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The problem of a piezopolaron in an external magnetic field is considered in the adiabatic approximation.
The magnetic field is assumed to be so strong that the magnetic length is much smaller than the size of the
polaron state. This condition permits one to find the analytic form of the electron wave function and the
deformation distribution. The polaron optical spectrum is obtained. The dispersion law for a polaron
moving along the magnetic-field lines and the transverse mass are calculated.

PACS numbers: 63.20., 71.85.C

This paper deals with the spectrum of the piezopolaron
in a strong magnetic field. The coupling constant is as-
sumed to be so large that the adiabatic approximation is
applicable and the phonon field can be regarded as clas-
sical. As a result, the problem reduces to a solution of
a system of differential equations. The magnetic field
is assumed to be so strong that the magnetic length is
much shorter than the longitudinal dimension of the po-
laron state. This makes possible the use of the method
developed in the theory of excitons in a strong magnetic
field!*], and to reduce the problem to one-dimensional.
The resultant equation, which describes the dependence
of the electron wave function on the coordinate along the
magnetic field, admits of an exact solution. It is possible
as a'result to calculate the wave function of the electron
in the polaron well, and the spectrum.

In contrast to the spectrum of the free electron in a
magnetic field, the spectrum of an electron bound in a
polaron well is not degenerate in the projection of the
angular momentum on the direction of the magnetic field.
This fact should lead to a fine structure of the cyclotron
resonance. The very existence of the polaron state leads
to a threshold for the absorption of an electromagnetic
wave polarized along the magnetic field.

The problem can be solved for the case of a polaron
moving with a velocity lower than that of sound. This
makes it possible to calculate the dispersion law for the
motion of the polaron parallel to the magnetic field, and
the angular frequency of this rotation around the mag-
netic field.

An isotropic model is studied, in which it is assumed
that the piezoelectric fields are produced only by longi-
tudinal strains, and the anisotropy of the elastic moduli,
of the piezomoduli, and of the dielectric constant can be
neglected.

The problem of the piezopolaron with stron]g coupling
in a strong magnetic field was considered in(?! where
a variational calculation method was used. The polaron
binding energy obtained in the present pager agrees in
order of magnitude with that obtained in!*!, and the lon-
gitudinal mass differs by a large loga.r1thm1c factor.

1. BASIC EQUATIONS OF THE PROBLEM

The Lagrangian describing the isotropic model of a
piezopolaron in a strong magnetic field H and a weak
potential field U(r) is of the form'*!
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Here e and m* are the charge and effective mass of
the electron, B is the piezomodulus, A is the elastic mod-
ulus, € is the dielectric constant, p is the density of the
crystal, and u is the elastic displacement, which is as-
sumed in the adiabatic approximation to be a c-number.
The vector-potential gauge is assumed for the time being
to be arbitrary but linear:

Ai(r) =ann, aw—om=en;l;, (1 .2)

eklj is a completely antisymmetrical unit tensor of
thlrd rank.

In the adiabatic approximation, the dependence of the
elastic displacement and of the modulus of the wave
function of the electron on the time is connected only
with the motion of the polaron as a whole. Therefore,
if we introduce the radius vector R(t) of the center of
gravity of the polaron, then

u=u(x), ‘F=exp[iﬁ—ecA,(R)r,]ﬂ;(x),‘ 1.3)
where
x=r—R(t). (1.4)
Substitution of (1.3) in (1.1) yields
e @ (5 08\ 1 L 0 e z
o= fea{ri g (hgy) — g |[- 5 - T A®]9]
_ /ﬂtﬁeu|’l17|1—i(vu)z—_e‘UCHI.{IRkl"IJP—U(X'*'R)N—le}, (1.5)
€
. _ih 64: BN _ e o
]—-E( +’qJ ax,) P !lmInl'P[ . (1.6)

