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A kinetic equation is derived for the density matrix in the problem of fast-ion scattering by a single
crystal, including the effect of plane channeling. The nonoscillatory part of the spatial density of the
channeled particles is separated out in the quasiclassical approximation. Based on the formulas

obtained for the kinetic coefficients in the Fokker—Planck equations, an analysis is made of the roles
of various inelastic scattering mechanisms. The results of classical and quantum theory are compared.

1. INTRODUCTION

The use of quantum-mechanical methods to analyze
the interactions of fast charged particles with crystals
is justified for several reasons. For example, the band
structure of the spectrum of particles with energies
above the barrier level is responsible for the appear-
ance of interference phenomena in the angular distribu-
tion of the charged particles. The related oscillatory
structure of the distribution near the critical angle for
heavy ions (protons) has been observed experi-
mentallyl!], The motion of light particles in a channel
is also essentially quantum in nature, since there exist
only a few levels in the potential well formed by the
channel walls!?,

Although the effects due to coherent diffraction of
the incident beam have undergone ample theoretical
investigation, the question of their existence in a num-
ber of experiments still remains open!®l, This is
largely due to the difficulties of a theoretical analysis
of such processes as elastic (coherent) scattering in an
ideal lattice and inelastic scattering by the thermal
oscillations of the lattice and the electrons. These dif-
ficulties arise from the fact that the channeling effect
can display separate features in a quantum or a classi-
cal picture. For this reason the scattering problem, in
particular, requires the use of multiple-wave approxi-
mations within the framework of the dynamic theory of
diffraction(*®,

In the following we shall solve the problem of the
scattering of a plane wave by a single crystal, including
the effect of plane channeling. A similar problem was
discussed by Kagan and Kononets!®® who obtained ex-
pressions for the angular and spatial distributions of
the scattered particles and analyzed them numerically
in the Kronig-Penney potential approximation, It is use-
ful, however, to consider the possibility of obtaining
rigorous analytical results in cases when a quasiclassi-
cal treatment or simple model potentials are applicable.

2. STATEMENT OF THE PROBLEM

Let us assume a high-energy particle beam to be
incident upon the surface of a single crystal. In the
small-angle approximation the scattering problem can
be regarded as transient, since the thickness L of the
crystal in the incident direction of the beam is uniquely
related to the time of evolution of the particle wave
function ¥(r,t) in the field of the crystal: t = L/v
(where v is the particle velocity). Since we shall
neglect the braking effect (the corresponding criterion
will be stated below), we can assume that the coordinates
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of the lattice atoms are fixed and do not vary during the
scattering time.

When the direction of beam incidence is far from any
densely-packed direction in the lattice, ¥ varies with
time almost as in an amorphous medium. Assuming an
amorphous target, Migdall™) obtained an equation for the
particle density matrix p = ¥*(r’, t) ¥(r, t), which
contains all the information about the angular and spa-
tial distributions. When the beam approaches a low-
index direction, the structure of the target begins to
affect the scattering process; the mean free path in-
creases, the energy loss is reduced, and so on!®],

To take into account the plane channeling effect it is
sufficient to assume that the atoms lie randomly in the
YZ atomic planes with uniform density Nd (d is the
distance between planes, N is the number of atoms per
cm®) and oscillate, with mean square amplitude u? in
the X direction normal to the given family of planes.
This picture corresponds to the case of beam incidence
far from any dense-packed directions in the plane, and
allows us to neglect the ordered arrangement of atoms
in each plane and to simplify the statement of the scat-
tering problem!®,

It is convenient to write the particle density matrix
in the representation of the eigenfunctions of the aver-
aged (over the atomic positions) Hamiltonian with a
one-dimensional periodic potential Y(x) = ( V), where
V is the potential of the particle interaction with the
lattice atoms, and

(Vy= E V(r—R,)>=Nd jdydzdsW(s)
)

XZ V"(z+s+kd,y,z)=2 Y (z-+kd), 2.1)
W (s)=(2u®) " exp (—s%/2u7).

