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An analysis of the spectrum of deep inelastic scattering of neutrons (k = 14.1 A-") is carried out on the
basis of the regularized Gauss—Newton iteration process. As a mathematical model, a double Gaussian
shape is employed, under the assumption that the scattering law can be represented by two Gaussian
curves corresponding to the contributions from the condensate and supercondensate parts. From the
viewpoint of the statistical criterion a model with a single Gaussian is the more satisfactory at T=4.2°K,
indicating that there is no Bose condensate at this temperature. A model with two Gaussians is the best at
T =1.2°K, the Bose condensate fraction being p,/p = 0.036+0.014.

PACS numbers: 61.12.Fy, 67.40.—w

1. INTRODUCTION

Although the connection between the superfluidity of
He II and the presence of a Bose condensate is not a
direct one,!!) the hypothesis was put forth long ago that
there is a condensate of atoms with zero momentum
below the temperature of the A transition in liquid
He*.[»®] This hypothesis is based primarily on the
analogy with the nonideal Bose gas;(®! however, to date
no sufficiently realistic, exactly solvable model of a
nonideal Bose system has been found in which the inter-
action did not destroy the Bose condensate.!*! The first
estimate of the possible fraction of Bose condensate in
a system of bosons which interact like solid spheres
and which have the observed density of He* was pro-
posed by Onsager and Penrose:l®! po/p = 0.08. Further
estimates, made from theoretical considerations, vary
from 0 to 0.55.17")

Hohenberg and Platzman(®! were first to analyze the
possibility of experimental observation of the Bose con-
densate with the help of strongly inelastic neutron scat-
tering, when coherent scattering goes over at high en-
ergy and momentum transfers to scattering of neutrons
by individual He* atoms. In this case, in the opinion of
the authors of(®), a ‘‘condensate peak’’ should be ob-
served against the background of a certain broad distri-
bution for the doubly differential cross section. The
ideas of Hohenberg and Platzman were developed fur-
ther by Puff and Tenn,[®) who relied essentially on the
exact relations for the dynamic structure factor S(k, w)
that follow from the rule of sums.['%*!]

Along with the theoretical investigations, experi-
ments have been carried out, beginning with the work of
Cowley and Woods!'?), to observe and estimate the frac-
tion of Bose condensate in He* at temperatures below
the A transition.!'®'®) In recent studies, neutron scat-
tering with a high transfer of energy and momentum has
been used for this purpose (k = 14.33A7%),

The results of these studies are given in Table I. It
should be noted that in reduction of the experimental
data by least squares in(%'3'*] various models were
used for the asymptotic behavior of S(k, w) at high
momentum transfers. Thus, a double Gaussian approx-
imation was used in!®! as the model for S(k, w) with a
fixed width of the condensate fraction, and inf**] the
model that described the shape of S(k, w) contained a
non-Gaussian increment of the form
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exp{-[(w = wo(k))¥o*]}. This fact makes it difficult
to compare the results obtained.”

The purpose of the present study was to establish the
amount of Bose condensate in superfluid helium more
precisely within the framework of a model with two
Gaussians (see alsol'®]), The experiment was carried
out with improved statistical accuracy. The integrated
count in the inelastic-scattering peak amounted to
~2 x 10° pulses, and the data were reduced by the

regularized Gauss-Newton iterative process proposed
i, [17,18)
in .

2. HIGH-ENERGY NEUTRON SCATTERING IN
LIQUID He?

It is known that the cross section of inelastic coher-
ent scattering of neutrons by a system of atoms of one
type at a temperature 87! = kBT has the form

ds M S(k, o 1)
dQdE, (2n)°R* 1—gPo '

where Mj is the mass of the neutron, hk =Hh(kj -~ kf)
is the transferred momentum, w = Ej = Ef is the trans-
ferred energy, and V(k) is the Fourier transform of the
interaction potential of the neutron with the helium
atom. In the range of energy and momentum transfer
considered, one can make use of the pseudopotential
approximation, and e™B% « 1, Equation (1) can then be
rewritten in the form of the cross section per scatterer
atom:

E
k—l'_lﬁ(k) [*N

1 d% O, o \"%
Fdssz,_sTF( _E) 5k o), @)
where op = (1 + Mp/Mge)®4na® and a is the scattering
length, The expression for the Van-Hove function

S(k, w) in terms of the correlation function of the

dehsity-density type has the form!*®!
S(k m)=1-j d=r]-die—f*'+*w'/~<[p(r £),0(0,0) 1> (3)
’ p v h 1 , Al £

where p(r, t) = ¥'(r, t)¥(r, t) is the operator of the
number density of particles in the Heisenberg repre-
sentation, p = (p(r, t)), and (...) is the thermodynamic
average.