The wave funct1on and the elastic displacement de-
termined with the aid of the Lagrangian (1.5) depend on
R and R as parameters. But before deriving the equa-
tions, it is convenient to make one more canonical
transformation

f=exp (if’;—.l},zz) " 1.7
As a result
e (n )l ol
L (anaalPR- E ulgl- 2 (a):
—U(x+R) |pl* }7+ —2—R=— T anBR, (1.8)

where the condition for the normalization of the wave
function is used. The external field U(r) is assumed to
be too weak to influence the polaron structure. In this
case the equations for ¥ and u take the form

(1.9)

5 [_m———TA( )] o+ 8 —Evy,

dz
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and the equation describing the motion of the polaron as
a unit is
d . ou
TMILRA_—e[JkR’Hh_"éF. (1.11)
In the derivation of (1.9) and (1.11) we used the relation

j xlpl*d*z=0, (1.12)

which is the consequence of (1.10) and expresses the
fact that R is rigidly connected with the center of gravity
of the polaron. In the expression for the polaron effective
mass

Ju du

Mu=p J‘ d’z

22, 9 (1.13)

the free-electron mass can be neglected. In order of
magnitude, My is equal to that fraction of the crystal
mass in the polaron volume which is proportional to the
square of the strain (cf.1] ). In an external potential
field, the polaron is acted upon by a force proportional
to the gradient of the average potential
TR)= jU(R+x)|¢|2de. (1.14)

Using Eq. (1.10), we can represent the elastic dis-
placement in the form of an integral of the square of the
modulus of the wave function

“ L) (e

== 2 (1R B (-

+(y—y' )+ ( 1—% )_I (2—5')2]_l/z [p(x’) 1?d%’.

Here w = (A/p)"? is the speed of sound, the polaron velo-
city vector R =R, +R, has been resolved into compo-
nents along and across the magnetic field, the z axis is
directed along the magnetic field, and the x axis is di-
rected alongR | .

(1.15)

The problem reduces now to solving the Schrédinger
equation (1.9) with the potential (1.15) and to calculating
the dependence of the polaron energy on its momentum
and the angular-momentum projection along the z axis.

2. INTERNAL STRUCTURE OF POLARON AND
ITS OPTICAL PROPERTIES

In a strong magnetic field the wave function ¢ can be
expanded in the ratio of the electron binding energy ¢,
in the polaron well to the cyclotron energy hiQe (Qe
= eH/m*c):

P(X) =D (x, ) f(2) FPO () + ..., (2.1)
where @nm(x 1) satisfies the equation
1
o [—zﬁ———c—A(xL)] Qo= (n+ )ﬁQ O, 2.2)

n is the Landau quantum number, and m is the quantum
number in which the states of the free electron in the

magnetic field are degenerate. Functions with different
values of m are orthogonal and are normalized to unity.

From the condition that Eq. (1.9) have a solution we
obtain for the first approximation correction ™ the
equation satisfied by f(z)

n df
" 2mdz

+ 4nBe

u,f=8&.f, (2.3)
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where
&=E—(n+,)hQ,,
2a(2) = [ () |1 @um(x,) 1%dx,

(the subscript m will be omitted where there is no
danger of mlsunderstandmg) and also the condition that
determines the choice'’ of &p, (x)):

(2.4)

J 800 @ (1) Do (1) 3, =0 (2.5)

The elastic displacement in (2.4) and (2.5) must be cal-
culated with account taken of only the zeroth-approxima-
tion term in the expansion (2.1).

