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A semiphenomenological theory of rapid and steep-gradient processes in media with a microstructure is
considered. The equations of motion for the major macroscopic quantities can be obtained on the basis of a
general kinetic description of the n-particle structural elements of the medium by means of the projection
method. The transfer kernels or nonequilibrium kinetic coefficients (NKC), which determine the relations
between the fluxes and forces are specified by using certain general principles, exact relationships
(dissipation-fluctuation and moment), model considerations, and also experimental and numerical data. The
theory with a single quantity (rapid diffusion) is considered. It yields the asymptotic form of the relaxation

NKC for the case of an appreciable time dispersion, as well as the diffusion NKC. Diffusion waves are
discussed and neutron transfer in small assemblies is analyzed. The hydrodynamics of rapid process is
considered and relations are given for hydrodynamic NKC in the case of longitudinal motion. They are
specified in a more concrete form for a simple fluid (gas) by employing data on radiation scattering and

numerical data. Shear waves in a simple fluid (argon) are studied.

1. INTRODUCTION

In recent years, appreciable deviaticns from the re-
sults prescribed by the thermodynamics of irreversible
processes (‘‘disequilibrium effects’’) are observed in
increasing numbers in studies of nonequilibrium pro-
cesses in various media. In addition to those noted inl'}
these include zero sound, the non-exponential decrease
of a neutron pulse in small assemblies, the Scott effect,
damping of the type exp (~t*) with o < 1, spin echo in
polymers, and others. Deviations occur for processes
whose space-time scales are comparable with the in-
ternal characteristic times and lifetimes of the struc-
ture elements of the medium (molecules or clusters of
various types).

At the present time, it is possible to derive general
relations for a large class of rapid and steep-gradient
(RS) processes of low amplitude, microscopic equations
of motion of general form have been formulated, and the
main quantities contained in them, namely the transport
kernels or the nonequilibrium kinetic coefficients (NKC)
that are contained in these quantities, have been con-
sidered. Such a program was realized for general
Boltzmann systems!"*?]. Generalized hydrodynamics of
simple liquids was proposed by Richards (1960) and
Moril®)) and was developed most completely in an article
by Akcasu and Daniels!*]. The theory of rapid thermal
conductivity was formulated by Guyer and Krumhansl1{®.
The macroscopic description of highly non-equilibrium
processes in an electron gas was discussed by a number
of authors. A great influence on the formation of the
~ theory of rapid processes was exerted by the phenomen-
ological theory of Leontovich and Mandel’shtam!(®],

In this paper, on the basis of a general kinetic de-
scription, we consider the macroscopic theory of RS
processes that are linear in the deviation from a sta-
tionary, translationally invariant state. In the main
part of the paper we give equations for the major
macroscopic quantities (MMQ) of general form, and
study the main problem of the RS processes, namely
the determination of the form of the NKC. In compari-
son with the Mori formalism'®], the equations of Sec. 2
take into account the disequilibrium of the stationary
state under the influence of external forces, take a form
characteristic of nonequilibrium thermodynamics, and
contain, in particular, diagonal relaxation terms that do
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not vanish in homogeneous systems. The absence of the
latter from Mori’s equations is due to the reversible
character of the Liouville operator.

The main (macroscopic) problem of the theory of RS
processes, namely the determination of the form of the
NKC, has still not been satisfactorily solved, although
definite progress was made in this direction. In this
paper we present a general method of obtaining rela-
tions for the NKC—the functions of the Laplace parame-
ter, the wave vector, and the field. The method is based
on exact moment expressions for the NKC, which are
derived in analogy with the Leontovich-Mandel’shtam
method!®l. We use also the asymptotic forms of the
NKC for small and large gradients and velocities, the
general principles of nonequilibrium thermodynamics,
model considerations, and experimental data obtained
in the intermediate range of the arguments of the NKC.

In Sec. 3 we consider a theory of rapid diffusion,
which contains one major macroscopic quantity. We ob-
tain here an asymptotic expression for the relaxation
NKC in homogeneous systems ‘‘with vanishing fre-
quency.’”’ A semiphenomenological relation is also given
for the diffusion NKC; the values of its parameters are
indicated for the case of neutron diffusion (in graphite
and in water). The simple variant of the diffusion NKC
is analogous in form to the thermal-conductivity NKC
used in the analysis of second sound!®!, and also the
shear-viscosity NKC given inl"), With the aid of the
expression obtained for the diffusion NKC we discussed
“‘diffusion’’ waves (density, thermal, shear). The
theory points to their existence; the question of their
observability depends on the character of the system.

Section 4 is devoted to the hydrodynamics of fast
processes (HFP) in a molecular fluid (gas). For a sim-
ple gas it was proposed by the present author int?1, put
here it is presented in constructive form. In the case
of longitudinal motion of a simple liquid, relations are
given for the hydrodynamic NKC, both diagonal and
crossing; the results of a number of studiest»**! are
made much more precise. The choice is discussed of
the values of the parameters from experiments on light
scattering and neutron scattering and on the propaga-
tion of hypersound. Also investigated is rapid shear in
a simple fluid, and the limit of appearance of shear
waves, which indicates the possibility of their observa-
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tion, is obtained with the aid of the assumed dependence
of the shear-viscosity NKC.

2. GENERAL THEORY

Let the dynamics of a many-particle system be de-
scribed by a kinetic equation of general form (or by a
system of such equations) for the distribution function
(vector) of n particles: f = {f{l (pmtx)}; here the mo-
mentum p, the internal angular momentum m, the
index [ of the internal state, and x are all n-dimen-
sional vectors. For a small perturbation & = {¢;} of
the stationary distribution fg = {fg }, f = fs(1 + ), the
general kinetic equation (system) takes the form

A0=80+q, &F=&+], (1)

where
&'=—V.V—(F, 0,1F, -0u) =8 +F 2)

is the flux (matrix) operator and J is the collision
(matrix) operator, Fpm(pmHE) are force operators,
and q is a term corresponding to the source. The op-
erator &9 describes the fluxes in phase space I' and
has a reversible character, i.e., &Y — -&“ under time
reversal. The operator J determines the irreversible
interaction of the group of n particles with the remain-
ing N - n particles. Owing to the homogeneity and
stationarity of the unperturbed system, the evolution
operator ¢ is translationally-invariant in x and int.

