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The dispersion law for low-frequency electromagnetic waves propagating in the direction 
of stationary drift of electrons and holes is investigated for crystals in the shape of 
plates and cylinders. The investigation is carried out with allowance for the magnetic 
self-field of the direct current. The instability of an axially symmetric wave generated 
in the absence of an external longitudinal magnetic field in crystals of cylindrical 
geometry is investigated in detail. It is shown that this instability develops only when the 
radius of the cylinder exceeds some critical value. Numerical estimates of the wave in­
crement in the instability region are made for indium antimonide. 

1. The question of instability and of the possibility of 
amplifying transverse waves in a drifting electron-hole 
plasma has been repeatedly raised in the scientific 
literature (see, for example,[l-9]). Theoretical investi­
gations have been carried out both with[S-7] and with­
out[1-4] allowance for the magnetic self-field of the direct 
current. It is now established that the neglect of the 
magnetic self-field (MSF) of the direct carrier current 
is inconsistent-the terms of the dispersion equation 
arising as a result of the allowance for the MSF have 
the same magnitude and structure as the Doppler terms 
that directly take into account the drift of the carriers. 
The magnitude and distribution in space of the MSF de­
pend on the geometry of the crystal, and therefore solu­
tions obtained without allowance for the shape of the 
crystal also need to be critically examined. 

The types of the instabilities discovered were not 
investigated in [1,4), and this led to the erroneous con­
clusion that it is possible to amplify waves in those 
regions of k space where the waves are not transmitted 
(special investigation shows that the instability can be 
absolute). At the same time the wrong conclusion is 
drawn in [2J that it is impossible to amplify helicons, 
since the instability always turns out to be absolute; 
here the error in the definition of the type of instability 
arose as a result of an incorrect analysiS of the disper­
sion equation. In the present paper we aspire (wherever 
it is within the reach of simple means) to investigate 
the type of instability. In dOing this, we shall utilize the 
Briggs discrimination criterion (10). According to this 
work, the determination of the type of instability allows 
us to answer without further investigation the question 
as to the possibility of amplifying oscillations in a 
medium which is infinite in the direction cf propagation 
of the waves (though without any indication of the am­
plification region). The possibility of amplification 
arises only in the case when a region of convective in­
stability exists. To absolute instability corresponds the 
nontransmission of the oscillations. 

The entire analysis below pertains to the case of a 
wave propagating in the direction of the stationary drift 
of the carriers (along the z axis). The external mag­
netic field Ho (if one is present) is directed along the 
same axis. We assume that the components of the wave 
fields depend on z and t according to the law exp ( -iwt 
+ ikz). We investigate two of the simplest geometries of 
crystals: an infinite plate (- 00 < x < "", -R:s y :s R, 
- 00 < z < "") and an infinite cylinder (O:s p :s R, O:s 'P 
:s 21T, - "" < z < ""). In the case of the cylinder the inves-
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tigation is restricted to the axially symmetric mode (the 
instability of the higher helicon modes has been con­
sidered in[S) and, in the case of the plate, to the solu­
tions that are independent of the x coordinate. 

2. The ba~ic system of hydrodynamic equations is of 
the form 

1 OR 
rotE=--­

c {It' 

4ne 
rotH =--(pvp - nv,), 

c 

divR=O, divv,,=O, divvp=O. 

(1 ) 

Here Vn and vp are the electron and hole velocities, E 
is the resultant electric field, including the pulling, 
Hall, focusing, and wave fields; H is the resultant mag­
netic field, including the external field Ho, the field HI 
generated by the direct current, and the wave field h; 
p and n are the electron and hole densities, and mp,n 
and Tn,p are their effective masses and momentum re­
laxation times. 

We use the low-frequency approximation: l w l, 
l vn,pk l « T n,p, c l k l. The carrier densities are as­
sumed to be constants-the strong longitudinal magnetic 
field inhibits the appearance of the pinch effect; in the 
absence of a longitudinal magnetic field we assume the 
transverse (to the direct current) dimension R of the 
crystal to be large compared to the ambipolar diffusion 
length L, in which case there also does not arise an 
appreciable pinch in the volume. The conditions l k l L 
« 1 and R- 1 L « 1 (in the impact-ionization regime it 
is also required that sTrecR-1« 1, where Trec is the 
colume recombination time) evidently permit us to also 
neglect the boundary inhomogeneities in the density when 
matching the solutions of the exterior and interior prob­
lems. 