For an ideal Bose gas, it is not difficult to obtain

S, (k, ) =231 ‘: {8lo—wo(k) 1~8[w+w, (k) 1} (4)
ap 1%, 1—exp{—PB[ (0t o) */4wo—pnl]}
+[mo(k) (02 ln{i—exp{—ﬂ[(m—ma)’/luno—p,]} }
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TABLE I

Literature ’ Date ' h, A T, K Do/
Cowley and Woods ['?] 1968 54 14 017010
Pu[flg ?;ld Tenn [°] (data of 1970 14.33 1.27 0.060.03
Harling ['*] 1971 1433 1.27 0.088+-0.013
Mook, Sherm and Vilkinson [**] 1972 14.33 1.2 0.024-+0.01
Results of present study* 1974 144 1.2 0.036-+-0.014

*In a previous paper of the authors ['5], processing was carried out without
account of the dependence of the width 71,2 on the transferred momentum (see
(12)). The result of [*%] is py/p = 0.029 £ 0.013.

from (3). Here wo(k) = i®k?/2MHe, A = (27h%/Mge)”?,
u is the chemical potential, po(B, p) the number density
of particles with momentum equal to zero, and

B = (kBT)™. The temperature dependence of wu(8, p)
and po(B, p) at fixed density p, and also the value of
the critical temperature of the Bose condensate for an
ideal gas are well known.[?]

Thus the function So(k, w) is divided into two terms:
the first, S?C(k, w) corresponds to scattering on the
Bose condensate and has the shape of §-like peaks, and
the second, S,(k, w), which is connected with scatter-
ing by supercondensate Bose particles, is a relatively
broad distribution in w. The latter term in the strongly
inelastic scattering region (w — =, k*— «, i’k?*/2Mygew
finite) has the form

Sk, 0) =~ [Toal(%] ""?e;:_[ eXp{—p (m—;:;fk)f}

(0)+0)0 (k))z
T exp {_ﬁ 4o, }] ’ )
where Bwo(k)> 1 and 8| w + woe(k)| > 1. We now note
that for large energy and momentum transfers, formula
5) for the scattering by supercondensate atoms also
holds for liquid He®, since the scattering system in this
region of k and w behaves as an almost free one.? In
this case S(k, w) for scattering of high-energy neutrons
has a Gaussian shape at high but fixed momentum
transfers and is centered on the dispersion curve of
free atoms + w,(k), while its width is determined by
the kinetic energy per atom in the liquid He®.[®] In order
to make these arguments more convincing, we note that
the experimental curves for §(k, w) in the strongly in-
elastic region at a fixed k and T = 4.2°K > T) have the
form of Gaussians whose centers lie in the vicinity of
the free-atom dispersion curve wo(k). We can also add
some considerations based on the rules of sums. The
Van Hove function is odd in w and for large k satisfies
the relationsl!!s*%]

o

i 177
7Idm|S(k, o)l¥2m, j do 0S (k, ©) =270, (k),

[ : <E>
75 do ©°S (k, ©) = 2nw, (k) [mnz(k)+4 ¥

If we now use these relations to determine S(k, w) in
the region of large transfers at T > T), we find that a
Gaussian formula of the form®

sto~[pomr] o [-rGTew) @

% (% <f/> 0 (k) )_1 (ro+mo(k))2]}

ok |- (6)

X(m—(oo(k))’]— exp [*

satisfies the first two equations of (6) identically and
the third with asymptotic accuracy, { E)[wo(k)]™/N

<« 1. Thus the rule of sums for large momentum trans-
fers (6) allows us to fix the normalization, width and
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position of the Gaussian form (7) that is odd in w, the
choice of which for S(k, w) in strongly inelastic scat-
tering is dictated by physical considerations. It follows
from them that S(k, w) for liquid He® in_this region of
k and w behaves in a fashion similar to So(k, w) for an
ideal Bose gas, and (¥z)8" ={E)o/N (see (5)) is re-
placed by the real kinetic energy of the atom in liquid
He®, (E)/N (cf. (7) and (5)). Analysis of the experi-
mental data for T =4.2°K > T) and constant k thus
allows us to establish the average kinetic energy of the
atoms of the liquid He*, which is equal to (E)/N, and
to compare it with the corresponding theoretical calcu-
lations.