Inasmuch as the entropy perturbation is given in the
first nonvanishing approximation by

6S(t) '="%:2 jdl‘n‘p-'w:f.,-—k.(@, 0>H, (3)
1]

it is natural to use the Hilbert spaces of the vectors ¢
in Iy and the ‘‘densities’’ &(x,)in I'n(x,) with re-
spective scalar products (¥, &)y and ( ¥, &), where

1
<W,0>H=7j dx ¥, 0.
We note that the mean values and their densities are
expressed by these scalar products.

~ We assume that the collision operator also has the
following general properties:
1) it is dissipative:
ReJ<0, <@, (J+J*)®>H <0, (4)
2) it has a finite number of collision invariants ¥,
(m=0):

TW,=0, J*W¥ar=0. 5)

Obviously, outside the subspace {¥p,} the operator
J is negative, i.e., Re J < 0. The first property denotes
that stable systems are considered, and the second re-
flects the presence of conservation laws.

The flux operator, owing to the reversible character,
is generally speaking anti-Hermitian and has a zero
trace

(D, &>y =0, (6)

The properties (4)—(6) can hold also for a density space,
ie.,

<O, (J+I*) D><0, <O, &D>=0, (6")
as, for example, in the case of Boltzmann systems.

We are next interested in the linear deviations of the
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major macroscopic quantities (MMQ) from the station-
ary value

Ca (t%,) =C(¥,, O (tx,)) (7)

(we assume henceforth x, = r). The microscopic at-
tributes of the MMQ ¥,(pm, Xj - X;) can be regarded
as orthogonal; in addition, it is convenient ot use in the
general analysis the normalized quantities

=W, 0, W/=W.in., (W, W, >=bs

(we shall henceforth omit the primes).

Using the Zwanzig-Mori projection scheme, we
represent & in the form & = P + &, P& = ¥o(¥,, )
and obtain in analogy with!'], under the condition &=
= 0, closed equations for the MMQ:

0:Cat+V - Vog#cptF op* cy=—Cat qa. (8)
Here
V:“E(‘Fm, v‘l”p), g.ngQZ, (Fp . 0,+Fm . 0..) ﬂ)

are tensor operators; the asterisk denotes a tensor-
argument (t, r) contraction, and a dot denotes a tensor
contraction. According to (6'), the diagonal matrix ele-
ments Vg, and %, are equal to zero.

The ‘‘dissipation’” MMQ ¢, is singled out in the
right-hand sides of (8). It is expressed in terms of the
thermodynamic forces Xg =VC, s Xa = Cy and the ex--

ternal forces Xq = 6Fe(t) (in analogy with (1.10)"):

—Ca (tr) =V  Kp## Xp#— Ko * X —Kop # X, + K, "# 6F ; (9)

Kgp = ~Jap - K g+ We have separated here the gradi-
ent, the gradient-relaxation, the relaxation, and the
force terms. These relations establish the operator
connection between the fluxes and the forces, and are
generalizations of the well-known relations of non-
equilibrium thermodynamics to include the case of
linear RS processes. The dissipation obviously can be
expressed in terms of the MMQ in the form (Mori)

—ba=—daup*cptK.T*8F,, dup=(a, EREP> .. (10)

The operator 2 = [dyg] determines the rate of dissipa-
tion of the MMQ Re ¥ and the dispersion Im 2,2
=[at-(1-P)e]™

The Fourier-Laplace transforms of the transfer
kernels in (9)—the nonequilibrium kinetic (NK) tensors
KAB(skF )—are expressed in terms of the correlation
functions (¥, R®) = Ryg( skF) by general dissipation-
fluctuation relations similar to (I.13). They are ob-
tained from the solution of the system of equations for
the quantities ¢4 = ¢y + Jagcp

(11)

(a takes on values at which ¢, # 0). These relations
take the following form?®: for gradient NKC

— 5P apls={at, EREBYcy+sa, RG>

At
Ko »(skF) = > Y, RV RG>, (12)

for relaxation and force NKC

1

A
Ka'=—%

for gradient-relaxation NKC

(13)

ATe
N, ReHp), Kiof= A—' Y, Rg.:?,

1
Kop= .AT (<1, ReGay+<y, Re V. RH,) ]. (14)
a

Here A = | #y4 Il and AY0 is the cofactor of the element
Rys,
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Ry=(s—8"), E=I—F, R=(s—8)"

. R (15)
G{ya V("Fy, H.,Eg"‘yw
Relations (12)—(14), unlike the similar formulas of('],
are suitable for the case when the MMQ include noncon-
served quantities, i.e., such that & Fw, = 0. (It is easily
seen that expressions (I.13) for these MMQ become in-
finite as k = 0 and s — 0) If ¥, are the zeros of the
operator &F , #F¥q = ¥4 /s, then formulas (12)—(14)
coincide w1th (I.13). By v1rtue of (15), we are left here
only with gradient and force NKC. We note that the dis-
sipation-fluctuation relations (12)—(14), together with
the possibility of experimentally determining the NKC,
enable us to establish their properties and to obtain ap-
proximate expressions for the NKC on the basis of ex-
pressions for the correlation functions. According to
(11), the 2 matrix is represented in terms of the cor-
relation functions in the form

Vap=—Jap (16)

1@ -~
das (SKF) =vap— SA-A— N, EREP,

(the second term does not appear if ¢, =0).

The spectrum of Egs. (8) and (9) is determined by a
dispersion function whose zeros are the eigenvalues
s(kF) or k(sF):

D (skF) =|58us-+ik - Vap+F sp-+dapll =0. (17)

The expression of D in terms of the correlation func-
tion is given by formula (I.14). As is well known('], in
addition to the discrete (collective) spectrum, the dis-
cussed theory admits, as a rule, also of a continuous
part of the spectrum.

