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The retarded Green functions is calculated for an electron interacting with optical phonons in a magnetic
field at a finite temperature and in the presence of electrons in the conduction band. New branches 'of the
one-electron spectrum are discovered, lying below the bottom of the conduction band by an amount equal
to the optical-phonon energy. The appearance of new poles in the Green function is explained by the fact
that when interacting with optical phonons the electron is in an oscillating field varying with a specified

frequency.

It has been shown by Levinson, Matulis, and Shcher-
bakov[!] that, at zero temperature, when the conduction
band of a semiconductor is empty, the weak interaction
of electrons with optical phonons in a magnetic field
leads tq the appearance of new branches of the electron
spectruin, at energies close to the threshold for emis-
sion of an optical phonon. We shall show that in the
case of finite temperatures and in the presence of elec-
trons in the conduction band new branches of the elec-
tron spectrum appear near an energy lying at a distance
equal to the optical-phonon energy below the bottom of
the conduction band.

In this work we shall assume that the optical-phonon
energy wo is small compared with the width of the for-
bidden band, so that we can disregard two-band effects;
wo does not depend on the momentum; the electrons in-
teract only with the optical phonons, and for simplicity
we shall consider the case of the deformation interac-
tion (its matrix element does not depend on the momen-
tum); the dimensionless electron-phonon coupling con-
stant o <« 1.

To calculate the spectrum at a finite temperature we
shall use the diagram technique of Keldysh!®!, applying
it to describe the system in a magnetic field in the
same manner as the zero-temperature diagram tech-
nique was applied in!*3!, We shall find the retarded
electron Green function by means of the Dyson equation

G"(epl) =G," (epl) +G," (epl) 2" (epl) G" (epl), (1)

where G?(epl) and GR( epl) are the free and exact re-
tarded Green functions corresponding to the Landau
level [ (it was shown in'®! that in a uniform and iso-
tropic system G(epl) remains diagonal in ), ZR(epl)
is the mass operator of the retarded Green function,

G.*(epl) = §—+0, 2)

e—e(p)+id
€,(p) = wcl +p?/2m is the electron spectrum in the
Landau level /, we = eH/mc, and p is the longitudinal
(with respect to the magnetic field H) momentum of the
electron. The Green functions in the Keldysh technique
have a matrix form!?), G''(ep!) being the causal elec-
tron Green function;

G'Z=G”—G", G“=G“—G‘, GA:G"‘, G2=0G"—G"—GA.
The same relations are valid for the phonon Green

function D. The free causal Green functions have the
form

t +2nin(e)dle—ei(p) 1. 3)

G er) = e
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Dot () =g{ —2niN[8 (o—a,) +6(0tw,) ] }' (4)

where
n(e) = (e /AT )=t N=(e-w/hT—1)~1

are the Fermi and Planck distribution functions and
g = a1 V2w,/ms is the square of the matrix element of
the deformation interaction of the electrons with the
phonons. The simplest vertex has the form of the
matrix

Y (L Uy @) =(0)ibanAuw (@), i (q) =€*""""Qu:(t),

T o,,.<z>=(_”_) 20072 7 ),

2mec I

where q is the phonon-momentum component perpen-
dicular to the magnetic field, ¢ is its azimuthal angle,

1'-1

and L; " is a Laguerre polynomial.

We shall consider the simplest term appearing in the
mass operator (Fig. 1): ’

. decdp,
SEE

—Dy* (EI'E)GDlZ (Enpn-ﬁ') ]

[Do**(e,—2) Go'' (e1p15)

dq
XJ’ ‘WA\“ (q)Al.-(—II) (5)
i 1+N—nle,(p))]
R ey

awe '|/ [oN)
= /

2n ¥ 2m
e

N+nle, (p))] }
e—e.(p,)Fo,—id J°

This expression diverges at € = €g(0) + wo (the first
term) and at € = €g(0) — w, (the second term). The
singularity at € = e€g(0) + wo was investigated by
Levinson, Matulis, and Shcherbakov!!! and the second
singularity was absent in the conditions of their work
(N =n =0). In fact, the second term of expression (5)
is not small compared with w, in the region of energies

a*[N+n(so.) "0’
@y

and this means that it is precisely in this region of

energies that new branches of the spectrum can appear.