We now consider the features of high-energy neutron
scattering in the case of the presence of a Bose con-
densate in liquid He*at T < T). The corresponding con-
tribution to the Van Hove function for the ideal system
S?C(k, w) has the form of a § function with amplitudes
~po/p and with carriers on the dispersion curve of
free particles wo(k) =H°k®/2MHe (see (4)). For He II,
the ¢ functions of S?C(k, w) should smear out, inas-
much as the lifetime 7 of the atom in the Bose conden-
sate is finite because of the interaction: 77 ~
~ hi[po(k)]?/ Mye,!® where o(k) is the He'-He* scatter-
ing cross section, which falls off slowly with increas-
ing? k, and p is the density. Consequently, we can as-
sume that S(k, w) has the form

Sk, ©) =SBC(k, 0) +S (k. ®)

= %{ﬁ)—}% [exp{—v:~' (0—wo)*} —exp{—y,"* (0 +wo)?} ]

'

+(1—pTZ){-Tﬁ‘—k)}[eX1>{—xa"(w—mo)’}—exp{—”.z“(w+mo)2}]- 8)
for strongly inelastic scattering of high-energy neutrons
by He II at T < T)” (compare with (4)). Here the quan-
tity v.(k) is determined by the interaction of the Bose
condensate atoms in the final state (finite lifetime 7):
1 ﬁ’[po(k=0)]2mn(k)_ 9)
2In2 My
The second term corresponds to scattering by super-
condensate atoms, and we get

B i(E)ip_o‘{i(k) P\ x
W=, ] (1 p) 00 (k).
from the sum rules (6) for vy (k).

Equation (8) is basic for the subsequent numerical
analysis of the experimental data.

(10)

3. DESCRIPTION OF EXPERIMENT

The experiment was carried out on an IBR-30 pulsed
reactor in an operating regime with linear acceleration,
using a DIN-1M spectrometer.?®) A monochromatic
beam of neutrons with energy Ej = 189.4 MeV was ana-
lyzed, after scattering on the sample at an angle of
122.62°, by the time-of-flight method between the sam-
ple and the detector.

Values of the transferred momentum that were most
favorable for the experiment were chosen in the range
k ~ 13—-15A"'. The lower bound is determined by the
closeness of the approach to unity of the ratio of the
energy transferred in the neutron scattering to the
energy of the free helium atom that corresponds to the
momentum k: wo(k) = i?k?/2Mye. This ratio is of the
order of 0.96 at k = 14.1 A™! in our experiment.!?*! This
interval is limited above by the resolving power of the
spectrometer. In this experiment, the width of the
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resolution function in the region of the ‘‘helium’’ peak
was equal to ~9 MeV. We did not strive for the limiting
parameters of the resolution function, since the con-
densate part of the ‘‘helium’’ peak is broadened by the
interaction in the final state to the extent that it is not
possible to separate it in explicit form. Therefore,
attention was concentrated on lowering the statistical
error and obtaining the highest possible accuracy in
measurement of the shape of the ‘‘helium’’ peak (see
the figure). Over the time of the neutron-scattering
experiment at 1.2°K, the integrated count in the
“helium’’ peak amounted to ~2 X 10° pulses.

The experimental spectra of inelastic neutron scat-
tering by liquid helium at temperatures of 1.2 and
4.2°K are shown in the figure. The width of the time-
spectrum analyzer channel was 8 ysec. The total time of
measurement amounted to 240 hr. The measurements
at the different temperatures were not normalized. The
energy resolution, indicated by the horizontal line on
the figure, was determined with the help of a vanadium
sample and converted for the inelastic-scattering
region,

The background was measured during evacuation of
the helium vapor over the liquid at the bottom of the
cryostat. The center of the elastic peak is located in the
172nd channel. The relatively large scatter in the re-
sults at the wings of the ‘‘helium’’ peak is explained by
the fact that the background was measured over times
less than the effect and was not smoothed but was calcu-
lated from the channel. The experimental results were
corrected for the effectiveness of the detector.

4. MATHEMATICAL MODEL AND ANALYSIS OF
EXPERIMENTAL RESULTS

The experimental spectra for the doubly-differential
inelastic-scattering cross section were obtained at a
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FIG. 1. Experimental spectra of neutrons scattered by liquid helium
at temperatures of 1.2 and 4.2°K (E; = 189.4 MeV, 6 = 122.62°, time of
measurement at a single temperature ~100 hr). The solid lines indicate
the theoretical curves, which consist of two Gaussians with po/p = 0.036.
The dashed line is the curve referring to the supercondensate fraction;

n is the number of the analyzer channel, and N the number of pulses
counted in the channel.
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fixed angle 6. Therefore, we use the kinematic relation
(11)

for investigation of these data with the help of Eq. (8).
This relation expresses the transferred momentum k
in terms of the transferred energy w = Ei — Ef and the
scattering angle 6. For the numerical analysis, we
used the following mathematical model for the double
differential cross section

1 d'c

_(dng,)=y(t)

as a function of the time of flight t:

B (Ey 0, 0)=h7%2M,{2E—0—2 cos 0[E:(Ei—0) ]},

PRI (250 1.5ty + o,/ +0.53 (tts) ')
= £ “exp| -
yi) 4n? ( 0 )( Y1 ) t e\p[ 2y ]
( e\l (2507 L3ty + " +0.53 (tts) -1)?
) el ey
4'[ 0 Ya t 2y,¢7°
t—413.86
+a+b (——8 »—218) ra= s (24 1,06 (2t) ). (12)

This expression is obtained with the help of the kine-
matic relation (11) from the two-Gaussian model for
S(k, w) (8) and Eq. (2) (the exponentials of the form
exp[-7i "' (w + wo)?] were omitted in (8) as unimportant).