In solving the system (1) in the case when nand p 
are constant and kinetic paramagnetism is neglected 
(see below), the magnetic field of the direct current is 
ultimately only manifest in the form dHl! dy (plate) or 
dH~/ dp (cylinder); these quantities do not depend on the 
space coordinates, and the equations of the system (1), 
when linearized with respect to the wave corrections, 
admit of solutions in the form of hyperbolic (plate) and 
cylindrical (cylinder) functions. By matching the solu­
tions obtained inside the crystal with the solutions of 
the exterior problem, we obtain the dispersion equation. 
In the general case this equation in its explicit form 
contains the half-thickness R of the crystal as a 
parameter, and is extremely unwieldy. The situation 

Copyright © 1974 The American Institute of Physics 1099 



gets appreciably simplified if k2R2» b 2, where b = 11/2 
for the plate and b = a1 for the cylinder, the a1 here 
being the first finite root of the Bessel function of the 
first order. When this condition is fulfilled one of the 
branches of the dispersion equation practically coin­
cides with the dispersion equation in an infinite crystal 
if we neglect the MSF. Let us first consider this branch. 
Notice that in the general case, when the MSF is taken 
into account, the separation of the waves into purely 
longitudinal and purely transverse waves does not oc­
.!ur. 

The dispersion equation has the following form: 

Here 

( ) [ 2k - ik, ± ir 2sk + ik, += ir] k' 
x± k +g =-2i-

k(1 + ho')- ik, k(s' + ho')+ isk, k, 

[ 2k - ik, ± ir 2sk + ik, += ir ] 
+kw -gs-' . 

k(1 + ho')- ik, k(S2 + ho')+ isk, 

Ct> 
'iC=~, 

4ne 2nTn ro,.21:'n 
k,=--""--, 

mnc C 
k, = 1]k,w(1 + gs-') , 

g=~, mp'tn 
s=--, 

mllTp 

h _ eH.'Tn 0---, r = (4ho'k' + k,') '\ 
n lnne 

'1/ = 1 for the plate and '1/ = Y 2 for the cylinder, 

(2) 

w = -un / c, where (-un) is the stationary-drift velocity 
of the electrons in the z direction (un = eTnE~/mn, 
the E~ here being the stationary pulling electric field). 
The appearance in (2) of the quantity k 2 is wholly COIi­

nected with the allowance for the magnetic self-field of 
the currene); at k2 = 0 Eq. (2) goes over formally into 
the dispersion equation obtained in [1,4 j • The two signs 
in (2) correspond to the two different polarizations of 
the waves. 

Investigation of Eq. (2) for arbitrary values of the 
quantities ho, g, and s for a crystal in the form of a 
plate (T) = 1) shows that wav!:;:> of both polarizations are 
always stable, i.e., 1m w(k) <.0 for any real k. We note 
here that when the MSF is neglected, the analysis indi­
cates the possibility of an instability for ho,c 0, E~ "" 0, 
and g,c 0, "". 

Let us proceed to the consideration of a crystal in 
the form of a cylinder ('1/ = Y2). For this geometry, the 
investigation which takes the MSF into account indicates 
that an instability is possible (if, of course, g '" 0, "", 
i.e., current carriers of both signs are present). Under 
certain conditions an instability can develop even in the 
absence of an external longitudinal magnetic field-the 
case with ho = O. The instability of 1"" 0 helicon modes 
has been detected in[5 j for ho = 0; the possibility that 
the axially symmetric (Z = 0) mode is unstable is 
negated without sufficient grounds for it 2) . 

Let k2>Oand ho=O.Thenthe K-(k) wave is un­
stable. Let us consider the K +( k) wave for g = 1 (the 
electron and hole densities are equal). We obtain 

s-1 
Re x+ (k) = ---;z;- wk, 

or in dimensional notation: 

k,' - sk' 
Imx+(k)=k,(1-!-s) 

ReCt>+(k)=~u"k(m,(rp -1), 
2 mp'tn 

(3) 

The phase velOcity k-1Re w+(k) of the waves under 
consideration does not depend on k. The instability is 
wholly connected with the allowed for magnetic self-
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field of the direct current and it encompasses the 
region 

I I Iunl, ,/ mnTp 
0< k <ko=-,-Ct>n TnY--. 

