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A theory is developed of electron spin phase relaxation due to modulation of dipole-dipole interaction 
of paramagnetic centers by random variation of the longitudinal spin orientation. An exact asymp
totic expression for the kinetics of the echo-signal decay is determined for arbitrary random varia
tion of spin orientations when the echo observation times are relatively large. An upper bound of the 
phase relaxation rate is given for comparatively small echo observation times. A model is proposed 
which explains the experimental data on electron spin echo of free radicals in solid bodies. 

INTRODUCTION 

USUALLY in experiments on electron spin echo (ESE) 
in solids, not all the paramagnetic centers take part in 
the formation of the echo signal; the microwave pulses 
excite only a part of the spins (spins A). The remaining 
spins (spins B) make no direct contribution to the echo 
signal, but interaction with them accelerates the decay 
of the echo signal of spins A, since the spins B pro
duce at the positions of spins A local magnetic fields 
that vary randomly in time as a result of the flip of the 
spins B due to the spin-lattice interactions (samples of 
type T1) or flip-flop tranSitions of the electron spins 
(samples of type T 2)[1]. 

It was established experimentally[2-4] that when 
organic free radicals and ion radicals assume the role 
of spins B, they cause a decrease in the Signal of the 
primary ESE. This decrease is frequently described 
by the relation 

V(2"t) = Vo exp (-21rr) , b ~ 10-" C, (1) 

where C is the concentration of the spins B, and 7 is 
the time interval between the pulses making up the 
echo Signal. We note that the indicated paramagnetic 
particles are characterized by relatively long spin
lattice relaxation times (T 1 « 7). The existing model 
theories [1,5-a] do not explain the experimental data in 
(1). In the present paper, on the basis of a general 
analysis of the role of the spins B in the decay of the 
echo Signals, we propose a model capable of adequately 
describing the ESE Signals of free radicals in solids. 

STATISTICAL THEORY 

In the quasiclassical approximation, the contribution 
of the spins B to the shift of the resonant frequency of 
the k-th spin A is equal to[1,5] 

(2) 

where mp is the z-projection of the p-th spin Band 
varies in random fashion as a result of the spin-lattice 
interaction or the flip-flop transitions. For the case of 
dipole-dipole interaction of spins with S = 7'2, which is 
considered here, we have 

(3) 

where rkp is the distance between the k-th and p-th 
spins, and 9kp is the angle between rkp and the z 
axis. We note that all the results can be readily 
generalized to include arbitrary multipole interactions 
Akp ~ rit and for arbitrary spins S. Just as in [1], we 
assume tRat the contributions made to (2) by the fre
quency shifts produced by different spins B are inde
pendent of each other. This assumption i.:l certainly 
valid for samples of type T 1, while for 'iamples of type 
T2 it yields only a rough approximation to the real 
picture of the frequency fluctuations of spins A in a 
magnetically-diluted system. 

In the case of the procedures customarily used in 
experiments for primary and stimulated ESE, the con
tribution of the spins B to the decay of the echo signal 
can be represented in the form 

t 

V(t)=vo«exp(ifs(t)~()).(t)dt) >)., (4) 

where s(t) = 1 in the interval (0,7) and s(t) = -1 in 
(7,27) for the primary ESE; s(t) = 1, 0, and -1 in the 
intervals (0, .), (7, T + 7), and (T + 7, T + 27), re
spectively for stimulated ESE. Here < ... >t denotes 
averaging over all realizations of the random process 
mp( t), and ( ... )k is averaging over the realizations 
of the spatial distribution of spins B around the spins 
A. 

