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Fluctuations arising in a light wave propagating in an optically inhomogeneous turbulent medium are
considered. Equations had been derived heretofore for coherence functions—statistical moments of
arbitrary order n for a light field in a medium. However, in the case of strong intensity fluctuations, when
the relative dispersion of intensity is of order of magnitude unity, no solution of these equations for n> 4
had been obtained. For a locally isotropic turbulent medium with a power spectrum of inhomogeneities of
the dielectric constant, similarity relations are obtained for coherence functions of the fourth order. The
characteristic longitudinal (along the direction of propagation) and tranverse scales of the problem of
strong intensity fluctuations are determined. Results of measurements of relative dispersions, of the
correlation coefficients, and of the frequency spectra of the intensity fluctuations of coherent radiation at
wavelengths of 0.63 and 10.6 um have confirmed the consequences of the derived similarity relations over
sufficiently broad ranges of variation of the turbulence characteristics and of distances traversed by light in

a turbulent medium.

1. Equations for the coherence functions of a wave
in a turbulent medium have been obtained by Tatarskiil]
under the additional assumption of the smallness of the
longitudinal (along the direction of propagation) scale of
inhomogeneities of the medium compared to other longi-
tudinal dimensions of the problem. The applicability of
these equations is not limited by the condition of small-
ness of intensity fluctuations!®*), However, it has been
found possible to obtain an exact solution of the equation
only for the coherence function of the second order
I.[*®% This solution agrees well with experiment!®"]
and, in particular, enables us to determine the range of
coherence of the wave field and to calculate the average
intensity in restricted beams.

In order to evaluate intensity fluctuations it is neces-
sary to solve the equation for the coherence function of
the fourth order I'y. Numerical solutions of this equa-
tion for three-dimensional inhomogeneities with a
Gaussian correlation function!®! and two-dimensional
inhomogeneities with a power law spectral density(®!
agree qualitatively with experimental datal'®], A quali-
tative investigation of the fluctuations for a single-scale
correlation function of the refraction index has been
carried out by Shishovl*!], Considerable difficulties
arise in the solution of the equation for I'y in the case
of greatest practical interest for a turbulent medium
with three-dimensional locally isotropic inhomogenei-
ties with a power law spectral density.

In connection with the fact that a general solution has
not been obtained it appears to be useful to pose the
following question: do some characteristic scales exist
in the problem of strong intensity fluctuations which can
be determined from the equation without solving it. Hav-
ing determined such scales and using them to treat ap-
propriate experimental data it is possible to establish
similarity relations for strong intensity fluctuations.
Experimental results treated on the basis of similarity
will be, in addition to everything else, useful for evalu-
ating the validity of approximate methods of solution,

2. For the coherence function of the fourth order
I“(I, P1, P2 ph p*) =<E($1 pl)E'(z’ PZ)E(% PS)E' (xy p‘)> (1)
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(E(x, p) is a wave propagating in the x direction in a
turbulent locally isotropic medium) Tatarskiil!] has ob-
tained an equation which in the special case of a plane
wave and for pz - p;1=ps—pPa=U, Py —pP1=P3—pP2=V
reduces to the following form:
ar, i 9° 9*
(m—z + 0z, 0z,

9z k

kz
)I“ Sz F(u,v)T,,
4

e @)
F(u,v)=4 ‘” ®, (%) (1—cos %u) (1—cos xv)d*»

with the boundary condition E(0, p) = E, = const, where

k = 27/X, A is the wavelength, the vectors p, u ={y,, 2.},

v = {y., z2} lie in the plane x = const, ®¢(«) is the

three-dimensional spectral density of fluctuations of the

dielectric constant e.