Further progress can be made only if the transverse
velocity of the polaron is not too high:

R, RR\E

(1_ w? )»(1_ wz)?'

where [ = (2ch/eH)"? is the magnetic length, and a is the
longitudinal dimension of the polaron. It is important to

note that the right-hand side of (2.6) is much smaller
than unity, since

(2.6)

Pla*~|&.|/hQ. <. 2.7)

When (1.15) is substituted in (2.4), the significant re-
gions in the integrals with respect to x| and x/ are
Ixi| ~Ix,| ~I, whereas |z| ~|z’| ~a. Therefore if the
inequality (2.6) is satisfied, then it is easy to verify that
the resultant integral is logarithmically large. To sepa-
rate the logarithmically large contribution, it is conven-
ient to use the integral of the Bessel function of imagin-
ary argument and its expansion at small values of the
argument (1*], pp. 746 and 975):
R\ 2]
t-35) ]

) h (z—z’)*+(y—y")* ]/} ds

)" ey

(=) (-2
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> 2 A R 2
:fl j‘e.tz‘:')sK‘){lsl(i_ RII‘) [(1_ Jz.
e w w
1 IslexpC }.1"’ '
~_ i(z—2')s o
Zfem{ == (-5F)

alll

where C is the Euler constant, Substituting (1.15) in (2.4)
and using the representation (2.8), we obtain

B eerryr] e @)

u, (z)———ﬁe—( R,: ) [2Alf(z) I*4+u (2)1, 2.9)

A w?

where

A=In [a/l(1—R& w?) %], (2.10)

u," (2)= ij 11(2") s’ [ etervds | @, diz, 104 (x) I?
n .

X104 (x,") vm{ﬁc_[(p%)" (z_z')=+(y_y')z]"”}i, 2.11)

The argument of the logarithm in (2.11) is of the order of
unity, and therefore the second term in the square brack-
ets of (2.9) is of the order of unity, whereas the first one
contains a large logarithm. We expand f(z) in reciprocal
powers of A:

(2.12)

Neglecting u‘'z, we find that Eq. (2.3) admits of a unique
solution that tends to zero as |z| — «<:

2, )V,(l_ 1.‘_'.2 ) Wy
2a*A w* | ch(z/a) ’

f(2)=F (z2) +fP(z)+... .

F(z)= ( (2.13)
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where

1 Ae 1 &
Q== —
K:m'e* a m'w

— (2.14)
is the radius of the polaron in the absence of a magnetic
field, K* = 4n8%/e), @ = K%?/chw is the dimensionless
couphng constant, and the longitudinal dimension of the
polaron in a magnetic field is determined by

a=(2m'|&.|)"/h. (2.15)

In contrast to the usual Schrédinger equation for a
particle in a specified potential, the solution (2.13)
exists for all values &g < 0. The quantity & must be
determined from the normalization condition

ay I‘{L’ b _
aA (1— w? ) =1
The polaron states in this approximation turn out to be

degenerate, just as the states of a free electron in a
magnetic field. The degeneracy is lifted in the first-

(2.16)

order approximation in A™', The normalization condition,

accurate to first-order approx1mat1on terms, is

x (I—Iz‘p_lz) (1_ R ) jF(Z)g(Z)d§=1,

A (2.17)
where g(z) = (1 - R /w?)Y2(fY +£2*), This function
satisfies the following linear inhomogeneous equation
that is obtained from (2.3):

d’g 12 R.L ~'h 2 1 _ 4 (1)
dz* o a, (1——) AFg=—zg=——_-u. F.

a?

(2.18)

Qo

The solut1on of this equation is
(z)—— [G (2) sz(z Yul (z')F(z') dz’'— Gy (2) jG (z)u" (z)F (z')dz’

(2.19)
where
G,=dF/dz, G,=GG, (2.20)
are the solutions of the homogeneous equation and
dG/dz=1/G.?, 2.21)

With the aid of (2.19)- (2.21) we obtain after simple trans- Aw"""zzw

formations
j Fgdz— — ij [FZ(O)G,(z)

z F2(z')—F?
+G|(Z)J- (éz(z/) ©

We now use the explicit expression (2,13) with allowance
for (2.16)

& ] u (2)F () dz.