In the following we shall pay attention principally to the

WS— 00— S e<S—0o,

€Er-¢€
x _ =~
M (epl) = / \

epl  gps  epl

FIG. 1. Simplest diagram for the mass operator.
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FIG. 2. Mass operator and equation for the vertex part.

study of the spectrum in the vicinity of € = —w,. At
energies close to + wy, only M? can be large, despite
the small factor a. We shall assume that nfeo(p.)]
varies 11tt1e when p1/2m < @®wZ /wo. Then the expres-
sion for M (epl) for € £ wo has the form

@o

Mu"(epl)=(1+N—ng);’ll*=—(1+1\/—n.,)a(~x;i - (6)
& Wo—¢€
and for € < - wo has the form
M (epl) = (N+no) M= :)"’ -, (7)
—

where no =n(0). Thus, perturbation theory turns out to
be inapplicable for € ~ + w, and we must take into ac-
count the higher-order diagrams that make an important
contribution to the mass operator. For this we shall use
a method developed for the study of the spectrum near
the decay threshold!*’*"], The mass operator and
vertex part in this approximation are determined by the
following equations (Fig. 2):

de, dp, di ;
2o =3 3 [ o) o, e pmp ) )

s=0 jh=1

X [Ly*(e4pss, epl, @) +T2" (e4pss, epl, q) |

T';*(e2pem, €pl, q) =¥/ (m, I, ‘l)'*'zI Z, Z, J‘dh(;i::;flq )

n,8=0 i’ j'R =1 i'’ 'R’

XG' (epis) D" ™ (e,—e p,—p q)exp{ P }

a

©®)

XY (myn, @) G (e, €=, pFPa—p, 1) i (n, 5, @) T (eapes, €1, €).

To solve the system (8)—(9) we shall make the fol-
lowing approximations. First, we replace the exact pho-
non Green function by the free one. Since, as can be
seen from (5), the form of D(w, q) when w = +w, is
important for the study of the spectrum for € = tw,,
this replacement is justified if the polarization operator
of the phonon Green function has no singularities at
w =~ +w,. In the presence of poles in the electron Green
function at € = +w,, singularities in the polarization
operator at w ~ +w, do not appear in those cases when
the states at € ~ tw, and € = 0 are either completely
occupied or empty, i.e., when n(wo) = no =1 and
n(-wo) =no =0, for any N, and also when no =1 (or
no =0), for N = 0 Secondly, we replace GI i (€.1pis) by
its free value. Since the result of the integration over
€, in (8) and (9) is expressed, as in (5), in terms of the
values of the electron Green function at the energies
€ £ wo, Which, for the € of interest to us, are far from
the singularities being studied, such a replacement is
permissible and is exact to within quantities of the
order of . Since the singularities at € = +wo arise
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only in the intergration of G(¢,p,0), in the sums over
s we shall retain only the term with s = 0. After this
we perform the integration over ¢, and the angles in
(8) and (9) and go over to the dimensionless variable
t=q /2mwc The vertex part appears in the mass op-
erator in the form of the sum I''_ + I'l | and therefore

we shall immediately write the équatugns for Iy:

F;={F11l+1—‘|21, F21i+F211, F112+Fl227 1‘212i+1-‘222}7

e 10 P

——r
o dp:

T l—— dt fo*Te* (eFwopi0, epl,t),
(epl) om r EI fi ( oP1 P

am Y e—p/2mFao
LR = (10)
To* (eFwop20, epl, t) =Y. (0,1,?)

o™ 4 T®
aw: 1/ oo dp.
2' \ o e T % (g F2
* i 27 2mf e—p.*/2m+ Aﬁ/m G*(eF 20, pitpi—pn)

] _ (11)
X J dt’ Qun(t) Qun (t') 1,11 (2V82" ) Tv* (eFwop,0, €pl,t’).

Here I'*, Z* and I'", =~ denote the vertex part and re-
tarded mass operator near the energies ¢ = w, and
€ = —w, respectively;

1:(0, L, ) =Qu(£) {1, 0, 0, =1}, G*={G", G*, G*, G**},

1+N—n, —n, N 0
e 1Y 0 —(N+n) N
T 1--n, N+n, 0 —N
0 —(14+N) —(1—n,) —({+N—ny) |

fg, is obtained from f3y by replacing Nby —(1 +N)
and then changing the sign of each term of the matrix.