Unlike [1,5-a], we first average the ESE Signal over 
the random distribution of the spins in the lattice. This 
can be done for an arbitrary process m(t). Indeed, we 
introduce the random quantity X: 

I 

X ... X. (t) ... J s (t) m. (t) dt 

and, taking into account the independence of the indi
vidual terms in (2), we rewrite (4) in the form 

(5) 

V(t)= Vo ~':'_ {+ S d'r S <!'i(X)exp(iXA(r»dX r, : = C, (6) . 
where N is the number of spins B, <pdx) is the dis
tribution density of the quantity X, v is the volume of 
the sample, and C is the concentration of the spins B. 
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From this, with the aid of Markov's method[9], since 
qJt(X) is even, we obtain 

[ Sn' ] V(t)=Voexp - 91SYAYBhC JIXlip,(X)dX . (7) 

The result admits of an interesting physical interpre
tation: the argument of the exponential in (7) has the 
meaning of the mean absolute value of the phase which 
the spin A acquires by the instant the echo signal is 
observed in the local magnetic field of one spin B 
located at an average distance C-l/2 from the spin A. 

Equation (7) enables us to establish certain general 
laws governing the influence of the spins B on the 
kinetics of the phase relaxation. We consider the case 
when the times t of observation of the echo signal are 
longer than the characteristic time TC of reorientation 
of the spins B. On the basis of the central limit 
theorem of probability theory, the distribution density 
of the sum (5) tends asymptotically, as tiT c - O(), to 
the normal form 

ip,(X)dX= 1 _ exp(-~)dX. (8) 
12n <X') 2<X') 

From (7) and (8) we find that the kinetics of the decay 
of the ESE signals tends at t » T c to the asymptotic 
value 

( Sn' -) V(t)=Voexp -~YAYBhC12(X') , 
913n 

(9) 

where , , 
(X') = J Jdt, dt,s(t,)s(t,) <m(t,)m(t,», (10) 

00 

, , 
= J J dt,dt,s(t,)s(t,)<m(O)m(t,-t,»,. 

It follows therefore that when t > T we have (X2 > 
- TT C for the primary and stimulated ESE, where the 
correlation time TC is given by 

-
-r,'" 4 J <m(O)m(t» dt. (11) 

Thus, for an arbitrary process met) at t> TC the 
contribution made by the spins B randomly distribut~d 
in the lattice to the decay of the ESE signals is given 
by 

( Bn' ----') V (2-r) = VeT + 2-r)= Vo exp -----=YAY;hC 12n, . 
913n 

(12) 

In the other limiting situation (t < T c), the kinetics 
of the decay of the echo signals depends essentially on 
the character of the random variation of the spin 
orientation, and can provide in general form only an 
estimate of the upper bound of the rate of decay of the 
ESE signals, an estimate expressed in terms of the cor
relation function F(t) =(m(O)m(t». To this end, we 
use the estimate [10] : 

J IXlip,(X)dX 0;;; «X'»"', (13 ) 

where (X2), in accord with (10), is determined fully 
by the correlation function F. For F = % exp ( -tiT c) 
we obtain from (10) at T < TC 

(X'(2-r» "'~ :'" <X'(l +2T» "'-f-' (1-exp (- ~ )), (14) 

It follows from (7), (13), and (14) that for an arbitrary 

random process that describes the temporal behavior 
of the z":projection of a spin B and is characterized by 
a correlation function F ~ exp (-tiT c) we have at 
T < Tc 

( Bn' 1/7) V(2-r);;;' Voexp--YAyBhCT y - .. 
27 T, 

(15) 

VeT + 2-r);;;. V. exp (- 9S;~YAYBhC_ (1 - cxp (- ~ ))"') . 

It follows fro'm (15) that for any process met) lEq. (2)] 
with a correlation function ~ exp (-tiT c), the decay of 
the primary-echo Signal can be represented at T < TC 
in the form 

V(2T)=Voexp{-aT(;J'}, (16) 

where a is a constant and f3 ~ Y2. 
The foregOing analysis shows that among the random 

processes met) (2) with a correlation function in the 
form (m(O)m(t) > = Y4exP (-tITc) it is impossible to 
find a model that leads at T < Tc to a primary echo 
Signal decay in accordance with (1). The experimentally 
observed[2-4] phase-relaxation kinetics in the form (1) 
could be due, in principle, to two factors. On the one 
hand, it may be connected with the need for introducing 
into consideration random processes met) with more 
complicated correlation functions. For example, for 
F = %exp(-tn/T~)at T < TC we get 

