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It is shown that collisions lead to considerable heating and accumulation of cold ions in an adiabatic 
trap, so that the presence of a relatively weak source of such ions impedes the buildup of drift-cone 
instability. In some cases the ions produced by charge exchange in the residual gas are sufficient for 
stabilization. Heating of cold ions does not result in any appreciable decrease of the energy lifetime. 

INTRODUCTION 

One of the characterisitc properties of a plasma con­
fined in an adiabatic trap is the non-Maxwellian ion­
distribution function which is associated with the 
presence of a "loss cone." For the most widely spread 
out velocity distribution, the so-called collisional-equi­
librium distribution, the difference from a Maxwellian 
function is expressed mainly in a deficient number of 
ions having low transverse energy. Because of this un­
balance in the ion-velocity distribution, the plasma be­
comes unstable even when the transverse gradients of 
the plasma density are relatively smally,2] But, as has 
been shown in [3], by adding to a hot plasma a small 
amount of plasma containing comparatively cold ions 
one can elevate considerably the critical gradient for 
this so-called drift-cone instability. 

When the effect of adding cold plasma was considered 
in [3], an arbitrary cold-ion distribution was assumed. 
However, in the case of plasma confinement during a 
time that is of the order of the collision time the dis­
tribution function of cold ions (like that of the hot ions) 
cannot be arbitrary but must depend on the collisions, 
which induce heating of the cold ions and, consequently, 
longer confinement of the latter. The heating of the cold 
ions leads, in turn, to a change of the energy balance. 
Also, the drift-cone mode, having small phase velocity, 
is sensitive to the form of the cold-ion distribution. 

All the foregoing considerations indicate the need for 
a more detailed study of the stabilizing action of cold 
ions on the drift-cone instability, taking into account the 
effect of collisions on the distribution of these ions and 
on their lifetime. 

1. THE COLD-ION DISTRIBUTION FUNCTION 

Let us consider a stationary model of an adiabatic 
trap where, in addition to the hot ions, a certain amount 
of cold ions is generated per unit time. Possible sources 
of the cold ions are charge exchange and ionization, as 
well as some form of external injection. For simplicity 
we shall assume that the initial distribution of the gen­
erated cold ions is Maxwellian. Without specifying the 
source (which it is not essential to do in the present 
case), we shall characterize it by the injection time 

,'~no(dn'ldt)-' (1) 

(where no is the hot-ion density and dn*/dt is the number 
of cold ions generated per unit time per unit volume) 
and by the temperature T* of the generated cold ions. 
If charge exchange is the source, then T* is the charge­
exchange time. 
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In connection with the formulation of the cold-ion dis­
tribution function collisions among the latter are un­
important in the present case. Collisions with electrons 
also play no decisive role; therefore, for simplicity, we 
shall neglect them and shall make suitable corrections in 
the final expressions. Collisions with hot ions thus play 
the principal role and the collision term in the kinetic 
equation for the cold-ion distribution becomes linear. 
We shall also assume fulfillment of the condition 

(2) 

where ttr is the cold-ion transit time along the length 
of the trap, T st is the collision time of the hot ions, and 
Ti = mi(v) /3 is the effective temperature of the hot ions. 
The condition (2) corresponds to neglect of the energy 
change of the generated cold ions during a single transit; 
when this condition is fulfilled we may assume zero 
distribution of cold ions inside the loss cone. Then, 
considering that T* « Ti and employing the "square 
well" model [4] (where it is postulated that all the plasma 
parameters and the magnetic field are uniform along 
the length of the trap and change abruptly in a mirror), 
and also disregarding ambipolar effects, we obtain the 
following equation for the cold-ion distribution function: 

• no ( m, ) 'f, { m,v'} D!!.,f~-- -- exp --- , 
" 2nT·· 21" 

D~aTlm"." ",~3j12nm, T,"'/8ne'Ano, (3) 

where the coefficient a depends on the hot-ion distribu­
tion and is close to unity, mi and e are the ion mass and 
charge (all ions are of the same species), A. is the 
Coulomb logarithm, and Ll.v is the Laplacian in velocity 
space. This equation must satisfy the boundary con­
ditions that f* vanishes on loss-cone surfaces and at 
infinity. 