Since G¥( € ¥ 2w, ) appears in (11), the mass opera-
tors for € ® wo and € & —w, are determined in terms
of each other. But under the condition no = N = 0 the
singularity at € = —w, disappears and the system (11)
reduces to one equation. The equations that are ob-
tained for the mass operator and vertex part coincide
with those of!!!, where it is shown that, in this case,
new branches of the spectrum appear at € ~ wo. For
N =0, no = 1, the singularities at € ~ —w, are absent.
Therefore, we can replace G%(e + 2wo) by G¢(€ + 2wo ).
But since, for € & —wy,

Go*' (e+200) =G,'* (e+2w,) =0,

provided that

2 2(N+ 2ol
2 tno—o | » ZWHn) 0l
2m ®o

it follows from (10) and (11) that in this case, too, the
vertex part is determined by one equation, which is
solved in the same way as the equation for the vertex
part inl!!, Taking into account that G* and I'” are
smooth functions of the momentum p, at the energies
€ + 2wo and € + wo respectively, we take them outside
the integral at p, = 0 and put € = ~w,. We obtain

S=(epl) =M,* J?dt Qu(t) T (epl, t) =M,*I'* (epl), (12)
1= (epl, t) =A* (ep) j dat’ 2 U::n Qon (t)Qon (2')
- (13)
X Jnri(2Vet ) T* (epl, t) +Qu (2),
where
ot = p/2mEw LAt (e p)_M_, ' (epl, t) =T'* (eF 0,00, epl, t)

Foo—p*/2m

The solution for the quantity T'(ep!) appearing in the
mass operator is obtained by integrating the Schmidt
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formula for the solution of a Fredholm integral equa-
tion with a Hermitian kernell®

T M g A
I (EPl)=E ‘K:T(Q:oy (Pn)'=2 ﬁ.
k - AT

where ¢k(t) and Ak are the eigenfunctions and eigen-
values of Eq. (13), which depend on p and [. Since the
kernel of Eq. (13) is alternating in sign, there are both
positive and negative numbers amongst the eigenvalues

k-
The equation for the poles of the retarded Green
function of the Landau level [ for ¢ < —w, and

(14)

pz 2 2 o
|~+/zmc—mo |>a (N+ng)*—
2m o
has the form

-.“(x,z)=—(

o) )’ ol (m“+p2/2m+lm: ) 1

w,—p*/2m Mot @o—p*/2m 3 (15)

where T(1, () is determined by the expression (14).
From Eq. (15) we find the solutions A (it can be seen
from (14) that they exist), to each of which corresponds
a pole of the Green function in the forbidden band, with
the following momentum dependence of the energy:

a’o’
€=€kt—(1))=_‘”0[1+ ]

“a(o—przmyad 1 (16)

The values of A\x and Ak were found in!!) under the
conditions ¢ << 1 and ¢ » 1 (which means, in our case,
p < V2mwe and p » V2mwe for wo <« we). Correspond-
ingly, we have

75_—1 —(2RH141) o
= (-4 (5) and = (1"

In this case too, it has not been possible to find the
exact value of Ak, but it is clear that Agp_; < Ak

< Agk4+1 and the new branches of the one-electron spec-
trum are a sequence of narrow sublevels that converge
from below toward the energy ¢ = —w, as the labels k
and [ increase and as p —», For

p2m=w—nw.,

where n is a natural number, Eq. (13) for I''(epl,t) is
not valid; in this case, T (ep!) is complex, and non-
attenuating states with such a momentum do not exist in
the forbidden band.

We shall elucidate how the spectrum looks for 1 + N
-no#0 and N +n,# 0, when singularities are present
at both ¢ ® w, and € = —w,. Suppose that there is a
pole of G'(epl) at certain values of p and € = —w,. In
order to find Z~ and I'" in the vicinity of these ¢ and
p, we first find Z* and I'* at the energy € +2wo~ wo
and for momenta close to p. Because of the integration
over p; in Eq. (11) for I'* in the vicinity of the pole of
G'(€, p1 + pz - p, n), the equations for I'* become
complex:

To* (epl, t) =YaTHasl s,
Im pgg ~ 1/a at the energies we need:
X —@o— 0. W,

and L is symmetric integral operator. By means of a
simple generalization of the Schmidt formulal®! it is
easy to show that the solution of such a system of equa-
tions has the form

Fot= Z 2 Wavas () (Yor ) P
* pmt

where P and puk are the eigenfunctions and eigen-
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values of the operator 1, '

Vs (K) =[pibas—pas] "