2c~ m·pTn 

The increment is a maximum at k = 0, i.e., in the 
model under consideration a homogeneous distribution 
along the z axis is the most unstable (see, however, 
below the solution obtained with allowance for the 
finiteness of the thickness of the crystal). Let us 
estimate 1m w +( 0) and ko for the semiconductor InSb 
at T = 77°K in a ~ulling electric field inducing inter­
band breakdown[B . Suppose E~ = 250 V/cm, Tn = Tp 

10-12 1 5 10-29 ' 40 = sec,mn=' x g,mp/mn= ,n=p 
= 10 17 cm-3 • We obtain ko = 50 cm-1 and 1m w+(O) 
"'" lOB. The quantity 1m W +( k = 0) is different from zero 
only when g = 1. If g'" 1, then 1m w+(k) - 0 as k - O. 

Investigation of the nature of the instability showed 
that the instability is absolute when n = p if the condi­
tion 

(4) 

is fulfilled; when this condition is violated the instabil­
ity is a convecti ve instability 0 For arbitrary values of 
g and s the K + (k) wave is unstable- if the inequality 

g(1 + s)' - s(1- g)' > O. 

is satisfied. The instability encompasses the region 
k,' 

0< k' < ---, [gs-'(1 + s)' 
(s + g)-

-(i-g)'J. 

(5 ) 

It is impossible to ascertain the nature of the instability 
at g '" 1 without numerical computations. 

Let us now consider the case when the externallongi­
tudinal magnetic field is different from zero (ho "" 0). 
Equation (2) admits of a simple analysis for arbitrary 
g and hu if s = 1. In this case the instability exists 
when 

(3 + 18) -, < g < 3 + 18. 
Notice that this condition coincides exactly with the 
condition for absolute instability of the solution obtained 
when the MSF is neglected. 

The instability encompasses the region 
(6g -1-- g') [(1 -!- g)' + 8gho'J 

0< k' < k,' (1 + g)'(1 + ho')' 

It is easy to verify that the maximum wave number de­
creases with increasing hg. A plot of 1m w(k) for dif­
ferent values of hg for the case s = g = 1 is shown in 
Fig. 1. It was experimentally detected in[9] that an in­
crease in the external longitudinal magnetic field im­
pedes the development of the instability. 

In the particular case s = g = hg = 1, the relation (2) 
is greatly simplified. We obtain 

x+(k) = -'-' [- 2k' + ~k,' +lk,1 1/ k' + ~k,']. 
'.!.k, 2 V 4 

Here all the harmonics with k 2 < % k~ are unstable, the 
instability being absolute. 

In the presence of a longitudinal magnetic field we 
must allow for the possibility of kinetic paramagnetism 
manifesting itself when the longitudinal magnetic field 
becomes inhomogeneous, increasing toward the center 
of the crystal (see[1l,7 j ). The inhomogeneity is slight if 
the condition (Iln = e < Tn >/mn) 
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, eE 0p 
2n.t:..(1 + s-')-'-ln(l + S-'k,2R')~ 1. 

C2 k'J. 

is fulfilled. This inequality is violated in InSb for the 
above-chosen values of the parameters. It can however 
be satisfied in semimetals with a low mobility and a 
high density of the pairs (the latter is necessary for the 
fulfilment of the condition I k21R » 1, in which case the 
instability encompasses a region of reasonable wave­
lengths). 

3. We have thus far virtually assumed in the analysis 
that the transverse dimension R is infinitely large. Let 
us investigate in greater detail the case ho = 0 in a sys­
tem of finite thickness. The case ho = 0 is in some 
sense special-the structure of the solutions to the wave 
equation for this case is markedly different from the 
structure for ho;t. O. In the absence of an external 
longitudinal magnetic field, the waves in a crystal in 
the form of a cylinder split up into two independent 
waves (0, hrp, 0) and (h p , 0, hz ) with different dlS­

persion laws. The wave (hp , 0, hz ) is always stable for 
all real k. The wave (0, hrp, 0) can be unstable. Solv­
ing the wave equation in a crystal of finite radius R 
and matching this solution with the solution of the ex­
terior problem, we obtain the following dispersion 
equation: 

(am! R)' + (am! R)'[2k' + ikk,(s-' -1) -- ik, (x - kW) 
- ik,gr'(x + kO' 'w) 1 + k'(k - ik,) (k + is-'k,) (6) 

- ikJdx - kw) (k + is-'k,) 
- ik,gs-'k(k - ik,) (x + k.,-'w) ~ o. 