Because of the axial symmetry, the solution of (3) can 
be expressed conveniently as a Fourier series in the 
angular eigenfunctions of the problem, which are solu­
tions of the Legendre equation 

a aM" (I') 
-(1-1")--+ln(ln+1)Mn(I')~O. 
at> aft 

M,,(±l'o)~O, l'o~jl1-1IR, (4) 

where /J. is the cosine of the angle between the velocity 
vector and the magnetic field and R is the mirror ratio. 
The solution of (3) then becomes 

~_n_ ~ (21'Jm,)'mf'.JI'~~' {f((l,n+3)/2) + (~) ('m+3)f' 
f n'/'D,' ~ (21,,,+1).JI'(" 2v""+1 21" 

It=v 2/1 

(5) 

... 
.JI'~i)"", S Mn'(I')dl'. 

o 
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The derived distribution function falls off as a power 
function for v - 00; the first term of the series de­
creases most slowly. For the most interesting mirror 
ratios, 1.5 < R < 00, the eigenvalue 10 lies within the 
limits 2> 10> O. The cold-ion density obtained by in­
tegrating (5) for f* then diverges, because (3) and, there­
fore (5) also, is invalid for v ~ (Ti/md /2 • But at these 
velocities the function f*, like the distribution function 
of the majority of the hot ions, must decrease as 

exp{-(1+ ~) ;;'} 
so that a more accurate expression for f* can be ob­
tained if the right-hand side of (5) is multiplied by this 
exponential. 

Knowledge of the distribution function makes it easy 
to obtain an expression for the density of cold ions: 

n'''''no~' l T') '.1' r«3+10)/2)r«2-10)/2) (_6_ )'_"" (.L~I»)., 
T' \ T, l'n(210+1)a 3+10 .f{~') 

3 't., (r) 3T, 
n' = sis no~ T, In 5T" R=1,5, (6) 

and for their mean energy: 

3 2-10 
8' "" "2 T, 3+10' R>1. 5, 

3 2 
8' ""2"T, 51n(3T/5T')' R=1.5. (7) 

The expressions (6) and (7) show that for R> 1.5 con­
siderable heating and an accumulation of cold ions will 
result from collisions. For R < 1.5 the collisional effect 
becomes less important, so that the density of cold ions 
is determined by the transit time and their energy is 
determined by the injection energy. 

2. STABILIZATION CONDITIONS 

We shall now consider the effect of the cold-ion source 
on the stability of the drift-cone mode. It will be as­
sumed that the magnetic field is parallel to the z axis 
and that the plasma density depends only on the coord­
inate z. Fulfillment of the follOwing condition will also 
be postulated: 

(8) 

where w is the oscillation frequency, wpe = 41T1l0e 2/me is 
the plasma electron frequency, ki = ~ +~, and L is the 
characteristic length of the machine. The condition for 
fluting of the drift-cone mode is given by (8), which is 
usually fulfilled for traps of the gi'ren type. Then the 
dispersion equation becomes (1) 

2 4ne2no 
Wpi=--, 

m, (9) 

The most unstable oscillations are those with kx = 0; 
therefore we shall assume henceforth that k = kl = I kyl. 

The ion distribution function f is the sum of the col­
lisional-equilibrium distribution function of the hot ions 
and the function (5) for the cold ions. It is convenient to 
integrate in (9) after transforming to spherical co­
ordinates: 
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Sl" Mo(lL) S~ (kV -) fJ 
=2 #~ In' -. l'1-IL' -[v/(v) jdv. 

o J.t 0 WBr iJv (10) 

The last term in (9) is a qui te complicated function of 
k and w, whose form depends on the magnitude of the 
mirror ratio. The analytic study of this equation is per­
formed most simply for R = 3.277 with 10 = 1 and Mo(W) 
expressed in terms of elementary functions. The qual­
itative results obtained for R = 3.277 hold true within 
a broad range of the mirror ratios (2 ~ R ;; 10) that 
are most interesting from a practical point of view. 

In view of the foregoing considerations, we shall con­
sider (9) for R = 3.277. When f* is substituted in this 
equation, we can confine ourselves to the first term in 
the curly brackets for the zeroth member of the series 
(5), because the contribution of the remaining terms will 
be smaller by the factor (T* /Ti)1/2. Then the complete 
expression for fi becomes 

_ 0,3S m.' { 2m,v'}M ( ) ( 0,46 (T' )'1. 't."/T-). j,--no-, exp --- 0 IL v+-,- - ----;-V-, 
n T, 3T, v m, 't T, 

IL 1-1' 
M o(IL)=1-'21n HIL' (11) 

Inserting (11) into (9), employing the transformation (10) 
and the asymptotic form of the Bessel functions for 
k2p2» 1 (where p2 = Ti/miwiu), we obtain an explicit 
form of the dispersion equation: 

0,17 't"y~ {1 C:U.i n) (12) 
-kP''"7 T:n~~c:u-nc:u., n'_'/ •. 

Since, as shown in (1], we have the characteristic values 
kp ~ (me/mi)1/3, the condition k2p2» 1 is fulfilled by a 
good margin. 