The general causes of the (r, t) nonlocality of the
fundamental relations (9), as is well known (see I), are
the abbreviated description and the comparability of the
scales of the processes with the internal ones. The in-
ternal scales are determined by the times and lengths
71 and /[ of the structural elements of the medium®
(the latter have internal degrees of freedom (energy,
orientational, structural, and there is a set of similar
characteristics). For example, in associated liquids,
the structural elements of the medium are complexes
combining about 10° molecules, and the (t, r) disper-
sion comes into play at frequencies w ~ 10*' sec™ and
wave numbers k~ 10" cm™; near the liquid-vapor
transition, [ is of the order of the average dimension
of the density fluctuation, namely 107° c¢m; in the case
of a turbulent medium, the internal scale is connected
with the range and with the lifetime of the vortex, etc.

On the basis of Egs. (8), together with the closed
relations (9) and (10), we proceed to construct a semi-
phenomenological theory of RS processes. Let us dis-
cuss the production of entropy. In the lowest order in
the amplitude, for the investigated dissipative systems,
according to (3) and (4), we have (q = 0)

88 () =hano [ dr [ca’ca—<D, J®>]20. (18)

The production of entropy is expressed in terms of the
MMQ via formulas (9) and (I.7). However, only the first
term (in the parentheses) is expressed in terms of op-
erators with transfer kernels and in terms of the re-
laxation frequencies that are contained in (9). (It is pre-
cisely this term which is considered in nonequlibrium
thermodynamics.) Since, in addition, the second term
is absent if the MMQ are conserved and is small if the
number of MMQ is large", we confine ourselves to the
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first term. We assume the entropy principle in the
form

68 (t) ~ j drce'Ca= —%—j dk’ Xa(k—k',t) -Kas(k't) *Xp (k') + C.Cc.=0.
- (19)
For the investigated systems, it is expedient to
formulate a dissipation principle as applied to Egs. (8)
and (9). It consists of the condition that the real part of
the operator of the evolution of the medium (given by
the system (8) and (9) be negative. Recognizing that the
flux operator of the equations for the MMQ (a) is anti-
Hermitian, the dissipation principle in the s and k
representation takes the form

Ca" (dastdsq) €,>0. (20)

This means that the real part of the 2 matrix is posi-
tive. In an actual analysis it is useful to use the princi-
ple in the form of the condition that the spectrum of (8)
and (9) be located in the left half-plane. In the case of
small gradients and velocities, the criteria (19) and (20)
coincide.

Let us dwell on the NKC symmetry properties. We
use their representation in the Mori forml!]

Kan(skF) =0 %, #0), Oc=Gu, H, 21)

The known (index) symmetry of the kinetic Onsager co-
efficients and the (tensor) Curie symmetry in the case
of RS processes take a more complicated form. The NK
tensors will have the Onsager symmetry KAB = Kpa
under the condition

R+ (skF) =% (skF),
which is quite restrictive. For Boltzmann systems
without a field, Eq. (22) is satisfied and KA = Kgal'l.
It should be indicated that this result differs from the
general Mori resultl?] Kag(iw, k) = eAeBKBA(iw, k),
if eAeg = ~1. The NKC tensor symmetry is determined
by the symmetry of the system and of the external
forces. Thus, for example, for isotropic systems the
fourth-rank NK tensor has 12 nonzero components and
5 independent ones. It is useful to regard the symmetry
of the complex conjugation of the NKC. For Boltzmann
systems without forces, it takes the form (I.37).. This
symmetry, jointly with the Onsager symmetry, is con-
nected with the invariance of the complete description
with respect to time reversal.

(22)

The discussion of the properties of the NKC and the
derivation of approximate relations for them in a wide
range of arguments is conveniently carried out by using
the ‘‘exact moment form’’ of the NKC. It is obtained in
the following manner. We supplement the MMQ set Cy
with the quantities c,, the attributes of which ¥, are
formed, in accordance with the equation, with the aid of
the formulas (15),

Y, =Go/<Gis, Gi>", Ha/<Hq, Ho>"

(We assume that the ¥, are orthogonalized.) Equations
(8) and (10) for the quantities cq and c, take the form

$Ca—& upCo—Ca (K) = (& oy —ik- Vuy) €y,
sc,+ [ik . vyb+g-yb+d'° ] = (gvup—ik ° vvl) Cay

(23),
(23):

B and g run respectively through the same values as a
and y. We have assumed here q = 0 and have taken for
¢ homogeneous initial conditions. Determining the
quantities cy from (23) in terms of ¢y and substituting
them in (23),, we obtain exact moment expressions for
the NK tensors, namely for the gradient tensors
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Ko, 5 (SkF) =Van (k) Vi (k) AY/A, (24)
for the relaxation-gradient tensors
Kog=[VaaB "+ &0 Ve | AP/A (25)
and for the relaxation tensors
Ko '=& o &5 AY/A, (26)
where
A (skF) =58, +ikV o+ F yotdll, 7)

and A?0 is the cofactor®. The obtained expressions
make it possible to establish in a manner simpler, than
(12)—(14) a number of properties of NKC, for example,
to reveal symmetries. They are quite convenient for
the construction of a semiphenomenological theory. The
factors Vyig(k) Vij(k), which can be called ‘‘structure.
factors’’ of the gradient NKC, do not depend on k in the
case of a simple gas, and can be easily calculated; for
a simple liquid they are obtained from Schofield’s cal-
culations!® (their values coincide with the ‘‘gas’’ values
as k —=). It must be assumed that the anomalous be-
havior of the NKC near the phase-transition points is
due to the singularities of the structure factors®.

In the derivation of suitable relations for the NKC in
a wide range of the arguments, it is expedient to use the
basic principles of non-equilibrium thermodynamics,
modified with allowance for the high rates and the
‘gradients, as well as relations that follow from the
exact expressions. Let us make their content more pre-
cise.

1. Dissipativeness. This principle is closely con-
nected with the stability criterion, and it is conveniently
used in the form of a condition that the real part of the
eigenvalues of Egs. (8) and (9), which are the roots of
the dispersion equation (17) be negative. These criteria
can be applied also to the denominator of the NKC—to
the function A(sk - F) (27), which is more convenient in
applications.

