it is possible to obtain 
the desired equations for Z and A in a more rigorous 
manner on the assumption that the pseudopotentials VI 
and Vo do not differ appreciably. 

We restrict ourselves to the situation when the su
per conducting crystal contains one impurity atom. The 
thermodynamic electron Green's function constructed by 
utilizing two-component spinors [42] satisfies the equation 

(A.1) 

where 

(A.2) 

The function G is a solution of the equation 

(A.3) 

The polarization operator associated with elastic scat
tering of an electron by static impurities has the form 

(A.4) 

Dnm denotes the phonon Green's function of an irre~lar 
crystal in the coordinate representation; Go and ~(O are 
the electron Green's function and the polarization opera
tor for a regular superconductor; AV = VI - Yo. 

We assume that AV/EF« 1. Then in the expressi1ln 
for L (cf. below) we can neglect terms of the order of 
tJ.V2 AV/EF and VnVmtJ.V/EF compared with terms pro
portional respectively to tJ.V2 and VnVm • We also take 
into account that tJ. Vkk = 0 due to the condition of elec
tric neutrality. As a result we have for the function dia
gonal with respect to the quasimomentum indices of G 
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(A.5) 

where G(O) is the Green's function for a free electron, 

I I .Pnm fk-k' 

fkk=Z II G I + ~ + /~- .... \ 
X k,k, k ~ I kk) (A) 

AVkk , AVk,k Vn(k,k,) Vm(k"k) .6 

Utilizing relations (A.5) and (A.6) one can obtain in 
the usual manner equations of the Eliashberg type which 
agree in their form with the equations appearing in[s]. 

lA. Abrikosov, L. Gor'kov and L Dzyaloshinsld.f, Metody 
kvantovof teorii polya v statisticheskof fizike (Methods 
of Quantum Field Theory in Statistical Physics), Fiz-
matgiz, 1962 [Pergamon, 1965]. . 

:n. Markowitz and L. P. Kadanoff, Phys. Rev. 131,563 
(1963). 

3V . A. Moskalenko and M. E. Palistrant, Zh. Eksp. Teor. 
Fiz. 49,770 (1965) [Sov. Phys.-JETP 22, 536 (1966)]; 
Dokl. Akad. Nauk SSSR 162, 539 (1965) [SOY. Phys.-Dokl. 
10,457 (1965)]; w. s. Chow, Phys. Rev. 172,467 (1968); 
B4, 111 (1971). 

4A. G. Shepelev, Usp. Fiz. Nauk 96, 217 (1968) [Sov. 
Phys.-Usp. 11, 690 (1970)]. 

"y. G. Bar'yakhtar, V. V. Gann, V. I. Makarov and G. A. 
Ignat'eva, Zh. Eksp. Teor. Fiz. 62, 1118 (1972) [SOY. 
Phys.-JETP 35, 591 (1972)]. 
~. G. Maximov, Zh. Eksp. Teor. Fiz. 57, 1660 (1969) 
[SOY. Phys.-JETP 30, 897 (1970)). 

7G• M. Eliashberg, Zh. Eksp. Teor. Fiz. 38,996 (1960); 
43, 1510 (1962) [Soy. Phys.-JETP 11,716 (1960); 16, 
1066 (1963)]. 

:n. J. Scalapino, In the collection of articles "Supercon
ductivity" 1, N.Y. (1969) p. 500. 
~. M. Lifshitz, Zh. Eksp. Teor. Fiz. 17, 1706 (1947); 
18, 293 (1948); 4, 716 (1956). 

I<yU. Kagan and Ya. I. Iosilevskif, Zh. Eksp. Teor. Fiz. 
42, 259 (1962); 44, 284 (1963) [SOY. Phys.-JETP 15, 
182 (1962); 17, 195 (1963)). 

llE. S. Svensson, B. N. Brockhouse and J. M. Rowe, 
Solid State Commun. 3, 245 (1965) H. B. Moller and A. 
R. Mackintosh, Phys. Rev. Lett. 15, 623 (1965). 

12N. A. Chernoplekov and M. G. Zemlyanov, Zh. Eksp. 
Teor. Fiz. 49, 449 (1965) [SOY. Phys.-JETP 22, 315 
(1966)]; Pile Neutron Research in Physics, IAEA, 
Vienna, 1962. 