Here V°(r) is the binary potential of the interaction, the
index j enumerates the positions Rj of the lattice
atoms, and Y°(x) are the averaged potentials of the
atomic planes. The eigenfunctions for a potential in the
form (2.1) can be written as

Yoe=exp (ipyy+ip.2) Qun. (),  5=pyy ps, Par 2, (2.2)

where ®npy are the one-dimensional Bloch functions
corresponding to a state with quasimomentum pyx in the
n-band (in the reduced band scheme i =c¢ =1, and the
normalized volumes are omitted).

In the case of the scattering of heavy positive ions,
the band structure of the spectrum can be neglected for
the great majority of states with energies €npy ~ Ymax
~ 10—10? eV ( Ymax is the barrier height), to which the
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channeling effect is related. At the same time, in con-
ditions of weak channeling the allowed energy band-
width Aey is on the order of the level splitting in a
single potential well; this is due to the possibility of a
tunneling transition into a neighboring potential well.
The estimatel'”]

Aga~ % exp(—a[2m (Y ma—e) 1),

where w is the frequency of the classical oscillations
of a particle with energy € in the channel and a is the
screening parameter, indicates that, starting at several
eV below the barrier energy, Aep becomes much
smaller than the forbidden gap width Aef ~ w ~ 107" eV.
Thus the transverse motion of the channeled particle
(along the X axis) can be described within the frame-
work of a multiple-wave model in the potential formed
by the two neighboring atomic planes:

Y=Y'(z+d/2)+ Y’ (z—d/2).

We first consider nuclear collisions. The difference
between the potential of particle interactions with the
lattice and the continuous potential leads to transitions
between the states (2.2). The Liouville equation for the
particle density matrix in representation (2.2) can be
obtained by generalizing the result that Migdall”! ob-
tained for an amorphous medium to the case of an arbi-
trary distribution of the coordinates of the lattice atoms
(see the Appendix):

% Fi(Eu—E.) prn=m { Z AV AV 1> purert [S(Ei—EL)

& 2.3)
+8(E,—E,)1—[AV.s' AV 02000 HAV o' AV 30, ] 8 (E—E ) },

where AVg g, is the matrix element of the operator AV
=V = (V) over the states (2.2), and

E,=¢,p,tp,*/2m+p,*/2m.

Equation (2.3) differs from the result obtained by
Kagan and Kononets!% in that Eq. (2.3) includes an ad-
ditional term in the §-functions on the right-hand side,
equal to the difference in the lattice energies before
and after the collision. In our approximation, where the
positions of the target atoms are ‘‘frozen,’’ the total
energy of the particle is conserved; a more rigorous
approach (see!®) would take into account energy ex-
change between the particle and the lattice phonons. In
the final analysis this difference amounts to the appear-
ance of a correction of order p;/p in the collision
term of Eq. (2.3), where p, is the average transverse
transmitted momentum of the particle and p is the
total momentum. To verify this we need only perform
the sum over the longitudinal transmitted momentum
dz = Pz, — Pz, in the right side of Eq. (2.3). For suf-
ficiently thin single crystals, such that p;/p « 1, the
braking can be neglected and all calculations can be
carried out in the approximation of frozen target atoms.

We are similarly uninterested in the relaxation of
the distributions in the surface layer of the target, but
shall consider only the diagonal elements of the density
matrix. There are two reasons for this. First, the non-
diagonal elements of the density matrix undergo damp-
ing in connection with the scattering of the waves (2.2).
The corresponding scattering length L, depends, gen-
erally speaking, on the transverse energy. For states
with enpy ~ Ymax the principal scattering mechanism
is nuclear, and L, ~ Lyyc ~ a/No!® (¢ is the total
cross section of a single center, and « > 1). For deep
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levels only scattering by the valence electrons is sig-
nificant, so that L, ~ Z®*Lpye (Z is the charge of the
target atoms).