Since

| M:.&us—uapl 21/a,

we have |v,g| ~ a and the vertex part Iy ~ a. There-
fore, at the energies € and momenta p corresponding
to a pole of G, the mass operator in G%*( e + 2wo, p1
+pz = p, n) from Eq. (11) is a quantity of order a, and
we shall neglect it. Then the system (11) again reduces
to one equation for I}, and is solved as in the case

no = 1, N = 0. The only difference is that we must re-
place a by a(no + N) in the expressions (12)—(16) de-
scribing 7, I'" and the spectrum in the forbidden band.
It can be shown analogously that if the Green function
has a pole at € ® wo and momentum p, the mass opera-
tor at energies € — 2w, is a complex quantity of order
a, and the spectrum ¢ = el;l(p) for €~ w, is described
by the equation of(!], in which it is necessary to substi-
tute a(1 + N = no) in place of a. We note that it follows
from the arguments presented that the expressions ob-
tained for T *(epl) and Z*(epl) are not solutions of
Egs. (10)—(11) at momentum values satisfying the con-
dition

e (p) =eu (p)+20, (459

or in a region of order

Ap~a(0./w,) V2mao,.

surrounding these values. There are no solutions of the
system (10)—(11) that would correspond to the presence
of non-attenuating (to within quantities of order a)
states satisfying the condition (17).

The concentration of electrons in the new states in
the forbidden band is determined by the expression

me o =g
— 12
i(2n)’_;[ dp_;[ de G**(ep)
and, for we > wo, if n( € ) varies little in the range of
energies in which these levels are located, amounts in
order of magnitude to

a2 (net+N) 1 (—wo) (Mmo:/wo) ™.

(18)

The appearance of new states in the forbidden band
can have an effect, e.g., in the measurement of the op-
tical absorption. Additional absorption bands appear,
associated with transitions between these states and
the Landau levels of the conduction and valence bands.
The absorption coefficient here turns out to be propor-
tional to the square of the small coupling constant. In
particular, for transitions from the valence Landau
level [ =0 to the states ekq(p),

Ko=( ) e

where v is the light frequency, n is the refractive in-
dex, pey is the matrix element of the momentum for a
transition between the valence band and the conduction
band, m, is the free-electron mass, and Gj’ is the
Green function of the holes. For a parabolic valence
band in the case when the states ¢y ;(p) are not occupied
(no =n(-wp) = 0), and under the same conditions for
which the expression (18) was obtained, for frequencies
a*N'w®

®o

[ dp de G*(ep0) Gi*(e—vp0),  (19)

4nenv

m
I mo———h(v——a,+mo) l >
m

we obtain from (19):
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A’ N*e*p.imYmy 0w,

K(v)~ " +
env[woe—m~ m..(v—e;%m,,) PPloctm="my(v—egtan,) |

0[v—e,—en(p) ]
Awo® (p1) [v—eg—en (1) 1™

is the
, and

where my, is the effective mass of the holes, ¢
width of the forbidden band in the magnetic fiel

pi=[2m,(v—e,twa) ™.

In conclusion, we note that, of course, it does not
follow from the appearance of the new poles in the
Green function that the ground-state energy of the sys-
tem is decreased by w, when the weak interaction of
the electrons with the phonons is taken into account.
For weak coupling, the ground-state energy of the whole
system is decreased by a small amount. But, because
an electron interacting with phonons is in a field that is
periodic in time and, consequently, should possess a
quasi-energy determined to within ¥kw, (k is a natural
number), the electron density matrix contains terms
oscillating with frequencies €, + kwo and proportional
to powers of the coupling constant. This is conveniently
illustrated by means of the exactly soluble problem of
the interaction of an electron that can be in a state with
energy e, with an assembly of linear oscillators of fre-
quency wo. This problem is described by the Hamilton-
ian

Mmo -

=Y, (2o
in which the last term describes the interaction. This

Hamiltonian can be brought to diagonal form by the
transformation

S= expz ( VMm., N p a*a)

The ground-state energy of the system in this problem

is
F=e— Z Y @o.

But when we separate out the purely electronic energies,
we find a set of energies € + kwo. In fact, the Heisenberg
electron annihilation operator can be represented in the
form

,-“) +sa+a+2 YV Mo, atdz,,

b,»e‘“‘"")} aS*eie

a(t)=Sexp [Z %(bi+e{mql —
i

(bi’ and bj are phonon creation and annihilation opera-
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tors). Its time dependence contains the frequencies

€ + kwo and it is clear from the form of a(t) that the
electron Green function should have poles correspond-
ing to these frequencies. In particular, for weak coup-
ling (yj < 1) the greatest amplitude corresponds to the
frequencies €, € + wo:

a(0)=[a+ ZV_(m — b)) e — Z—b ae-i G

+¥75

The example considered shows that additional poles of
the electron Green function at energies € — kw, should
also appear in the problem, investigated in the
papers!®?®] of the interaction of an impurity-center
electron with optical phonons in semiconductors.

bi ae-i (a—«.) f,
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