2 nH -r"+I ) 
(X'(2» -r (2"+'-1)+0(_' __ 

- (n + 1) (n + 2)-r,' -r",+1 

and estimates similar to (13)-(16) yield a relation of 
the type of (16) with f3 ~ (n/2), n > O. On the other 
hand, a kinetics of type (1) can be expected also for 
processes m (t) with a correlation function Fp 
~ exp ( -tiT c) if an additional assumption is made that 
a distribution with respect to the correlation times TC 
exists for the spins B. The distribution of the spins B 
with respect to the reorientation rates can be con
nected wither with singularities in the mechanism of 
the spin-lattice re laxation [11] , or with a scatter in the 
rates of the flip-flop transitions of the spins B, which 
is characteristic of magnetically-diluted solids [8,9]. 
We consider below (in connection with a discussion of 
samples of type T 2) a model in which there is a distri
bution of the reorientation rates for the spins B. 

COMPAmSON OF THE THEOmES 

If it is assumed that X (5) has a normal distribution 
(8) at all t and that < m(O)m(t» is an exponential func
tion ~ exp (-tiT c), then (9) and (10) account fully for 
the results of[7]. 

The asymptotic relation (12) obtained above for the 
decay of the echo Signals at T > T C deviates from the 
corresponding results of the model theories[1,5,6] in 
which an exponential kinetics of the type (1) was ob
tained for the echo-signal decay. The decrement b 
obtained in[1,5,6] is respectively equal to AWl/2 and 
0.22 AWl/2if AW2T~ > 1 and AW2TC if AW2T~ < 1. Here 

~Ctl'" = 3,BYAyB hC, ~Ctl' = '/2 n-' ~Ctl"'YAYBhr':;!, 

rmin is the closest-approach distance between spins 
A and B. This discrepancy is due to the fact that 
in [1,5, 6] they use a method of averaging over the 
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realizations of the spatial disposition of the spins B, 
in which it is assumed in fact that their disposition in 
the lattice is more or less regular and not random. 
The results Of[1,5,6) at T > TC are therefore applicable 
only to magnetically-concentrated solids, Le., when, 
according to[12), the degree of occupation of the lattice 
sites by the paramagnetic centers exceeds 0.01. 

For short times T < T c, the following kinetics was 
obtained in[l,S) for the echo-signal decay: 

V(2-r) = Voexp(-x~CJ)'f.-r' /-r,), x "'" 1. 

Relation (7) allows us to offer the following interpreta
tion of this result: In[l,S) they consider a model in 
which the orientation of the spins B changes jumpwise 
between positions, with an average transition frequency 
T~l. The realizations of the random process m(t), at 
which n spin flips take place, yield for the primary 
ESE the following contribution to < I X I ) : 

,;HI (2'; ) 
Ko --;;-' exp - - . 

"tc 't'c 

(17) 

The mean value of I X I is equal to 

- ,;0+' ( 2,; ) J IXlcp,(X)dX= ~ K .. - .. exp -- , 
~ T..: 't c 

(18) 
n=O 

with Ko '" 0, K1 '" 1, and K2 '" %. It follows therefore 
that the kinetics obtained in[1,5) for the decay of the 
primary ESE signal at T < T C corresponds to allowance 
made only for such realizations of the process m(t) at 
which not more than one flip of each spin B takes place 
(n '" 0 or 1). 