2. Symmetry. We discuss symmetry using as an ex-
ample an isotropic system such as a simple liquid. The
kinetic theory specifies the symmetries (crossing and
complex-conjugation) in the form

Kas(sk)=Kza(sk), kas"(sk) =esesKas(s’k), (28)

which is analogous to the Boltzmann casel!!. From the
second formula, recognizing that KAg(sk) = KAB(s*,
-k), it follows that the diagonal NKC are even functions
of k, while the NKC which connects quantities of differ-
ent parity are odd functions of k. For isotropic sys-
tems, the NK tensors have high tensor symmetry (see,
e.g.,l'°!). In particular, the NK tensor of second order
has a structure

k

k. k.k
Ky(sk)=— KL(s.|k|)+(au—k—,’) K. (s, IK]).

29)
3. Asymptotic form. Weakly non-equilibrium case:

s'=st, k'=kl, F'=Ft/p,<1.

At zero values of the arguments, the NK tensors take on
a well-known form!'!], Perturbation theory for small
values of the arguments with ordering in powers of the
gradients, is analogous to the well-known Chapman-
Enskog method!']; ordering in powers of 8¢ leads to a
‘‘temporal’’ variant of perturbation theory, which is
intended for the study of the stationary regime (for ex-
ample, problems in sound).
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Weak-gradient rapid regimes: k' << 1, s’ ~ 1. These
regimes are described by a relaxation theory obtained
by confining oneself in the fundamental relations (9) to
terms of second order in the gradients. Perturbation
theory for this case was discussed in{!!. The relaxation
approximation is satisfactory when the transport time
is much smaller than the ‘‘maximal’’ lifetime of the
structure elements of the medium. For simple liquids
(and gases), these times are of the same order, but this
approximation can be used to describe the ‘‘tail’’ of the
light-scattering spectrum. In the relaxation approxima-
tion, no account is taken of the structure of the media,
since values of NKC at k = 0 and KAg(sOF) are used.

Ultrafast processes with large gradients: s’ > 1,
k' ~ 1. The principal term of the asymptotic form,
s — =, is calculated directly from formulas (12)—(14)
and (16). We then obtain

K5 (skF) =<D 4%, ®p)/s, (30)
dy, SkF) =v,, — %[ik(G.*’, G -tk—ik- (G, *, H>+<H,*, GD)+<H HY ]
(31)

(v and u can take on the values of a from (11)—(16),
and values of y from (23):). Formula (30) indicates the
principal term of the asymptotic form; it vanishes for
the off-diagonal gradient NKC, while the next term

~s? can be obtained by using (31) in the exact moment
expressions for the NKC.

Steep-gradient regime: k” >» 1. The correlation func-
tions in terms of which the NKC are expressed are cal-
culated with the aid of the expansions

g'o(skp)=<\y_ma_h7§[ (&+ik-V);Tl:v+_v] n0>, (32)

1o =C¥, [s+ikvHv]—®), .. ; (32),
the positive quantity v has been introduced for conven-
ience in the analysis of the cases s = -1, 0. It is as-
sumed here that as k — = the system becomes ‘‘gas-
like.””” Let us discuss the form of the NKC in the ap-
proximation (32),, for which the correlation function
takes the form

1 I (‘F,Oﬁﬁd stv

u, z=i f (33)
ikvr

1
Rio=

u—z

where 8, = 8(u - vs) and u = us/vy. Using (33) with
s = —iw and with real k, and assuming the well-known
regularization, we obtain in accordance with (12) for
gradient NKC, in the case of longitudinal motion, the
expressions

Kae (—io, k) ®aovr/|k|, Kap iaavr/ ||,

(34)
where ag g are constants that can be calculated.

4. Structure and connections between the NKC. The
exact expressions (12)—(14) and (24)—(26) given above
for the NKC reveal their structure. It is obvious that
the NKC take the form of ratios with a common de-
nominator. The algebraic form of the denominator (27)
shows that its lowest degree in s should be not less
than the number of ‘‘internal’’ relaxation processes in
the system. Thus, in the case of the hydrodynamics of
a simple liquid there are two internal relaxation proces-
ses for longitudinal motion—thermal flux and longitudi-
nal viscous stress, and the lowest degree of the denom-
inator is 2. Using expressions (24)—(27), we can indi-
cate the connections between the NKC.

5. Sum rules. These rules and the relations for the
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temporal moments were used in the discussion of the
form of the correlation function in a number of
papers!** "], The results can be used to determine the
form of the NKC directly with the aid of formulas (12)—
(14).

The principles and considerations indicated above,
as well as the use of the exact moment form for the
NKC, make it possible to choose for these coefficients
suitable relations with experimentally-determined
parameters. Direct measurement of the NKC is diffi-
cult, and information concerning these coefficients
must be extracted from various tasks. The most con-
venient are data on sound propagation and the scatter-
ing of radiation or neutrons (in a maximal range of fre-
quencies and scattering angles). These data compliment
each other and are sufficient for the determination of
the hydrodynamic NKC in the one-dimensional case. In
an acoustic experiment, one usually measures the
propagation constant k(w) = kp + ikj, with which the
acoustic root of Eq. (17) is connected. The thermal
branch is determined from the Rayleigh part of the
density-density correlation function n(-k)n(w, k),
where w and k are proportional to the change of the
energy and momentum upon scattering.

3. CONCERNING THE THEORY OF
RAPID DIFFUSION

Let us consider a theory in which one MMQ is in-
vestigated, namely the theory of rapid diffusion (TRD).
Such an MMQ can be the density, the energy, the trans-
verse component of the velocity, or the angular (spin)
momentum. Separation of one MMQ presupposes that
its relaxation time is largest or that it is precisely this
quantity which is observed in the experiment.

Various problems that fit naturally within the frame-
work of the TRD have been discussed earlier (general-
ized Ohms law, diffusion of resonant radiation(!®), low-
temperature thermal conductivity!®), diffusion of neu-
trons in small assemblies!?’?), etc). Here we present a
general formulation of the TRD, discuss the relations
for the NKC, and also indicate the characteristic
physical consequences of this theory.