The parameter characterizing the properties of the
turbulent medium is the structural characteristic C‘Z of
the inhomogeneities of the dielectric constant which ap-
pears in the structural function Dg:

D, (r) =<(e(r;) —& (r+x,) ) 2> =Cr'">, (3)

The structure function (3) corresponds to the three-
dimensional spectral density

D, (%) =AC. %", A=T (*/s)sin(n/3) (2x) =2 4)

Formally in order that equation (2) should have an
analytic solution it is necessary® that

9 9*
AL ¥
I ( dy, 0y, 0z, 6zz) (u,v)

should be bounded for all u and v. This condition will
be satisfied if for x — = the spectral density ®¢( k)
falls off faster than x™, and correspondingly D¢(0) = 0.
Without adversely affecting the subsequent discussion it
is sufficient to impose a more rigid but physically clear
requirement, viz., the existence of an internal scale

K;rlm for inhomogeneities of the dielectric constant, In
this case the spectral density (4) remains unchanged
for k < km, but for k> kpy it falls off so rapidly that
De(0) =0, Dg(0) ~ k3. It is quite obvious that if the
internal scale kg, is much smaller than all the other
dimensions, then it will not significantly affect the
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nature of the solution and the results obtained below
should be regarded as a limiting case corresponding to
Ky — O.

From the very method used by Tatarskiil'! to the
problem it follows in the derivation of equation (2) that
there must exist at least two characteristic dimensions:
the longitudinal one LT and the transverse one [T. We
introduce a change of variables:

r=Lr§, u=ln, v=IU1§. (5)

For the spectrum (4) we define the dimensions L1 and
IT in such a manner that in substituting (4) and (5) into
(2) the latter should not contain any parameters. The
dimensions LT and [T satisfying this condition are
equal to:
lr=(nACk*) ~u, Lo=(nAC>k"*)~"s, Li=Fkl,". (6)

In terms of the new variables (5) and (6) the equation
for Ty

T

—— =iV, Vil (n, )T,

% )

f(n,8)= jj [%]="3(1—cos »n) (1—cos x§) d*x=const|n>+§?2|"s,

no longer contains any parameters and its solution
Lu(%, 0, ) =Tu(2/L, wh, v/k) (8)

will be a universal function of dimensionless variables.

The dimensions LT and [T have a well-defined
physical meaning. Substituting x = L into formula (9):
_i AC,ZI"/'kV'
2 T("/s)sin(5n/12)
for the evaluation of the relative dispersion of the in-
tensity fluctuations B2(x) in the approximation of the

method of smooth perturbations(*?! we obtain the follow-
ing expression:

Bo* (Lr) ='/un*[sin (5n/12)T'("/e) ]='~3.

Bo () = 0.31C, 2k sz, 9)

Consequently, LT is that distance at which the calcula-
tion by means of perturbation theory produces an al-
ready considerable error.

The transverse dimension /T, as can be seen from
(7), is smaller by a factor of (27)¥2 than the radius of
the Fresnel zone for a distance LT in free space. How-
ever, a calculation of the coherence function of the
second order I'>(x,p)=(E(X,po+p)-E*(X,po)) ina
turbulent medium leads in accordance with!*®] to the
result that I'»(LT, IT)/E5 « 1. This means, in turn,
that the concept of the Fresnel zone which retains its
meaning for a randomly inhomogeneous medium for
X « LT, loses its meaning for x 2 L.

From (1) it follows that in a plane wave the relative
dispersion g%(x) and the correlation coefficient by(x, P)
of the fluctuations of intensity I(x, p) = E(x, p)E*(x, p)
are expressed in terms of I'yin the following manner:

2py_ Ti(2,0,0)—[T:(z,0)]* I'i(z,0,0)—[Ia(x,0) |?
Pa)= L@or P T Go0 M@0
(10)
The one-dimensional spatial spectrum U(x, k) is de-
termined in terms of the correlation coefficient by:

U(z,x)=ijb,(z,p)cos %p dp. (11)
19 o '
From (8), (10), (11) it follows that B(x), by(x, p),
U(x, k) can be expressed in terms of certain universal
functions fg, fp, fy by:
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@ =h(-) e =h(z- ) )

U@ %) =fo (=04
which must be determined from experimental data.

Utilizing the equations for the coherence functions of
order 2n:

T=(E(x, p) ... E(x, p.)E*(z, pns1) ... E* (2, p2n)?,

obtained by Chernov(!®] and Klyatskin!'*] it can be shown
that all the statistical moments of the intensity fluctua-
tions ((I(x))®/(I(x))™ for a plane wave depend only on
the parameter x/LT. Consequently, the distribution of
probabilities of the random quantity I(x)/(I(«x)) is de-
termined only by this parameter.