TYPE T 2 SAMPLES 

The ESE Signal decay due to random modulation of 
dipole-dipole interaction of the spins by spin diffusion, 
was considered in [1), where it was assumed that in 
magnetically-dilute solids the flip-flop transitions can 
be characterized by a single spin-reorientation fre
quency. In magnetically-diluted systems, however, 
there exists a set of rates W of spin flip-flops. This 
set is connected with the presence of different realiza
tions of the spatial disposition of the spins. The dis
tribution density of W is given by [11, 13) 

B B' 
n(W)dW=-==exp(--) rlW, (19) 

2l'rrW' 4W 

This distribution has a maximum at W max '" B 2/ 6. 
For paramagnetic particles with relatively long times 
of the spin-lattice relaxation, when ~W1/2T1 » 1, the 
value of B is 

B = 1.9 . 10-12 C. l' 6 CJ) 'I. In ( ~CJ). ), (20) 
~CJ). 26(0'1. 

where Ck is the concentration of the spins B belonging 
to the k-th component of the EPR spectrum, ~wk is 
the width of this component, and ~W1l2 '" 3.8y-StiC. 

To find the decay kinetics of the ESE Signal with al
lowance for the distribution with the rates of the flip
flop transitions (19), we can use the results of the cal
culation in [5), where the quantity (4) was time-averaged 
for a POisson law of the random variations of mp(t). 
Using Eq. (11) from (5) and averaging over the realiza
tions of the random disposition of the spins B in the 
lattice (cf. (5), (7 », we find that the primary echo 
signal decay is described by the relation 

V (2,;) = Voexp[ -2nC J dr (1- vCr, W» ]. (21) 

where 
W 2W' 

vCr, W)=exp(- 2W,;) [1 +}fsh(2R';)+R'"sh'(R,;) ], 

R' = W' - I/.A'(r) 

and A(r) is given by (3). Relation (21) can be directly 
generalized to include systems with spin-flip frequency 
distributions W. Using analogous reasoning for each 
subensemble of the spins B with given value of W, we 
obtain 

V(2t)= Voexp [-2nC J n(W)dW 

x J dr (1 - v (r, W» ] (22) 

== Vo exp[ - 4nC ·10-" Q(t)]. 

We performed numerical calculations of the decay of 
the primary ESE signal, according to (21) and (22), for 
different positions of the maximum of the distribution 
density n (W). The calculated values of Q(T) for 
several values of Wmax are shown in the figure. At 
Wmax < 103 sec-1, the condition WT < 1 is satisfied 
for most spins, and in accord with the foregoing dis
cussion the decay of the primary echo Signal is de
scribed by a relation of type (16). When the maximum 
of n (W) shifts towards larger values of W, the num
ber of spins for which WT ~ 1 and WT » 1 increases, 
and these spins should give rise to echO-Signal de
creases like exp(-a1T) and exp(-a2 fT) (12), respec
tively. As seen from the figure, at 104 5 Wmax 105 
sec -1 we can approximate Q( T) satisfactorily by the 
linear relation Q(T) ~ 4 X 105. With further increase 
of Wmax we have Q( T) - FT. From this we find that 
the primary echo signal decay is described by the 
relation 

V(2,;) ~ Voexp (-5·10-13C,;) (23) 

if the maximum of the W distribution falls in the inter
val 104 _105 sec-1. Under conditions typical of experi
ments on ESE of free radicals in solids, i.e., at 
5 x 10 18 < C < 5 X 1019 cm-3 and ~wk ~ 4 x 108 sec-\ 
an estimate of Wmax with the aid of (20) yields 104 

:s Wmax :s 105 sec-I. In this case one should 
expect the relation (23), which is close to the kinetics 
(1) observed in experiment for the ESE signal decay. 

Thus, our analysis shows that random modulation 
of the dipole-dipole interaction by the spin-diffusion 
process in the system of spins B can play an important 
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Dependence ofQ(r) on r calculated from [19] and [20]; l-Wmax = 
1.07 X lOs; 2-1.5 X 104 ; 3-3.25 X 103 ; 4-6 X 102 sec-I. 
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role in the phase relaxation of free radicals in mag
netically dilute solids. 

The authors are deeply grateful to A. A. Merkulov 
for help with the numerical calculations. 
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