The conversion from the energy to time of flight t
was perfommed by the formulas

c c 1 1
Bt (L)
ty t* to® t*

where c = 603.53 x 10° meV-usec?, and t, corresponds
to the center of the elastic peak. The connection be-
tween t and the time analyzer channel number n has
the form tp = 413.86 + n 8. In expressions (12), the
possibile existence of a linear background

a +b((t—413.86)/8-218) and a shift in the positions of
the desired Gaussians wo and wo relative to the energy
of the free particles wo(k) was also taken into account
(see notes 2), 3)).

A numerical analysis of the experimental data® was
carried out on the basis (12), reducing to solution of an
overdetermined nonlinear set of equations obtamed for
dlfferent values of n, for the unknowns po/p, Y1, 72 a,
b, wo, and wy (the latter two being set equal to one
another). For both temperatures, the number of equa-
tions used in analysis of the experimental data was
NT1 = NT2 = 121, and the number of unknowns mj was
varied from 5 to 7.

It is important to emphasize that numerical analysis
of the exponential dependences is a problem whose solu-
tion depends strongly on small distortions of the initial
data; therefore to obtain a correct result it is necessary
to apply special stable methods of solution.['”] In our
case, the analysis was carried out on the basis of the
regularized iterative process of Gauss-Newton(!s!8)
(library program C@MPIL, C-401, Dubna). The result-
ant nonlinear systems were solved with statistical
weights of the form s;%(n =1, 2,...,NT), where op are
the standard deviations of the measured quantities. This
makes it possible to use the closeness to unity of the
quantity y§/sj(i =1, 2; si = N7 - mj is the number of
degrees of freedom) as a statistical criterion of the
quality of the approximations found” [?!, The results of
the numerical analysis of the experimental data for T,
= 1.2°K and T: = 4.2°K (see!*®)) are given in Table II,
together with the statistical criteria of the approximation
x5/51.1%®) The quantities y§/s, correspond to the re-
sults of approximation of the differential cross section
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TABLE I1
Parameters T\=1.2K T,=42K
o - Model with a single Gaussian
Y2 340.5+15 434.2+-8
" 4421011 4024045
%2 129.2 97.2
Xi2/51 143 0.85
_ Model with two Gaussians
Y2 366,6+10.6 4345415
@o” 4454012 4,02+0.45
Yi 4124174 458143
o7y 4.45+0.06 4.02+0.14
x2? 1003 87.7
¥2*/s2 0.88 0.77
0.017+0.011

po/pP 0.036+0.014

Note: The quantities 7y, 75, and wp, wo are
expressed here in MeV.

by a single Gaussian with the number of unknowns

m, = 5; the y3/s. describe the results of the analysis
within the framework of the model with two Gaussians,
m; = 7. Account of the resolution function reduces to
convolution of expression (13) with this function. Since
the convolution operation does not change the ratio of
the areas, which is ~p o/p, account of the resolution
function is unimportant for determination of the Bose
condensate, since it affects only the determination of
the width of the experimental peak. The width of the
function which describes the Bose condensate contribu-
tion turns out in our case to be somewhat greater than
the width of the resolution function.

5. CONCLUSION

As a result of this analysis, it has been established
that the model with two Gaussians for the doubly-differ-
ential cross section of inelastic neutron scattering by
He* describes the experimental data sufficiently well.
It was also established that complication of the model
by the addition of new Gaussians does not improve it.

Further, on comparison of the quantities Xf/ s, and
xi/sz for the two temperatures (see Table II), we
verify that the model with two Gaussians is better from
the viewpoint of the statistical criterion at T, = 1.2°K
(see Sec. 4), and the model with one at T = 4.2°K. As is
seen from Table II, we obtain the estimate (3.6 + 1.4)%
for the value of the fraction of the Bose condensate
po/p. However, the problem of the origin of the non-
Gaussian corrections and their effect on the amount of
BC determined remains unresolved (seel'*)). We hope
to turn our attention in the future to study of this prob-
lem. In conclusion, we also note that to lower the inter-
action of the helium atoms in the final state, the Bose
condensate must be studied at high energies of the inci-
dent neutrons and with improvement of the resolution
function.

The authors thank I. M. Frank, V. V. Orlov, and
L. P. Pitaevskii for their interest in the work and for
participation in a discussion of the results.
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$)See Note?.
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