It is not difficult to obtain similarity relations ana-
logous to (12) in the case of a power law spectral
density of the dielectric constant with the exponent v
in the range -5 < vy < =3,

It is convenient to use the dimensions /T and LT in
the case of strong fluctuations when it is not possible to
utilize results obtained by the methods of perturbation
theory. In the case of weak fluctuations (x/LT <« 1) the
characteristic transverse dimension for a turbulent
medium with a spectral density of inhomogeneities (4)
is the radius of the first Fresnel zone (Ax)¥20*?], The
connection between [T and (Ax)Y?is given by the follow-
ing obvious formula: [T = (Ax)‘/2(2nx/LT)' 2, A charac-
teristic longitudinal dimension in the case of weak fluc-
tuations is the distance x. The connection between
B3(x) and x/L is obtained from (9) and (6):

an (x)/ﬂu2 (LT)=($/LT)"/‘. (13)

The similarity relations (12) derived above refer to
the case of a plane wave incident on a medium contain-
ing inhomogeneities. In an experiment one always has
to deal with beams of light which, for example, are
modelled by the following boundary condition:

E (0, p) =E, exp[ —p*/2a,*+ikp*/2F,],

where ao and F, are the width and the focal distance
of the beam,

The restricted size of the beam leads to the absence
of local isotropy for E(X, p) in the plane x = const and,
as a consequence of this, to an equation for I'y more
complicated than (2). Correspondingly the number of
parameters of the problem is increased. It is not diffi-
cult to show that the simplest characteristic—the value
of B%(x) for the axis of a restricted beam—depends on
three dimensionless parameters:

B*(z) =fs (x/Lr, kao*/z, z/F,). (14)

It is not possible without solving the corresponding
equation to predict theoretically the degree to which the
restricted dimension of the beam is significant for the
fluctuation of intensity in the region near its axis. As
will be shown below, the experiments that have been
carried out give some idea of the effect of the restricted
dimension of the beams,

Conditions for carrying out an experimental investi-
gation of the similarity of strong fluctuations in inten-
sity can be satisfied, as is shown by the estimates of
the values of CzE and kpm, when laser beams propagate
in the atmosphere. Realization of sufficiently clean ex-
periments in the laboratory utilizing artificially created
inhomogeneous media encounters certain difficulties,
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and the corresponding measurements have not been
carried out.

Inhomogeneities of the dielectric constant in the
atmosphere are described by the Kolmogorov structure
function (3)[**), Moreover, over quite a wide range of
scales of inhomogeneities in the atmosphere the hypoth-
esis is valid, with a high degree of accuracy, of the
“frozen-in’’ turbulence('®! the meaning of which con-
sists of the circumstance that the inhomogeneities are
carried by the wind with an average velocity V without
significant changes over a distance which considerably
exceeds their dimensions, As a consequence of this in
a plane wave the autocorrelation coefficient bj(7) and
the frequency spectrum U(w) corresponding to it are
related to the spatial characteristics by the following
formula:

bz, ©)=bi(z, p=V.1), U(z, 0)=U(z, x=0a/V.), (15)

where V, is the velocity of transfer transversely to the
x direction.

The use of the ‘‘frozen-in’’ property (15) yields a
considerable advantage in carrying out experiments,
since from a single realization it turns out to be possi-
ble to determine the functions by(x, 7) or U(x, w) over
a wide range of values of their second argument, and
not only the value of by(x, p). The difference between
the frequency spectrum of the intensity fluctuations
along the axis of a restricted collimated beam for

2/x 2 1 and the spectrum in a plane wave has been
investigated by Time('"]; she has shown that the re-
stricted nature of the beam leads to the suppression of
high frequencies.

The possibility of the dropping of the spectrum in the
high frequency region was taken into account by us in
utilizing the data of measurements at a wavelength of
10.6 um, where it is difficult in practice to satisfy
simultaneously the two requirements: kaZ/x >> 1, f2
» 1,

3. In order to check the similarity relations (12),
(14), involving the utilization of (15) measurements of
B3(x), br(x, p), U(x, w) were carried out using laser
beams of wavelengths A = 0.63 and 10.6 um over path
lengths from x = 0.25 to 16.3 km with different beam
diameters, The lasers generated only axial modes.
Measurements of 8%, by, U were carried out over flat
steppe areas or over a water surface, and this guaran-
teed the constancy of the parameters of the medium
along the path of propagation of light, The structural
characteristics Cz€ and the velocity V, were determined
independently, The method of carrying out the measure-
ments is described in['%#2°1,