The derived equation can be written in a more con-
venient form with the aid of the familiar formula 

~ 1 
~ --=nctgnx, 
~ x-n 

and by converting it into a dimensionless form: 

n ( 12X) -x'ctgnx-A nctgnx--+--- +~x=B; 
~' x 3(x'-1) 

x=~, ~=1,29kpQ''', 
(OBi 

't yT' A=022~ _Q-'I, 
, T~ Ti ' 

B= 1..29xpQ-'I" 

(13) 

(14) 

Stability of the oscillations corresponds to the ab­
sence of the complex roots of (14) in the upper half­
plane of the variable x. The left side of (14) as a func­
tion of the real variable x possesses at least one max­
imum. If B is somewhat greater than this maximum 
value, Eq. (14) has two complex roots, one of which lies 
in the upper half-plane. Thus for the stability of all 
oscillations described by (14) it is necessary and suf­
ficient that B shall be smaller than the smallest max­
imum. The magnitude of the maximum depends on (3 and 
A; since f3 ~ k, minimization of this value with respect 
to f3 yields the wavelength of the most unstable oscilla-
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tions. It will be stated hereafter that we are investigating 
the stability of the n-th harmonic (n> 0) if the corre­
sponding maximum lies in the interval n - 1 < x < n. 

The results obtained by investigating the stability of 
the first three harmonics are shown in the figure; the 
boundaries of their stable regions are shown with shading 
inside the edge of each respective unstable region. The 
region of stability with respect to all harmonics lies 
along the ordinate axis; its boundaries are determined by 
the stability of the first and second harmonics. The 
point C corresponds to the maximum (for R = 3.277) 
critical gradien t, which is 4.1 times greater than the 
critical gradient in the absence of a cold plasma (A = 0) 
and 1.4 times smaller than the maximum critical grad­
ient obtained in [3]; these results are associated with the 
different form of the cold-ion distribution function. The 
absolute value of the maximum critical gradient, and the 
corresponding parameters that characterize the cold-
ion source, are 

'C,tVT' "p=178Q'/' - - =3 67Q'/' 
• ''[* T, . ". 

The density of cold ions, in accordance with (6), will 
now be 

n·=1.19Q'/'no• 

3. DISCUSSION OF RESULTS 

(15) 

(16) 

The considered conditions of the stabilizing action of 
cold ions on the drift-cone mode show that even a rel­
atively low-power source of cold ions can appreciably 
enhance the critical density gradient that is required for 
the build-up of this mode. The principal limitation on the 
enhancement of the critical gradient as the cold-ion 
density increases is imposed by the second harmonic, 
which is associated with the so-called "double-humped" 
instability. However, the build-up of all harmonics above 
the first is influenced considerably by longitudinal non­
uniformity of the magnetic field, [5} which can lead to a 
higher critical gradient. Increase of the mirror ratio 
is also accompanied by an increase of the critical 
gradient. 

Calculations show that in experiments performed 
with the PR- 6 machine [6) the ions resulting from charge 
exchange and ionization of the residual gas can have an 
appreciable stabilizing influence, because in this case 
we have (Tst/T*)(T*/Ti)1I2 ~ 10-2. Ions produced by 
charge exchange and ionization can also comprise one 
of the causes that this instability is not observed in some 
other machines [7 ,s) where the critical gradient is reached 
without taldng cold ions into account. 

/1 I 

fi 

5 

2 J 5 5 7 B 
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In the derivation of the cold-ion distribution function 
it was ass umed that condition (2) is fulfilled. Such ful­
fillment may not occur in certain cases when the cold 
ions can acquire appreciable energy during a single 
transit. This energy should then naturally play the role 
of the initial cold-ion energy. Since the exact form of 
the initial cold-ion distrIbution is not important, all 
expressions will remain correct except for the sub­
stitution T* = Tittr/Tst. 

From the consideration of how the cold-ion distri­
bution function is formulated it is seen that the energy 
of these ions is considerably enhanced through collisions 
with hot ions. Since this energy is derived from the 
energy of the hot ions, it is of interest to determine how 
the cold ions affect the energy loss of the plasma. This 
loss is usually characterized by the energy lifetime of 
the ions, which in the present case is the ratio between 
the combined energy density of both the cold and hot 
ions, and the density of the energy flux carried away 
by the hot and cold ions that fall into the loss cone as a 
result of collisions. It is easily shown that this energy 
lifetime (for R = 3.277) is given by 

( 'C",/ T·)· 'C,='C" 1-0,012 -;- V - , _ 'C T, 
(17) 

where TEO is the energy lifetime without account of the 
cold ions. The small reduction of T E is associated with 
the fact that as cold ions are heated their containment 
time is increased. 

When collisions between cold ions and electrons are 
taken into account the collision time Tst is effectively 
reduced, so that the corresponding corrections amount 
to the following substitution in the derived expressions: 

(18) 

In conclusion, the author acknowledges his indebted­
ness to M. S. loffe and O. P. Pogutse for useful comments. 
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