The general equation of the TRD, according to (8)
and (9), takes the form

de—gu=—7 -8j—K,*c+K,#OF., 35),
6je=—K.> +Vet+Kasc+Ky" »6F.. (35)z
These equations contain the operators® K&, Kr, KR,

K4r, and KF, which represent diffusion, relaxation,
‘“‘conductivity,’’ diffusion-relaxation, and force, respec-
tively. (The operators K4y and Ky are apparently
small as a rule; they vanish if ¥ is an eigenfunction of
¢¥ ) In the case of a conserved MMQ, only the first,
current-dependent term remains in the right-hand side
of (35),, and only the diffusion and force contributions
remain in the current of (35)z. In this case the dissipa-
tion-fluctuation relation (12) for the NK diffusion tensor
takes the form

{e*, Rjv)

<v.ayy VoY

K (skF) = (36)
The correlation functions of the quantity ¥ and of its
current jy can be determined from experiment or from

a numerical analysis.

There are a number of known effects in which the

477 Sov. Phys.-JETP, Vol. 41, No. 3

transport coefficients K‘i"j(skF) and KS are not at
equilibrium for large values of the arguments. These
manifest themselves most clearly in anomalous situa-
tions, when the disequilibrium is essential at small
arguments. For small k, such an effect was observed
in the case of diffusion of resonant radiation (Biberman
(1947)!'%)), for small s this situation was indicated by
the author!®'® in the case of systems with vanishing
frequency, and the disequilibrium of the conductivity in
weak fields was observed for these systems in{'"1?,

The TRD spectrum is determined by the dispersion
equation

Dgp(skF)=s—ik-Ks" -ik+ik-Ko,+K,=0. (37)

According to (37), at small k the diffusion mode (in the
regular case) takes the form
50 (kF) =—v (F) —ik-Ky (—vOF) —k-K? (—vOF) k+..., (38)

v(F)= Kr(
radiation!'*! we have s, (k)=

-v0F), (In the case of diffusion of resonant
-y |k|™ 0<m<1.)

We consider next isotropic systems without a field.
Formulas (24)—(26) then simplify and the diffusion and
relaxation NKC take the form

Aii
K (sk) =ve—veivie 'K‘ ’

K. (sk)=Vwi V-.wf (39)
i) L) A 1

where A =1l Ayg Il is given by (27),and y, 8 =1,...,4;
¥ =i¥/n..

In the regular case, the quantities v4y are small; the
terms containing them can be neglected and only the
diffusion NKC need be used.

Vo=, VWD, W ,=V,¥/n,

Let us dwell on the case of systems with a collision
frequency that vanishes at certain energies (the gradi-
ents are small). From the results and formulas of{*%?2]
it is obvious that k9 (s0)and K¥(s0) are analytic func-
tlons if Im s = 0; at s = = £ 10 (A real) they are equal
to Kd r(-x £i0) = K$T (1) = iKHT(-)). The quanti-
ties K4,T(=-1) in the case v(p)=~ w(pT/p)7 at p/pr
>> 1 behave as » — 0 the following manner: Ky(0) = 0
and

K(—M)=K.*(0) @A)y~ exp[— (vo/A)*"]; (40)
¢ (A) is a slowly varying factor. In cases when the col-
lision frequency vanishes at finite energles“” (p5/2m),
for example v(p) = v, |(P — Po)/Po|” near p,, where
v < 1, the quantities Kj take the form

K. (- =~ '——Kr (O)eXp( :: ) (—) H”.

; (a1)

Relations (40) and (41) determine the distribution (spec-
trum) of the long relaxation times. Expression (41) at
k = 0 yields a damping law'" in the form t~1/7,

Let us consider the steep-gradient regime. The main
contribution is made in this case by the diffusion term.
According to (39), the diffusion NKC for one-dimensional
motion is of the form
% (k)

Kels)= st+d, (sk)

(42)
(it is assumed that ¥ is an almost intrinsic attribute,

, ¥4~ 0). The structure factor x (k) depends
notlceably on k only at k~ a™! (a is the interaction
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radius) also in the vicinity of the phase transition; as
k — it becomes equal to the gas value yG

=( ‘I’Vx )z/nx

The most interesting is the dynamic part d,(sk) of
the NKC. Within the framework of the semiphenomeno-
logical theory, on the basis of the result of Sec. 2, we
can assume for this quantity the following interpolation
expression:

—4+l2K

dy(s)=w[ (+o)+a—men

(43)
with five positive parameters, where a < 1. Obviously,
the model (43) corresponds to two internal space-time
scales [, 2and 7,2. The frequency v, is connected with
the equlhbnum value of the diffusion NKC: Kd( -v0)

= xo/ (¥i = v). The value of the complex v,i3a/l; is ob-
tained from the steep-gradient limit of the NKC (34):

v.l.’a/l,=xa/aaw.

(44)

The remaining parameters are determined from the
experimental data in the intermediate region. We shall
assume henceforth for the sake of simplicity that

a = /> and, as a rule, will use the simple model 72 =0
and [, = /.. We note that formula (43) ensures satisfac-
tion of the dissipation condition (without limitations on
the parameters).

Let us discuss the roots of the dispersion equation
stv+k*Ka(sk) =0. (45)

In the approximation d,~ d,(0k) = v,(k)'® we obtain

two trajectories:

+v,(k +v,

2 () = 20 )t[(v > (k)) — (kv .(k))] (46)
Obviously, s,(k) shifts to the left with increasing k.
Starting with a certain value of k, it is possible to
satisfy the inequality

(vHvi(k) ) <4lkx (k) +vvi(B) 1, (47)

which denotes the presence of three ‘‘diffusion’’
waves'®. The criterion (47) is verified simply as
k —«, when the gas model can be used, and takes the

form

X< (2awr).

(47')
The use of (43) reduces (45) to a cubic equation in s
with real coefficients at Im k = 0. Criteria similar to
(47) and (47’) are quite difficult to formulate for it. As

k — =, it takes the form

A‘XG’:'*‘A’ (XGTz""\’glgza) +Alz+1:z=0. A—k/s: (48)

Obviously, its roots, s(k) or k(s), have an acoustic
character, i.e., snp = k/Ap.

Thus, if Eq. (45) has complex roots s(k) (k is real)
for ‘‘moderate’’ k, then free ‘‘diffusion’’ waves of the
density, thermal, shear, and spin type can be observed.
Their presence is revealed by the form of the correla-
tion function: Re Ryy (sk) = Re c(sk)/co(k). Thus, ac-
cording to the TRD equation, in the approximation
d, ® v,(k), the correlation function has the pole form

i ‘Vl(k)—i(l) 1 1.
0 Rew=Sv (0k)=Re $2—51 [sd—im s:tHio ]'

(49)

s1,2(k) are given by formula (46), which reveals the
presence of Im s, .. Diffusion waves other than density
waves were discussed earlier, but an analysis of these
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essentially non-equilibrium phenomena calls for more
perfect models, similar to those used in the present
paper.