Figure 1 presents the results of measurements of

B(x) at a wavelength of A =0.63 um as a function of

o = 1.72 (x/LT)*¥* for wide collimated (F, = ©) beams
obtained at distances of x = 0,25; 1.75 and 8.5 km. The
use of the parameter B, inplace of x/L facilitates
comparison with numerous experimental data obtained
earlier (review!?!) in the case of weak fluctuations.
For small S < 1 the experiment agrees well with re-
sults obtained in accordance with perturbation theory.
For values of B,~ 1.5 the dependence of 3 on 3, has a
weakly pronounced maximum and for large g, it falls
off slowly. The presence of a more pronounced maxi-
mum in the dependence of ¢(Bo) = {((In I — {In I))2)¥?
on B, was noted earlier in[?%2%), The difference in the
behavior of experimentally determined functions B( o)

1013 Sov. Phys.-JETP, Vol. 40, No. 6.

L PN —
0 20 a0 4o Fo

0.5 1 1 1

FIG. 1. Dependence of 8 on §, for wide collimated beams at a wave-
length of 0.63 um: a) kaf)/x =130, crosses—x = 0.25 km, dots—x = 1.75
km: b) kaf,/x =27, x = 8.5 km. Curves: l-averaged over experimental
data, 2-calculation by the method of smooth perturbations (32 = exp

63)-1).

and o(Bo) in the neighborhood of the maximum, as has
been shown earliert!®), is explained by the fact that in
this region the distribution of the probabilities of fluc-
tuations of Inl differs to the greatest degree from the
normal law by the existence of more pronounced
regions of low values.

In the measurements at greater (, shown in Fig. 1
obtained at a distance of x = 8.5 km the same tendency
is exhibited towards a certain diminution of the relative
fluctuations with increasing B,, although the average
taken over all the measurements of Fig. 1lb is some-
what greater than the values of 3 in Fig. la. In com-
paring the data of Figs. la and 1b it is necessary, how-
ever, to take into account the fact that measurements
at distances of x = 1.75 and 8.5 km were carried out
using an identical half-meter mirror collimator, and
therefore in accordance with (14) the dependence on the
wave parameter koi/x is manifested in them although
to a small degree since both beams are still sufficiently
wide.

A visual impression of the dependence of the fluctua-
tions of intensity on the parameter ka3/x is given by
Fig. 2. It shows averaged results of measurements of
B along the axis of the beams at a wavelength of
A =0.63 um at distances from 1,75 to 16.3 km for
values of Bo > 2. In this range the dependence of g on
Bo is very weak all the other conditions remaining the
same, The table shows the parameters of the beams for
which the measurements shown in Fig. 2 were carried
out, The dependence of g on the parameter kad/x ex-
hibits an easily noted maximum at ka3/x ~ 1. Fluctua-
tions in a spherical wave (ka3/x « 1) are somewhat
greater than in wide beams (ka3/x >> 1). The asymp-
totic values of B for a plane wave and B, > 1[2%2]
generally agree with experimental data. We note that
when the beam is decollimated the fluctuations along its
axis approach a value corresponding to a spherical
wave: in wide beams for ka3/x > 1 they increase,
while in narrow beams, for ka3/x ~ 1 they diminish,
The existence of a maximum in g in beams narrowest
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FIG. 2. Dependence of § on kaz/x for B, > 2. Experimental data:
1-collimated beam, 2-divergent beam, 3-empirical dependence; vertical
bar—mean square error of the average value of . Calculations: 4-8/8,
for B, < 1; asymptotic (8, —> o°) values for a plane wave (kag/x ~ 00);
5-according to [?°], 6-according to [26].