F*(2)—F*(0)

— _ g2oh?
_——G,z(z) a*ch’(z/a), .

ch®(z/a)

Gla)=—2a'—a

+6a* [ ch?(s'/a)dz’;
o
as a result we get

_ 2d TN A SR 4
ngdz—ToIFu" (—a—thT—i)dz. (2.22)
It is necessary to substitute in the resultant integral
the expression (2.11), in which £(z’) is replaced by F(z').
The integrals w1th respect to z and z’ reduce to tabu-
lated integrals (©*)) p. 519):

J e 42 _ ma’s
ch*(z'/a)  sh(nas/2) '
z dz (nas/2)* ch(nas/2)
isz _ h — 1 =
J‘e ( a ¢ a ) ch?(z/a) ¢ sh?(nas/2) ’ (2.23)
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after which the integration with respect to s is also car-
ried out with the aid of the tabulated integral ([5], p. 366):

j ( nas) * ch (nias/2) 6 Irzdr B

as. = (2.24)
2 sh®(nas/2) na

nas \° nals| \ ch(nas/2) 2 T/ 3¢t 7
N ( )—d - ( + )d
-[( 2 ) & 2 sh®(nas/2) s na‘;[ sh®1 sh’t t

In2—C— ilz—k)

k=2

=n—2a{71d\—7[2'_vr(1+")C(V) ]v:z}=%(g_1_

As a result we have

a R,? lnk
2 8) e B
J'gz — = In 25 2 A

where
A = [ 10 () 11O (x,) |zln{l [(

) (2.25)

RV
wj) (z—2')*

+w-y’] _x/'}dZude;. (2.26)

Substitution of (2.25) in (2,17) leads to the following
expression for the electron energy:

A2A? (1 Rf)*’[1 2 11 In2
2m'at \\ w 7T(F‘ fen

—E Ink A,.,,”'”‘)].

Owing to the dependence of A ™M on the state of the elec-
tron, the degeneracy is 11fted The electron wave func-
tions can be calculated only in the limiting case

&——

(2.27)

(2.28)

Then m is an integer characterizing the projection of
the angular momentum of the electron on the z axis®
But even in this case AJ}™ cannot be calculated in final
form for arbitrary n and m. By way of example we pre-
sent its value at n = 0, when

(Dvm (XJ.)

R Ywi<d.

(m|m| 1) ~"(x /1) ™ exp (img—z,*/20")

(here ¢ is the azimuthal angle of the vector x):
im|

T 2-m ==l (|m|+k+1) — In 2] =g (Iml+1), (2.29)

h=0

where ¥(k) is the logarithmic derivative of the I" function.
With increasing |m|, the absolute value of M jnhcreases
but its sign remains negative.

The optical properties of the polaron are determined
by the solutions of (1.9) at fixed u(x). In the case when the
electromagnetic wave is polarized perpendicular to the
constant magnetic field, ordinary cyclotron resonance
takes place. The dependence of u(x) on the initial state
of the electron leads to a fine structure of the cyclotron
resonance. The frequency of the transitionn, m —n +1,
m’ (m’ =m + 1 under the condition (2.28)) is

(2.30)

e B R\~ '
ol =0, + A (1— L ) (Apamm— AT,
a w
In addition, transitions without a change of the Landau
quantum number are possible. The frequency of such a
transition is
mmr RPA

@nn =

(2.31)

2

m'a,? (1_ EL ) (Amm"—A7").
If the electric field in the electromagnetic wave is
parallel to the constant magnetic field, then the possible
solutions are determined by the solutions of the one-di-
mensional Schrddinger equation (2.3) with fixed potential

u, (z). The ground state in this potential is the state of
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the electron producing the potentlal well, i.e., the poten-
tial u, () itself. If we discard un (z) then the equation
has an exact solution, and the first excited state

f ~tanh(z/a) lies already at the boundary of the continu-
ous spectrum. The potential un v contains a long-range
part that leads to the appearance of an infinite number
of new bound states.*’ However, the binding energy of
such states is of the order of A°/m*aj and lies beyond
the limits of the accuracy of the present calculation.
Thus, the existence of the polaron leads to the frequency
threshold

o=A"A*/2m"a,’. (2.32)
3. MOTION OF POLARON AS A UNIT.
THE DISPERSION LAW

The polaron equation of motion (1.11) can be written
in the form
d aU

—MR=——,

dt JR, (3.1)

d . . oU
‘_‘J‘ILRL=£‘[R;XH]_'_v (3-2)
dt c

JR.
where the longitudinal and transverse masses of the
polaron are defined by the relations

du\* du \*
M=p 5(72) &z, MLEpj(H) &z.