More amenable to observation are generated waves
of frequency w. They are described by a propagation
constant, by the root k(w) of Eq. (45) with the smallest
value of | Im k|; this constant can be used also to deter-
mine whether free waves are present. Within the frame-
work of a simple model with y = const, this constant is
given by

k*(0)~—A(1+(1—B/A*)"],

+ (50)
A= s Xv [2s+v,—v 2P (s+v) /4], B=—:T(s+v1) (s+v)?,
s = -iw. From this we obtain at w > v,
_ @? , e Ve
k’(m) ~ E[i_vl +V1(V1‘ 4) ]; Uy 4_X (50’)

which is a relation of the acoustic type. The dampmg is
obv1ously determined by the quantity Im (v3% - 16 )‘/ 2
(see (47')).

Let us apply the TRD to the analysis of the (density)
diffusion of neutrons. Experiment on the damping of the
neutron momentum in assemblies of thickness h is
usually described by the fall-off coefficient a = -s, (k),
k= B(h) The evolution of the momentum follows an

e % J]aw. The mode with the smallest damping at small
k is expressed in terms of the parameters of the theory
that uses the model (43) in the following manner:

si(k) =—v—k*o/ (vi—v)+... (51)

The coefficients of absorption, diffusion, and diffusion
cooling (the coefficient of k*) were determined for
various medial®»?!]; these coefficients yield the three
parameters of the theory. For density diffusion we have
aq = 1/V7 and yg = v/2, while relation (44) yields the
value of the fourth parameter.

The parameters are best determined by using for
s:(k) an expression that is suitable in a wide range.
Within the framework of the simple model, we obtain
from the experimental a(k) relation and from (44) for
water(#] the following parameter values: v = 4770
sec”™, x =XG = vi /2, vp(27°C) = 2.24 - 10° cm/sec, v,
=6.8% 10° sec™, and { = V7 vT/v.. The value of k
(= ke ) starting w1th which (47) holds true is ke = 2.5
cm™'. Thus, for assemblies of thickness h¢ < 0.7 cm,
the evolution of the momentum will follow the nonexpo-
nential law exp ( —apt)cos ajt. It is clear that such a
law with aj = 0 points to the presence of free neutron
waves. A similar analysis for graphite using the experi-
mental datal®®! makes it possible to represent satisfac-
torily the function a (k) by assuming vT = vp(k). How-
ever, the resultant value ke =~ 0.3 cm “! is larger than
the experimental ke ~0.09 cm™.

4. HYDRODYNAMICS OF FAST PROCESSES

Let us discuss the theory of fast processes of small
amplitudes in molecular liquids and gases; in this
theory, the MMQ are the density p ~ co, the velocity
uj ~ ci, the internal energy per unit mass ¢ ~ cq, and
the internal angular momentum Mj ~ cj44. These quan-
tities are ‘“‘conserved,’’ with the exception of the last
one, which is part of the total (conserved) angular mo-
mentum. In addition to the rotational (quasiclassical)
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degrees of freedom of the molecules, there can be ex-
cited in these systems also vibrational and other de-
grees of freedom. A constructive theory of the hydro-
dynamic type, which covers also steep-gradient re-
gimes, had its initial development in(%% "]  Its original
formalism was presented by Richardson (1960) and by
Moril®l,

The equations of the hydrodynamics of fast proces-
ses (HFP), according to (8) and the tensor concepts,
are the following:

Opatik-Vaspp—ga=—pa, @=0, i, 4, (52)1
alMi+g-iij_q{+i=_‘Ml, (52 )2
where
p=(p, u, 8), Va=<a', V' n,/n,, Fu=<¥, Fj>n/n;

The closing relations (9) in the case of homogeneous
fields take the form

2) (O] @ *)

—u—ik AR XKD X+ K Xy —Kux M}, (53),
ik (K X+ Koy X+ Kow Xy —Kou M}, (53)2

(2) (np+1) (ng) (2)

. (2
M=tk (K XD .. 3= Y, Kue Xi —Ksur M+Kuy SF.. (53)s

Leu,®

where X2 = {ikjuj}, X; = iks, X¥ = {ikiM;}, and M
are the forces. The following nonequilibrium-coef-
ficient tensors are involved here: the viscosity; the
“‘thermal conductivity”” K$); the gyroviscosity KV
the viscous thermal conductivity th)v the gyro-shear
viscosity K:h’vl, the gyrorelaxation viscosity K::M; and
the relaxation coefficient K‘ﬁr; the thermal viscosity
K{}y; the viscous thermal conductivity K‘;{l, the gyro-
shear viscosity K{jj; the gyrorelaxation viscosity K‘:’ ;

and the relaxation shear gyroviscosity K‘a’u; the gyro-

The relations (53) greatly modify the known pheno-
menological laws!2$2%] and point to many hitherto not
considered contributions. In the viscous-stress tensor
0*® defined by -u = V- 0®, and in the heat flux q de-
fined by ¢ = Vvq, the contributions from the thermal
viscosity and viscous thermal conductivity were previ-
ously regarded on a par with the Barnett coefficients.
The description of Scott’s gyrothermal effect, which
manifests itself in a sufficiently rarefied gas, calls for
allowance for the thermal viscosity and for a discussion
of its dependence on k and on the field. At large gradi-
ents, the off-diagonal terms are just as significant as ~
the diagonal ones. The last terms in (53),,2 lead to the
appearance of stresses and of a heat flow even if u and
¢ are homogeneous, since the angular momentum is in-
homogeneous. In the phenomenological-theory!#**]
expression (53)s for M, use was made of equilibrium
values of the third, fifth, and seventh terms; it was as-
sumed there that

K5 (0)=Ksn (0)/I=vs=;a/2, Kutr(0)=vaby, vu=4L/pdl,

where €jji is the Levi-Civita symbol. The nonequili-
brium character of relation (53)s is significant if the
angular momentum relaxation time greatly exceeds the
relaxation time of the stress tensor. We note that when
(53)s is used, it is necessary to take into account the
conservation of the total angular momentum (in the ab-
sence of the field)

a, j'dr(M+[r, X u])=0. (54)
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The latter imposes a limitation on the form of the cor-
responding tensors in the semiphenomenological ap-
proach.