* |Number of‘ Place of Beam
Rhao?/x measure- Bo X, km measure- Geometry
ments ments A
130 72 27 1.75 | Tsimlyansk Collimated
26 52 10-=-40 8.5 | Tsimlyansk |. »
2.2 21 417 16.3 | Sevan »
1.35 5 16--38 | 11.6 | Odessa* »
0.56 6 47 163 | Sevan »
0.14 42 47 | 16.3 | Sevan »
0.001 31 417 16.3 | Sevan »
130 61 2=+-7 1.75 | Tsimlyansk Divergent
22 5 417 16.3 | Sevan »

*Data in this line from [**].

at the receiving end and the decrease in g when such
beams are decollimated can not ascribed, as will be
shown later in the discussion of measurements of cor-
relation, only to the effect of an accidental displace-
ment of the beam. It is of interest to note that the de-
pendence of B on ka3/x in the case of strong fluctua-
tions is qualitatively opposite to the calculation by
means of perturbation theory[?’), It should be noted that
the values of g remain practically constant within the
limits of the half width of the beam smeared out by an
inhomogeneous medium.

Measurements of the spatial correlation functions
br(p) the results of which have been partially published
earlier!*?] provide evidence that for g, < 1 experiment
agrees with calculations by the method of smooth per-
turbations!*?), Correlation of fluctuations in intensity in
the portion of wide collimated beams adjacent to the
axis (kad/x > 1) decreases smoothly to zero when the
observation points are separated by a distance
p~ ()\x)‘/z, while as p is increased further a weakly
pronounced minimum is observed in which by(p) < 0.
For Bo = 1 the correlation falls off rapidly as the points
are separated by a distance p ~ [T, which is consider-
ably smaller than (Ax)Y2 [ = 1.358,¥ ' (Ax)V2 As p
is increased further the correlation by(p) falls off
slowly both in collimated and in divergent beams, For
measured correlation coefficients for sufficiently large
Bo no significant negative values of by(p) are observed
as the observation points are maximally separated right
up to the half-width of the narrowest beams. This pro-
vides evidence of the fact that a displacement of the
beam as a whole has a small effect on the magnitude of
the intensity fluctuations in the region near the axis of
the beam. Owing to the slow falling off of the correla-
tion coefficient and the low accuracy of measurement of
small values of bi(p) at large p, no success has been
achieved in verifying for g, > 1, on the basis of experi-
mental data in wide beams, that the condition

be(P)p dp=0, (16)
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which is a consequence of the law of conservation of
energy for a plane wave, is satisfied. However, for go
< 1 in wide beams condition (16) is satisfied with suf-
ficient accuracy.

The most detailed data on similarity in a plane per-
pendicular to the direction of propagation are obtained
from measurements of frequency spectra of intensity
fluctuations. Measurements of frequency spectra were
carried out at two wavelengths: A = 0.63 um and
A = 10.6 um. Figure 3 presents selected examples from
the total number of 107 experimentally measured spec-
tra U(x, w). The examples presented give us an idea of
the possible forms of spectral dependence and of fre-
quencies corresponding to maxima of the spectra as the
wavelength, the distance and the characteristics of the
medium are varied. It should be emphasized that the
positions of the maxima in the scale of frequencies w
differ by more than three orders of magnitude.

Verification using individual measurements has
shown that for Bo> 1 and ka3/x 2 1 one does not ob-
serve any influence of the geometry of the beams on the
spectrum within the utilized frequency range in agree-
ment with estimates made on the basis of the results of
Time!['”), When experiments are carried out in the at-
mosphere the possibility of specifying the values of go
in advance is excluded. For a more compact presenta-
tion of the experimental data we have to divide the re-
sults of the measurements into groups with close values
of Bo and to utilize for subsequent discussion averages
over these groups. Therefore all the spectra obtained
for ka2/x > 1 were grouped in accordance with the
values of the parameter B, after going over to the
dimensionless wave numbers QT = wlT/VJ_. Figure 4
presents the spectra U(QT, Bo) averaged over the
groups as functions of Q7 and Bo.

Comparison of Figs. 4 and 3 shows that after transi-
tion to dimensionless frequencies all the spectra be-
come close to one another and are positioned in a regu-
lar manner depending on the parameter Bo,. From
Fig. 4 it may be seen that the greatest similarity of the
spectra for different values of Bo occurs in the domain
of high frequencies and at the position of the maxima.
This provides evidence of the fact that the greatest
contribution to the dispersion of the intensity fluctua-
tions for Bo > 1 is made by inhomogeneities of the in-
tensity of the field of dimensions of the order of /T, and
the scale IT is in this sense a characteristic transverse
scale. As Tatarskil has shown in[?®], where this scale
has been obtained as a result of an approximate solution
of Eq. (2), it characterizes the dimensions of random
bursts of intensity.