Second, even in the absence of damping, i.e., when
the right side of Eq. (2.3) is zero, the contribution to
the angular and spatial distributions from the terms
that contain nondiagonal elements of the density matrix
L > L, is found to be small in many cases. We may
illustrate this by considering the yield of a nuclear re-
action I:

I=<n(z,8)dr = jn(x, YW (z+d/2)dz, 2.4)
where the spatial density of the particles for an arbi-
trary direction of beam incidence px has the form

np, (,t) = Z Pues(0) @u () @ (z) exp[—i(en—e.,) 2] (2.5)

(Here and below s =n, px.)

Because of the quasiclassical form of the wave func-
tions ¢g, the value of I is specified primarily by the
contribution from states for which the overlap between
¢g and the nuclear density W is significant. For such
states lying in the interval Ae < Ypax, the oscillation
frequencies w ~ €py1 p, ~ €n,py, due to the strong an-
harmonicity of the potential near the atomic planes, de-
pend on the energy of transverse motion ep p,. For
this reason, starting at a time

-1

deo
t>t~ (—A
* (ds s) ’

the phases in the arguments of the exponentials in Eq.
(2.5) will be distributed approximately uniformly. Ac-
cordingly, the result of taking the sum in Eq. (2.5) for
t > 7 will be to leave only terms that contain diagonal
elements of the density matrix. In other words, the
oscillations of the nuclear reaction yield with time will
damp out in times t 2 7. Taking into account that the
change in the particle oscillation frequencies for Ae

~ Ymax is not very large in most cases (a factor of
2—3), it is clear that 7 ~ 1/w.

A classical analog of this phenomenon is the familiar
tendency to the establishment of statistical equilibrium”
in the phase space of the transverse motion of a parti-
clel®], For heavy particles in channels formed by the
planes of lowest index, 7v ~ Lpyc-

The considerations mentioned above refer only to the
comparatively high levels, Near the bottom of the po-
tential well the anharmonicity becomes insignificant,
and relaxation of the oscillations in the angular distri-
bution will occur only as the result of inelastic scatter-
ing by the valence electrons.

3. SPATIAL DISTRIBUTION OF PARTICLES IN THE
CHANNEL

In the absence of inelastic collisions, the spatial
distribution of particles in the channel will be specified
by the initial population of the levels pg(0). For
t > L;/v we have

@)=Y 0.0l (3.1)

where
p.(0)=lcl?, = J' e'r=q,(z)dz. (3.2)
V. A. Ryabov 78



Let us calculate n(x) in the quasiclassical approxi-
mation. We shall make use of the quasiclassical condi-
tion pfcrd > 1, where 6cr is the critical channeling
angle. In the allowed region of the potential Y., the
wave function takes the form!'’]

o (frrsn ), o (%)

Here p = [2m(e - Yc(x))]”%, and x, is the turning
point. Using the stationary-phase method to calculate
the integral in Eq. (3.2), with (3.3) taken into account,
we find for the coefficients

(3.3)

Cs=

(3.4)

T a iy
_ , 0S| pZot da:’)
[mYc'(:c.,)] a.co (” ° ):p

when € < €g < €0 + Yynax (€0 = pz/2m); the coefficients
are zero for any other values of eg. In Eq. (3.4) xois
specified by the condition Y¢ (xo) + €0 = €s.

By using Egs. (3.3) and (3.4), we separate from (3.1)
the nonoscillatory part of the density:

( )_i la,|?
et = — 1Y (20) Ip(2)

(3.5)

Summing in the Poisson fashion, and taking into account
the quantization condition for nonintegral n!*°!
2m de

la,|?=—
¢ n dn’

(3.6)

we may replace the sum in Eq. (3.5) by an integral over
the energy:

neeg(@) = [de (1Y’ (20 1p (). (3.7)
The integration in Eq. (3.7) is carried out over states
with € £ Ymax. The expression (3.7) that we have ob-
tained for the density agrees exactly with the classical
result!®],