Let us refine the behavior of the off-diagonal NKC
as functions of k. Using the representation of the NK
tensors in the form (21) and the resolvent identity (see
footnote 2), we obtain

K (skF) =—ikKSi ™ + K5 (sOF),
(a+b+1) 7\ (55)
K,wv = <(DAI+; -%FV%‘DBI >na/n,.

Inasmuch (at least in the case of weak fields) by virtue
of the tensor symmetry we have (¢}, # pdp) =0, if

A = B, the off-diagonal NKC vanish as k— 0 and it is
expedient to deal with the NK tensors KABV (of higher
rank), which differ from zero at k = 0. (It is precisely
for these that we should use the names given above.)

Let us consider in greater detail the HFP of an iso-
tropic liquid (gas) in which the vibrational degrees of
freedom are excited but the rotational ones are imma-
terial. In this case, what is stationary is the equili-
brium distribution fo = {noexp (-E;/¢0)/22}, and the
attributes of the MMQ are as follows:

Y=o, ¥={ Z puim },
W;={ 2E15—<E>n}/ m, ne=ur =0

The momentum and energy transport equations (52)
(without sources) take the form

000 Uik aiy (u,_(k) o+ g—o o (k) ﬂ) =ik, (56),
N

0:0.0+ i_" uro (k) Orikiar,=—ikiq,, (56)2
where ur,(k) = Vsso(k) and up4(k) = Vsa(k) are the
isothermal and thermal longitudinal velocities, respec-
tively. The viscous-pressure tensor and the heat flux
are expressed in terms of the MMQ in the following
manner:

u
ni:(.tk)=_ﬂu‘lk * ikluk+iki"ﬁ_r‘x,kijl * ik, 0, (57)1
T

0(0K) = thi o » i » 0, (57)2
We have used here the symmetry of the crossing NK
tensors (28). The tensor symmetry of the NKC is per-
fectly analogous to that for a simple liquid!*]. The iden-
tification of Vy B(k) with the generalized thermody-
na[rﬂic quantities is realized in the same manner as
int*l,

We start the derivation of suitable relations for the
NK tensors by using the exact moment expressions that
follow from the minimally expanded (according to the
equation) macroscopic description. It reduces to sup-
plementation of Eqs. (56) with equations similar to
(23) for =jj and qj. Inasmuch as (56) contains only the
divergences of the fluxes ikjmij and ikjqj, the number
of additional equations decreases to four. Solving them
relative to the divergences, we arrive at relations ana-
logous to (24). In the one-dimensional case of longitudi-
nal motion (along z) the expanded system of attributes
includes ¥; = Gss and ¥4 = Gg,. For this case the NKC
nssss = N[, (longitudinal viscosity), Ass = A, and yssss
= y take the form
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N (sk) =poxs (k) [s+ds] /A, (58)

A(sk) =paya (k) [s+ds]/A, (59)
% (sk) =poxsu (K) W/A, (60)
where
A(sk)=[s+ds][s+de ] +RW*, W (sk)=Vsi(k)+dss/ik,
dy=dy(sk), Xa=Va at:Varra, Xsu()=(xax:)"

The quantities Vg and the structure factors do not
depend on k in the case of a gas; they were discussed
in!*! for a simple liquid.

At small k and s, the NKC (58)—(60) reduce to their
equilibrium values, and whereas the quantities 7,
= xso/dso and yo = x4o/deo are well known for many
liquids, the thermal viscosity yo was calculated only
for a simple gas and will serve as an additional weak-
gradient parameter. Its value can be obtained from
data on ultrasound or on the scattering of radiation.

In the case of steep gradients kvt >» w, in accord
with (34) and with allowance for expressions (58)—(60),
we obtain the relations

1 (k) /po=x°ds®/ A% =asvy/ | k|,
A% (k) Jpo=xCds [A" =aw,/ | k],
x* (k) /PD=XMGW"/A“=-—G;‘DT/I kl .
Here as = V7 (0.2/V6 +1/3),a, =1.2/V7, and as
£ 0.2 V3; the quantities XG are calculated in accord-

ance with the gas model. From (61) it follows that
d25(k) =ds,e| k| and WS = const. The obvious relations

Xos ds.o/ (dsdst Wa?) =as,vr, (62)

(61)

—X:uGW../ ( . ) =QUr
enable us to determine the three parameters.

Let us determine more concretely the form of the
NKC by using model relations that connect their asymp-
totic values. First, we can take for ds,s(sk) an ex-
pression of the form (43). However, to decrease the
number of parameters, it is expedient to choose
ds,e(sk) ~ vs,4(K); vs,4(k) can be interpolated by the
very simple relation vsq(k) = vs,(1 +13,k?)"% where
vs,e are the relaxation frequencies of the viscous
stresses and of the heat flux. The quantity W2(sk) can
be interpolatéd by a rational-fraction function of the
type

W2 (sk) =w? (1+w,s+w.k*+wss?) / (1+w ki +wss+wes?) (63)

where the parameters wo, Wz2/Wq, and ws/we are de-
termined in accordance with the asymptotic relation in
terms of the quantities y,, VE—.}., and W(=, k). If we as-
sume the structure factors to be known, we obtain a
theory with 11 parameters; six of them are determined
by the limiting values (three are calculated at k —«).
As a simple model we can assume W, 3,56 =0 and /s

= lq; the use of this model does not require any experi-
mental data in the intermediate region.