It is not excluded that a small difference in the
spectra measured at wavelengths of 10.6 and 0.63 um
for close B, is due to a difference in the ratios of the
value of [T corresponding to these wavelengths to the
internal scale of turbulence x;;], since the index of the
power in the structure function (3) can differ somewhat
from s as the internal scale is approached. Therefore
a further measurement of the spectra of intensity fluc-
tuations at a wavelength of 10.6 pm, but for corre-
spondingly greater B, than have been attained in the
present work is of indubitable interest.

An explicit dependence of the spectra on the parame-
ter Bois observed in the low frequency region. As B,
increases the low frequency (large scale) components
of the fluctuations of the intensity field increase. At the
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FIG. 3. Examples of frequency spectra of intensity fluctuations:
1)A=10.6 um, x =16.3 km;2) A =0.63 um, x = 16.3 km; 2) A = 0.63
um, x =163 km:3) A =0.63 um, x = 1.75 km;4) A = 0.63 um, x = 8.5
km.
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FIG. 4. Frequency spectra of intensity fluctuations as functions
of the dimensionless frequency 2T and f,. Dotted curve corre-
sponds to A = 10.6 um, f, = 1. Solid lines correspond to A = 0.63
um. 1) By =0.95;2) Bo = 1.6; 3) Bo = 2.8;4) Bo = 4.9;5) B = 7;

6) o =27;7) B = 35.

largest values of B, attained in the present work a
second maximum in the spectral dependence U(QT, Bo)
begins to appear at frequencies of the order QT ~ 0.05.

As a consequence of (16) for a plane wave the ratio
U(8T, Bo)/T must be bounded as @ T — 0. This condi-
tion is well satisfied in the case of experimental
spectra for $3,= 2. However, for greater values of g,
due to the increase in the role played by low frequency
components of intensity fluctuations it is necessary to
increase appreciably the time for the observation, so
as to be able to penetrate still further into the region
of low frequencies, then has been possible in our meas-
urements. But in the domain of such low frequencies
yielding a fairly small (not greater than 1%) contribu-
tion to the dispersion, the effect of the different sources
of interference masks the effects associated with the
inhomogeneity of the field of dielectric constant.

As the result of an approximate solution of Eq. (2),
Gochelashvili and Shishov!®®) have proposed a charac-
teristic high frequency transverse scale for intensity
fluctuations which coincides with the range of coherence
of the field. The range of coherence of the field . is
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FIG. 5. Frequency spectra of intensity fluctuations as functions of
the dimensionless frequency £ and $,. The notation is the same as in
Fig. 4.

determined by the coherence function of the second
order I'z(p) and for the spectrum (4) can be taken to be
equal to(*?]
le=(Cka)~=030Lp, ™

For large Bo the value of [ differs appreciably
from the scale [T introduced earlier (6). In order to
determine how the scale /¢ manifests itself in experi-
mental data, Fig. 5 gives spectra of intensity fluctua-
tions as functions of the dimensionless wave number
Q¢ = wlc/V, and the parameter B,. A simple compari-
son of the graphs shown in Figs. 4 and 5 provides evi-
dence of the fact that the scale /T should be preferred
as a characteristic transverse high frequency scale of
intensity fluctuations.

On the whole the experimental data obtained confirm
the presence in the problem of the fluctuations of in-
tensity of light in a turbulent medium of two character-
istic scales: the longitudinal scale LT and the trans-
verse scale [IT.

The dimensionless functions represented in Figs. 1,
2, and 4 can be regarded as estimates of the universal
functions (12) and (14), describing strong fluctuations in
the intensity of light propagated in a turbulent medium
with a Kolmogorov spectral density of inhomogeneities
of the dielectric susceptibility.

The authors take great pleasure in expressing their
gratitude to V. I. Tatarskii for constant attention to this
work.

“Note added in proof (October 9, 1974): Recently carried out measure-
ments of spectra of intensity fluctuations at a wavelength of the radiation
of 10.6 um under conditions of strong fluctuations have confirmed the
similarity relations (12).

DThis restriction was pointed out to us by V. I. Tatarskil.
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