Generally speaking, it is not legitimate to widen the
interval of integration in the region near the barrier
because of the band structure of the spectrum, which is
due to the periodicity of the potential. Note that the
structure of the level populations including tunneling
effects does not differ significantly from Eq. (3.3)
(seel'), i.e., the states €np, that are filled are those

for which Eo ~ anx € + Yma_x

4. MULTIPLE SCATTERING

Using Egs. (2.2) and (2.3) from the first section, we
consider the kinetic equation for the diagonal elements
of the density matrix of particles in the channel:

dps
Jt

=2n va" (04 p44=02,) 8 (B pra—Eu), p=Pur p. (4.1)

Here AV = Z;V(r - Rj) - Yc, where the sum is taken
over the atoms of the neighboring planes that form the
channel. We shall be interested in the transverse mo-
tion of the particles in the channel, since in Eq. (4.1)

we have to perform a sum over qz. If in addition we
make use of the equation

<AVM:(I,)AVq”q,(.’t)>=2Nd(Uq”(z,) Uqu (22) )1,
(4.2)
Uy (2)=Vg ¢ (),

we obtain finally

_2
miNd Z AU 1 (o 0,0, - (4.3)
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In accordance with the arguments presented in Sec.
2, we shall neglect the dependence of the density
matrix on the quasimomentum in Eq. (4.3). Since for
heavy ions in a low-index plane channel the number of
levels is large (~10?) and the characteristic trans-
mitted momentum q; <« p, we shall use the diffusion
approximation. To this end we rewrite Eq. (4.3) in inte-
gral form:
'a_ipl »,= Z J.da'[G(e, &) per, p”+q”_G(5,v €)pe "v]’
(4.4)

2mN
G(e,e')= n

d ee’
ge) U, I?

(g(€) is the density of states), and in the expansion of
the collision integral we keep only terms of first and
second order in the variables n = en’ — €n, and of
second order in qy, just as in the case of the Fokker-
Planck equation. Finally, we have

7] /] /] a 9
——Pep, =—WePe,p +—D,—p,, +D; e,
at Per, de Webe. s, de de Pe, dp ‘p Py
n " m 1 0 @
G( I, ——) dned® 2% 4@,

I P) PR 2 Je 4.5)
i n 4@
Dc j.G (6+7, 6—2—)1] d'r] A,. N

23 nn’
D= Y Uy

n'qy

[*>rg%,

where o = 2Ndm/p, and the coefficients A®) are given

by
40 = 2 AU 12 (ew—en) (4.6)
We now use Parseval’s ytheorem to perform the sum
over gy, obtaining
4= [y Y ALU™ () P (ew—en)’
) .7)

D=7 jd Z(lwm Z>r

We can calculate the sum over n’ in Eq. (4.7) by
making use of a summation theorem, which is proved
precisely as in the problem of calculating the average
energy loss of colliding particles!*°). Denoting by U the
time-derivative operator of the quantity U, we have

YU =)= - GT-G0)
’ . (4.8)
Y0 e =)= = GO+ T
Substituting in Eq. (4.8) the expression for the opera-
tor!*
~ 1y 0 A~ 0 A~
U =2;(pEU+a—I—Up)
and the operator (L that is obtained from Eq. (4.9) by
replacing U with U, we obtain finally

=2 G (2],
=B () 0o 222
et .

The contraction of the corresponding sum for D, gives

adl(2]°).