To calculate them it is convenient to use the Fourier
representation for the elastic displacement. We then
obtain with the aid of (2.23)
REY ., L]
w_i) K k,;]

e mﬁwa\ S[“——) J‘('l#

I3 ke jheydh
sh¥(nak/2)

(3.3)

My =

X l\lq)" (x1) |2e"‘—’»‘—‘-d'-'x; 2 (3.4)
The main contribution to the longimdipal mass is made
by the region of integration k, ~ (1-R;;/w®) "%, The
exponential in the integral with respect to x; can be set
equal to unity, and with the aid of (2.24) we obtain

My =— (3.5)

1 A R\l R
! 3 m'ajfw? (l- wt ) (l w? )
A logarithmically large contribution to the transverse
mass is made by the region (1 — R} /w®)" %' < k.

< I''. In the integral with respect to x,, the exponential
can again be set equal to unity. As a result we have

1 242 Ryz i
A*A (1_ : ) )
w

M= 3 m'a,tw?

In the case when U = 0, Egs. (3.1) and (3.2) are solved
practically in the same way as the equations of motion
of a free electron in a magnetic field. It follows from
(3.2) that

(3.6)

MR = —[RuxH], (3.7)

i.e., the polaron rotates about an axis parallel to the
magnetic field, with angular frequency

Q=eH/M c. (3.8)

The projection of the angular momentum on the magnetic
field direction
AL=[R X leg], (3.9)

is an integral of the motion. Expression (3.9) is obtained
from the Lagrangian (1.1) if one neglects the contribution
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of the electron in comparison with the contribution of the
phonon field. The quantity L, is connected with the square
of the transverse velocity by the relation

Cx”_,_z

KIL,|= = R (3.10)

From (3.1) with allowance for (3.5) we obtain the fol-
lowing expression for the kinetic energy of the longitudi-
nal motion of the polaron:

Rll2
a(t-40)]

M= (R2A¥3mayw?) (1—R 2/w?) ",

Riw 1
w1

ety (3.11)

& = 1”“‘0 w*

where

In the calculation of the projection of the polaron mo-
mentum on the magnetic-field direction we can neglect
the electron momentum. Then
du du

— d*r=MR,.

TR (3.12)

PE—pj
The dispersion law for the longitudinal motion is ob-
tained by eliminating ft,, from (3.11) and (3.12). It is
meaningless to write out the complete formula, since
it is too cumbersome. It is easy to verify that it satis-
fies the relation 3¢ /8P = R;. In the limiting cases

& =P*2M,, if R<w or P<Mw,

if w-R<w or P>»Mw.

L
& =Pw+'/:Mw* In : (3.13)
Myow?

To calculate the total energy of the polaron it is neces-
sary to use for the Hamiltonian an expression obtained
from (1.1) by taking into account the transformations
(1.4) and (1.7):

;g:j{ :(R ou ) +——(\u) L [—m%—cim(x)]w |

dz, 2m’
4t c .
+—51L|¢|2+R,j,}d"z+i01v, (3.14)
(0w vy e \
Jt=7( __ll« —*)—TAI(XHIM : (3'15)

The integral of the current density for the bound state
is equal to zero, and the last term in (3.14) can be ne-
glected. As a result, the polaron energy reckoned from
the bottom of the Landau band for the free electron is
given by