13N• A. Chernoplekov, G. Kh. Panova, M. G. Zemlyanov, 
B. N. Samoilov and V. I. Kutaitsev, Phys. Status Solidi 
20, 767 (1967). 

14G. Kh. Panova and B. N. Samonov, Zh. Eksp. Teor. 
Fiz. 49, 456 (1965) [Sov. Phys.-JETP 22, 320 (1966)]. 

15N• A. Chernoplekov, G. Kh. Panova, B. N. Samonov and 
A. A. Shikov, Zh. Eksp. Teor. Fiz. 63, 1381 (1972); 
64,195 (1973) [SOY. Phys.-JETP 36,731 (1973); 37, 
102 (1973)]. 

16G. Kh. Panova, A. P. Zhernov and V. I. Kutal1:sev, Zh. 
Eksp. Teor. Fiz. 53,423 (1967); 56, 104 (1969) [Sov. 
Phys.-JETP 26, 283 (1968); 29, 59 (1969)]. 

17N. A. Chernoplekov, B. N. Samonov, G. Kh. Panova, 
A. P. Zhernov and A. A. Shikov, Fiz. Met. Metalloved. 
36, 978 (1973) . 

18 A. A. Maradudin, Localized excitations in solids, 
Proc. Conf., Ed. R. Wallis, Plenum Press,_N.Y., 1968. 

19J. Appel, Phys. Rev., 156, 421 (1967). 
200. N. Zubarev, Usp. Fiz. Nauk 71,71 (1960) [Sov. Phys.

. USP. 3, 320 (1960)]. 
21p. Morel and P. W. Anderson, Phys. Rev. 125, 1263 

(1962). 

A. P. Zhernov et al. 135 



22T • F. Kakitani, Progr. Theor. Phys. 42, 1238 (1969). 
23B. T. GeUikman, V. Z. Kresin and N. F. Masharov, 

18th All-Union Conference on Low Temperature Physics, 
Kev, September 1974. 

2~. L. McMillan, Phys. Rev. 167, 331 (1968). 
25yU. Kagan and A. P. Zhernov, Zh. Eksp. Teor. Fiz. 

50, 1107 (1966) [Sov. Phys.-JETP 23, 737 (1966)]. 
26A. P. Zhernov and G. R. Augst, Fiz. Tverd. Tela 9, 

2196 (1967) [Sov. Phys.-Solid State 9, 1724 (1968)]. 
27A. P. Zhernov, Fiz. Met. Metalloved. 33, 1145 (1972). 
28A. P. Zhernov and Yu. A. Malov, Fiz. Met. Metalloved. 

38, 652 (1974). 
29G. Chanin, E. A .. Lynton and B. Serin, Phys. Rev. 124, 

719 (1959) 
30E• A. Lynton, B. Serin and M. Zucker, J. Phys. Chern. 

Solids 3, 165 (1957). 
31M. H. Lambert, J. C. F. Brock and N. E. Phillips, 

Phys. Rev. 3B, 1816 (1971). 
3:n. E. Farrel and B. S. Chandrasekhar, Phys. Rev. B3, 

794 (1971). 
33N• A. Chernoplekov, G. Kh. Panova, B. N. Samonov 

136 SOy. Phys.·JETP, Vol. 42, No.1 

and A. A. Shikov, 18th All-Union Conference on Low 
Temperature Physics, Kiev, September, 1974. 

34A. R. Miedena, J. Phys. F 4, 120 (1974). 
35J • K. Hulm and R. D. Blaugher, Phys. Rev. 123, 1569 

(1961). 
36J . M. Corsan and A. J. Cook, Phys. status Solidi 40, 

657 (1970). 
37R. W. Rollins and Lavern C. Clune, Phys. Rev. B6, 

2609 (1972). 
38E• J. Morin and J. P. Maita, Phys. Rev. 129, 1115 

(1963). 
3s.r. Mamiya, K. Namura and Y. Masuda, J. Phys. Soc. 

Jap. 28, 380 (1970). 
40J • O. Betterton and J. O. Scarbrough, Phys. Rev. 168, 

715 (1968). 
41E. Bucher, F. Heinger and J. Muller, Phys. Kondens. 

Mater, 2, 210 (1964). 
42y. Nambu, Phys. Rev. 117, 648 (1960). 

Translated by G. Volkoff 
27 

A. P. Zhernov et al. 136 