V. A. Ryabov ' 79

4.9)

(4.10)

(4.11)



If the density of states varies inconsiderably in the
range of difference values €’ ~ e where UM js sig-
nificantly different from zero—and this is precisely the
situation that occurs for heavy ions in low-index chan-
nels—then the following formula!*?! relating the kinetic
coefficients in Eq. (4.5) is correct:

(4.12)

Here T is the period of the oscillations in the channel.
In this case Eq. (4.5) coincides with the classical re-
sult{*¥12;

9 Pe, p,
ﬁp!vpyﬂfﬁ T'D‘% T, +D-’-ap2 Pe, p,

(4.13)

In the quasiclassical approximation, the procedure
for calculating the matrix element in Eqs. (4.10) and
(4.11) is formally identical to taking the average of the
given operator over the period of the oscillation in the
channel. Recalling that the scattering angle in a binary
collision is!®l

0,=—U,'/2E, (4.14)

we can immediately obtain for the diffusion coefficient
D, its classical limit!®];
2
DL=NdEmJ.dyT!;[ dt82z(t), y]. (4.15)
It is easy to verify that the same arguments can be
used for the average increase in the energy of trans-

verse motion along X, which is given approximately by
Eq. (4.6).

In the latter regard a few points should be noted.
The first two terms on the right side of Eq. (4.5) de-
scribe, on the one hand, the fluctuation acceleration, or
in this case the increase in the average transverse en-
ergy of a particle in the channel, and on the other hand,
the increase of the energy dispersion with time. In
fact, let us assume that at the initial instant of time

only one level ep is populated, so that p¢e(0) = 5(e — €n).

Then, as Eq. (4.5) shows, the average increase in the
energy is
de 0A®

2
_=_A(l)+ ~A(l).
dt de

(4.16)

Thus as time passes the delta peak in the energy
distribution will widen and shift in the direction of
higher transverse energies. When the transverse en-
ergy of the particle becomes higher than the potential
barrier, the subsequent behavior of p will be essen-
tially the same as in the case of an amorphous medium.

5. THE HARMONIC APPROXIMATION

The kinetic coefficients of Eq. (4.8) can be calculated
exactly in the case of a harmonic potential well: Y¢
= mw®x?%/2. Strictly speaking, such an approximation is
correct only for low-lying states.

In the following calculations we shall use the stand-
ard Lindhard potentiall®, which for large r = (x?

+y2)Y% can be written in the simplified form
U(r)y=y/r*, y=3Zéea. (5.1)
Here
, 28 d 2N
o = Jagt () =0 6.2)

We expand the integrand in Eq. (4.10) as a series in
powers of x near x = 0, up to terms of order O(x°).
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The corresponding small parameter of the expansion is
clearly en/ecr, where ecr = mw®d* 8 is the analog of
the critical energy of the channeled particles, €cr

~ Ymax- Expression (4.6) for the kinetic coefficients
can easily be put in the form of a sum of two terms by
expanding the quantities that appear within the averaging
sign (...)T in a series in powers of u2, By using the
wave functions ¢n(x) in the harmonic potentiall*®! for
the term that does not depend on the thermal vibrations,
we obtain

ne 1 0A® 4D Smio'e, 7.5me? ( oy 3 2)
n = y An = o et e),
2 den 2'npN 2°npNd* 4 (5.3)
e.=0(nt'/.).

Ignoring the diffusion in py, Eq. (4.3) can be written in
the form
9. _1 0,90
5zl e
1t follows from Egs. (5.3) and (4.12) that the trans-
verse energy of a particle increases at the average rate

(5.4)

AW =

de Sm?wt
dt 2'npN (

1+ 75?{)‘ (5.5)

Specific estimates of the expression (5.5) show that
it is comparable in order of magnitude to its classical
valuel®!, but that the dependence on the transverse en-
ergy is weaker; the latter is a consequence of the har-

monic approximation,

The contribution from thermal oscillations, accurate
to terms of order ~u2 is calculated in an ent1rely
similar manner. Thus

A= Ndue, [,[ {( 6U(d/2 y) )2+U

L)) 6o

A comparlson of Egs. (5.5) and (5.6) gives
75mi0'u’ . 60074
32npNd* " @
It should not be forgotten that the calculation presented
above of the kinetic coefficients near the bottom of the
well, where the harmonic approximation is applicable,
is of purely methodological value, since the principal
mechanism of inelastic scattering is electronic.