Here the am are the zeroes of the Bessel function of 
the first order (with the exception of the root ao = 0). 
Allowing in (6) the quantity R to tend to infinity, we 
obtain the dispersion law (2) for the K+(k) wave for 
ho = O. 

Investigation of Eqo (6) shows that the instability 
arises when the condition 

.p(s,g)"" k,'s-' [g(l+S-I)'-"-'(l-g)'l>(~)', (7) 
(l+gO'-')' R 

is fulfilled, or since k2 ~ E~, when I E~ I > E l, i.e., 
there exists a certain threshold pulling electric field 
that depends on the crystal radius. 

It can be seen from (7) that the threshold field El 
decreases in inverse proportion to the radius R of the 
system. It can also be seen that the instability is 
realized only in a definite region of variation of the 
parameters g = p/n and s = mpTn/mnTp, namely in the 
region located between the branches of the hyperbola 

(lhyg + g-')' -- eMs + s-')' ~ 1. 

The dependence of the threshold value of the pulling 
electric field on the ratio of the band electron and hole 
densities is shown for a particular case in Fig. 2. 

The field El has a minimum at g = (3 + s)/ (3 + S-I). 
For such g and for s » 1, we obtain 

Ik2 (E,) I ~4i2amR-'. 

Substituting into (7) values typical of the gaseous 
plasma, we verify that, in virtue of the large values of 
s and the small values of k~, the condition for instabil­
ity can practically never be fulfilled here for systems 
of reasonable thickness. In semiconductors and semi­
metals the condition (7) can be fulfilled; it is most 
easily satisfied for the root al ~ 3.83 (we shall hence-
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forth consider only the case am '" al). The harmonics 
for which k_2 " k 2 < k;, where 

It- 2 ~ _ (_~)'+~± '/~)': __ .p (~)2_ 
~ R 2 V4 R 

are unstable. As we can see, allowance for the finite­
ness of the crystal thickness eliminates the instability 
in the immediate neighborhood of the point k = O. For 
g = 1 (i.e., n .:: p) the increment attains a maximum at 
the point k = k, where 

Here 
k,'s-' - 2a,R-'¥k;7;-" 

Jmx(li)~ -----. 
k,(l +0' 'J 

It is not possible to investigate the type of this instabil­
ity by simple means. 

Let us make estimates for InSb for 1.:11' previously 
indicated values of the parameters. FUl' g = 1, Eq. (7) 
assumes the form R> 0.153 cm. Let R = 0.77 cm. 
Then k ~ 15 cm-" k+ "" 49.5 cm-" k- ~ 0.5 cm-" and 
1m w(k) R! 10 8 sec-I. 

Figure 3 shows the dependence of 1m w on the wave 
vector k for different values of the crystal radius. 

The estimates made show that in real semiconduc­
tors (when account is taken of the fact that the maximum 
current density should not exceed a few hundred thou­
sand amperes per cm 2), instability of the considered 
type is practically attainable only in the longwave region 
of the spectrum. Note that microwave radiation in the 
absence of a longitudinal magnetic field has been ex­
perimentally detected in the region of strong currents 
in[8J• 

FIG. I. Dependence of the in, 
crement ofImw on the wave vector 
k (in arbitrary units) for different 
values of the external longitudinal 
magnetic field ho in the case s = g = 
1, R-+oo, 1) h~ = 0, 2) h~ = 2, 3) 
h~ = 10, 4) h~ = 30. 
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FIG. 3 

FIG. 2. Dependence of the threshold field E, for the instability (in 
arbitrary units) on the ratio g = pin of the densities of the band carriers 
for s = 40. 

FIG. 3. Dependence of the increment of lmw on the wave vector kin 
cylindrical crystals of di fferent thicknesses for g = I, s = 40, and ho = 0: 
I) a ,/R = 0, R = 00; 2) a ,/R =yT5 cm-!, R ~ 0.990 cm; 3) a,/R =y50 
em-', R ~ 0.543 em; 4) a, /R = 15 em", R ~ 0.255 em; 5) a,/R = 20 
em-', R "" 0.192 em; 6) a,/R = 25 em", R"" 0.153 cm. 

O. G. Balev and I. I. Boiko 1101 



Hln a crystal in the form of a cylinder the field HI is connected with k, 
by the relation leTnHI(p)/mncl = Ik,lp. 

'lAnalysis of the basic equations of lS 1 shows that the axially symmetric 
mode can, in principle, be unstable. 
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