To determine the parameters in the expressions for
the NKC, it is convenient to use experiments on the
propagation of ultrasound and on the scattering of radia-
tion or neutrons. In the latter, one customarily investi-
gates the spectral density-density correlation function,
which can be obtained by solving the one-dimensional
equations (56) and (57):

(ik)*

S (wk)=2S (k) uur Rem

[s+];—:x(sk)], s=—io, (64)

D(sk)=[s+§u;+%m][s+k—‘;—x]+k’[um—,‘:—:x]3; (65)
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S(k) is a structure factor. The function S(wk) was
measured and calculated for various media. For a
simple gas it was determined from the scattering of
light(**] and was calculated from the Boltzmann equa-
tion?’l; the values considered there were w’ ~ 1 and
k' ~ 1, for which ordinary hydrodynamics is not suit-
able. For liquids, the function S(wk) was calculated by
the molecular-dynamics method!?®! and was determined
from coherent neutron scattering(®*! up to values

W~ vo, K~ VTwo, vo~ 10" sec™ (v, is the “‘collision
frequency’’ in the liquid). Data on hypersound, suitable
for the determination of the parameters, are available
only for gases!®]; frequencies w’ ~ 10 were attained in
them. Similar regimes, k' £ 10 and w’ £ 10, can be
described within the framework of the HFP. We note
that the HFP based on radiation-scattering data makes
it possible, in the case of liquid, to analyze hypersound
in a region that is not accessible to modern experiment.

When choosing the values of the parameters, account
must be taken of the restrictions imposed on them by
the dissipation condition. In the assumed model (63),
this condition as applied to the denominator of the NKC
(60) is equivalent to the Routh-Hurwitz criterion for the
polynomial

wes'+b,s*+0.8*+bss+b,, - by=w+ (v, (k) +va(k)) w,. ..

and leads to the system of inequalities

we>0, ws>0, w,>—Ll/w?, w.,<w.wiws,...

(66)

Let us specify more concretely the values of the
NKC parameters (58)—(60) for a monatomic gas within
the framework of the simple model. The equilibrium
values of the NKC are known!®*!1:

X3 4 PoXa Ar PoXa'.Wa mlﬂoz
Nuu="—p;=—"F71N, h=——="—", fp=——"—"=—"".
Vs 3 Vi Cy ViVy 0o

(67)

Here 7 is the shear viscosity, AT is the thermal con-
ductivity, ve = 2v3/3, wWs~ 2.7, Wo = =2v/V15

+ (dse/ik)o = 2wsvT/3 V15. The steep-gradient asymp-
totic expression (62) yields the values of the parameters
ls,s and wz/ws. To choose the latter parameter w, we
need one experimental point from the region of the mean
values of k. To this end we can use the calculated
values of S(wk)®']; for example, we can take the point
w =0 and k' = 1. The value of wz obtained thereby will
be suitable for all monatomic gases in a wide range of
temperatures and pressures. It must be recognized

that at rather high frequencies, w’ > 1, it becomes ap-
parently necessary to use expression (63) for W(sk);
the additional parameters are best determined from an
acoustic experiment!®°],

In conclusion, let us consider the shear flow of a
simple liquid (gas). The velocity u,(tz) is determined
by the expression

du,(tz)=20, J'dz' j'dt’m_ (t—t',z—2")d,u,(t'z") (68)
and by the corresponding boundary conditions. (In the
simplest case u,(t0) = ¢(t), where ¢ (t) is determined
by the law of motion of an infinite plane; for a pulsed
regime ¢(t) = §(t) and for a stationary regime ¢ (t)
~ cos wt.) Just as in the problem of free shear, it is
convenient here to use the (semi-spatial) Laplace-
Fourier representation
suy (sk) =—kn (sk)u,—ik(ny * 1) .= (s) — (Mo * un)zl=o(3) +u, (t=0,k).

(69)
The shear-viscosity NKC assumes in accordance with
(42) the form
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N, (sk) =Pn7(_|_(k) / [5+d1(3k) 1,

with poy, (k) = Cea(k)®*); d, (sk) can be taken in the
form (43).

We confine ourselves to the first stage of the dis-
cussed problem-—the determination of the zeroes of the
dispersion equation (the solution of the stationary prob-
lem consists of finding the roots k = k(w)). Using the
approximation d, = v,(k) and assuming for v,(k) the
interpolation dependence (3.20) of!*], we obtain the
zeroes of s,2(k)in accordance with formula (46) at
v = 0. Let us discuss the question of the shear waves
with the aid of this relation. According to the condition
(47), the criterion for the appearance of free waves
takes at v = 0 the form

Vit (k) =2k (k) +[vio*—28° (. (B) —ve®) T(LHE® / o®) ' = 4Ry (F).
(71)

(70)

From the character of the behavior of y;(k)*!it is
clear that this equation has a unique root; for liquid
argon, its value, according to the data of!*], is ke

~ 1.9 x 10" cm™. Thus, the shear waves in liquid argon
can be regarded as observable.

In concluding the discussion of the theory of RS
processes, which was proposed in this paper, it should
be noted that it can be used as a basis for the construc-
tion of a general phenomenological theory of linear
processes in very complicated media, whose structure

elements are conglomerates of more than 10° molecules.

DWe use this notation for the formulas of ['].

IIn the derivation of these formulas and in other places we used the
operator identity (A — B)™! — A™' = A"'B(A— B)"'=(A — B)"'BA™L
From this identity follows the formula &= [I+®P&]-'®, which is
indicated in ['] in distorted form.

AThey can be particles and quasiparticles, clusters, domains, turbons,
and other formations.

“This, of course, does not mean that it is small in the general case.

$)The employed scheme can be regarded as a generalization and verifi-
cation of the Leontovich-Mandel’shtam construction of the relaxation
theory [¢]; the Cy play the role of the internal parameters.

9The anomalous behavior of the NKC as a result of the singularity of
the quantities dog is usually connected with the “kinetic” singulari-
ties of the systems.

DThis hypothesis was used earlier in the study of liquids ['%7*].

8Of course, their meanings and designations are determined by the con-
sidered MMQ.

9 An appreciable time dispersion of the relaxation coefficient was
demonstrated by a recent experiment on spin-echo damping ['8].

19For example, in the case of Ramsauer transport of electrons in a gas.

"DThis damping can be slower than the spatial damping t-1/2 [16].

')This means that the relaxation time of the first internal process is
much larger than that of the second one.

31n the kinetic diffusion picture in a gas they correspond to a con- -
tinuous spectrum of s off the real axis; the appearance of the imagin-
ary part is connected with the fact that the trajectory reaches the con-
tinuum at k = kjjy [»161°].
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