AV = (5.7)

6. SCATTERING BY VALENCE ELECTRONS

Thus far we have analyzed only nuclear collisions.
The contribution to the diffusion that arises from scat-
tering by electrons can be estimated independently by
assuming that the electrons are distributed uniformly
over the entire width of the channel with density ZyN,
where Zy is the number of valence electrons.

In accordance with Eq. (4.10), we obtain
m,Z N oU
AL = jdzdy( ) )

Noting the relationshlp between the derivative 5U/ax
and the scattering angle (cf. Eq. (4.10)), we may use an
approximate value for the derivative!®]. For a screened
Coulomb potential

oU be*x
9z o[l +(xr)?]’

(6.1)

b=16. (6.2)

Here k is the inverse Debye radius. Substituting (6.2)
in Eq. (6.1), we obtain

Z
A= “Nln[1+(mm) -2].
pb

(6.3)

The cutoff radius rmin in Eq. (6.3) eliminates the
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logarithmic divergence in A" caused by short-range
collisions. In simple cases, for instance in calculating
D, (py), it is comparatively simple to determine rmin
(seel®). In our case, computational difficulties make it
impossible to determine A® from Eq. (4.8) as simply
as we determined A", In addition, the use of the self-
consistent procedure for determining rmin that was
discussed in detail inl® is made even more difficult by
the fact that the dependence of A® on rp,in is not
logarithmic, but a power law: A® ~ 1/ T in®

Because the dependence of A" on rpip is rather
weak, however, we can still use Eq. (6.3) to obtain an
order-of-magnitude estimate of the average energy in-
crease due to scattering by electrons (which eventually
leads to dechanneling). By comparing the results ob-
tained for electronic and nuclear collisions, we come
to the conclusion, already familiar from classical
analyses, that the contribution from electronic scatter-
ing is predominant at small values of the transverse
energy of the particle in the channel.

APPENDIX

From the Schrodinger equation in the presentation

2.2),

HA LN Z AV, Y.,
ot

AV=V—<.V>
we obtain an equation for the particle density matrix
Psise = ¥5,¥s,:

(A.1)

0Psier | . ) 104 s—Dsis’ .
—at—+z(E..—E..)p..,,— LZ;(AV... 0 n—0u’AVw).  (AL2)

Wetakethe average of Eq. (A.2) over the positions of
the lattice nuclei, and formulate equations for the quan-
tities F, = <AV81SIPSISZ> and F; = < psls'AVs'Sz> that
appear in the right side of the averaged equation (A.2).
At this point the chain of equations is decoupled by the
use of the formula

(AVAV 0> =(AV, AV <p),

which is correct in the Born approximation!”). From
Eq. (A.1) we have

aF
_é_t‘_ +i(E,—E.)Fi=—i3,

=i Z AV 1 AV 3000 CAV o AV 3 pursr),

aF, (A.3)

at

+ i(E.v._Es')F2=*i22=

=i E ((AV e AV 3007 e—C AV AV 0 3.

N

81 Sov. Phys.-JETP, Vol. 40, No. 1

The solution of Eq. (A.3) with zero-point initial con-

ditions can be written in the form
t

Fr=—i j expli(Ev—Ey) (1—t) 1%, k=1,2. (A.4)

In the present problem the sudden-collision approxima-
tion is correct, since the time between collisions 7,

~ d/v is much longer than the collision duration time
72 ~a/v (where a is the screening parameter). In this
approximation the substitution of Eq. (A.4) into (A.2)
leads to the desired equation (2.3).

DStrictly speaking, we are dealing here with the establishment of a quasi-
equilibrium distribution, characterized by time reversibility and the
assemblage of phases over some long period of time (the Poincaré
cycle).

It is easy to verify that this equation can be obtained directly from
Eq. (4.3) for n> | by taking a series expansion of the collision term
in powers of the difference n'—n. The simplification arises from the
fact that here we can set ep'—ep = 2 T™(n' —n).
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