E=& 8., (3.16)
where
so= _[[ (R. ) +x(sz)2] diz
j(R[—) d*x 2::[3(3 julwlzd’x. (3.17)
The last integral is easy to calculate:
Y B R\~ A d
ju|¢l'd'1=_§e;“ (1_ w* ) 27-‘. ch‘(zz/a)
2 A? kf -t
i () (8.18)
and the result can be represented in the form
1 m 2 . 1 RiZ\ "%
g=—?m_aoz (mil) +MLRJ[1—7(1—TDE—) ] +&,. (3.19)

The first term is the binding energy of the polaron at
rest, calculated in the lowest order in A™', and the sec-
ond term is the energy of its transverse motion. Both
terms are of the order of A%, whereas the last terms are
of order A. Nonetheless, expression (3.23) is not an ex-
aggeration of the accuracy, since the corrections of or-
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der A to the first two terms contain Rﬁ only under the
logarithm sign, and make no contribution to the energy
of the longitudinal motion.

4. LIMITS OF APPLICABILITY OF THE THEORY

The limits of applicability of the results are bounded
by two principal conditions. The first is that the adia-
batic approximation be applicable, and the second is
that the magnetic field be strong.

In the adiabatic approximation, the elastic displace-
ment can be regarded as a c-number, i.e., we can neg-
lect the amplitude of the zero-point oscillations in com-
parison with the characteristic elastic displacement.
The same condition can be formulated as stating that
the phonon energy iwq with characteristic wavelength
q ' be small in comparison with the polaron energy'®,
or that the speed of sound be small in comparison with
the uncertainty of the electron velocity fi/m*a, which
corresponds to the original meaning of the term ‘‘adia-
batic.”’ In this case a somewhat more stringent require-
ment must be satisfied: the phonon energy fiwq must be
small compared with the energy characterizing the fine
structure of the polaron state (for simplicity, the esti-
mates were made only for the case when the ratio R*/w’
is not too close to unity):

4.1)

The spectrum of the phonons making up the well is char-
acterized by the wave vectors q; ~a™*,a* <q; <17},
which is obvious, for example, from a calculation of the
longitudinal and transverse masses. The most essential
in the condition (4.1) are phonons with @ ~ 7', Then this
condition, with allowance for (2.7), reduces to

hwq<hA/m* e,

a>a—°L\>>1. 4.2)
From (3.5) and (3.6) it follows that
m 1 om 1 (4.3)
M, oA’ M. a?A?’

and thus neglect of the electron mass in comparison with
the polaron mass is necessary.

When determining the internal structure of the polaron,
no account was taken of the time dependence of R|. This is
permissible if the angular frequency  of the polaron is
small in comparison with the characteristic polaron fre-
quencies
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Q<hA/m al. 4.4)

This inequality is a consequence of (4.2), and is therefore
automatically satisfied.

It must be noted that a polaron state appears in each
Landau band. However, for large Landau quantum num-
bers n the results may turn out to be inapplicable, since
the radius of the state of the electron turns out to be
already not / but n/, and the right side of the inequality
(4.2) ceases to be valid.

Satisfaction of the condition (4.2) can be expected in
the strongest piezoelectrics. Thus, in Te, where
a ~5(K® ~0.3; ¢ ~40; w ~ 3 X 10° cm/sec), and in
fields on the order of 50 kOe, there should apparently
exist piezopolaron states close to those described in this
paper.

In conclusion, I thank A. G. Aronov and V. L. Gure-
vich for a discussion of the work. I am particularly
grateful to G. E. Volovik, whose criticism and advice
have greatly influenced the content of the paper.

DIt is easy to show with the aid of the approximation (2.8) that the
z-dependence drops out of this condition.

DThe off-diagonal element of (2.5) are in this case not equal to zero
but proportional to R |/w?. Their effect can be neglected, since the
degeneracy is lifted by diagonal elements that do not contain the
small quantity (2.28).

3This remark does not pertain to the case when up, is defined in self-
consistent fashion.
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