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The conditions for the existence of longitudinal waves with phase velocity close to that of light in a 
magnetoactive plasma are obtained. The increments of such waves are obtained and investigated for the 
synchrotron instability connected with the presence of isotropically distributed relativistic particles. It is 
shown that the increments of the longitudinal waves greatly exceed the increments of the transverse-wave 
synchrotron instability that occurs for the same parameters of the medium. 

PLASMA-wave synchrotron instability has been in
vestigated in recent years in a number of studies[l-51. 
The instability arises for a definite energy spectrum 
of isotropically-distributed relativistic particles in a 
medium with an external magnetic field and with a re
fractive index that differs from unity. For transverse 
waves, such a medium can be a "cold" plasma[ll or 
the system of relativistic particles itself, if the latter 
have a sufficiently high densityr5l. 

Synchrotron radiation in a medium is characterized 
by the following: a) The radiation occurs at high har
monics of the rotation frequency of the relativistic 
particles in the magnetic field (relativistic gyrofre
quency WH); therefore, if the particle distribution func
tion has a finite width, the spectral characteristics of 
the radiation are averaged out (smoothed out) over a 
frequency interval much larger than WH· b) Emission 
of waves with phase velocity Vph close to the velocity 
of light c is concentrated in a small angle interval 
t:..e ~ max{moe 2/E, (1- n2) 112 }, which includes the 
instantaneous velocity of the particle (here m 0c2/E is 
the ratio of the rest energy to the energy of the rela
tivistic particle and n is the refractive index of the 
wave). c) The emission of particles of high energy 
E/moC 2 > ( 1 - n2t 112 is strongly suppressed because 
the refractive index n differs greatly from unity. 

These features determine the distinct characteris
tics of the synchrotron instability. Since they are 
possessed also by radiation of a relativistic particle 
into plasma (longitudinal) waves if the phase velocity of 
the latter is close to c, it is natural to expect synchro
tron instability to be feasible not only for transverse 
but also for longitudinal waves. However, while trans
verse wave with n ~ 1 undoubtedly exist, at least at 
low plasma concentrations, the conditions under which 
plasma waves with n ~ 1 exist in a magnetoactive 
plasma require a more detailed study. 

Plane waves exp ( ik · r - iwt) in an anisotropic 
medium are determined in the linear approximation by 
the equations 

(n'll.~- n.n~- £.~)E~ = 0, (1) 

where n = ck/ w, E a p ( w, k) is the dielectric tensor 
and 6 a {3 is the Kronecker symbol. 

We assume that Eq. (1) is expressed in a coordinate 
system with z axis directed along the wave vector k 
and y axis in the ( k, H0 ) plane ( Ho is the external 
magnetic field). In an anisotropic medium, a plasma 
wave is defined as one in which the longitudinal com
ponent (relative to the wave vector k) of the electric 

field greatly exceeds the transverse one. If the refrac
tive index n = ck/ w is large enough (formally, as 
n2 - oo ), the approximate dispersion equation Ezz = 0 
describes precisely such longitudinal wavesr 6l. In an 
isotropic plasma the relation Ezz = 0 is the exact dis
persion equation for longitudinal waves, and waves 
with n :::; 1 are possible in this case. It is clear that 
such waves can exist also in a medium with a weak 
anisotropy. 

The sufficient conditions for the existence of longi
tudinal waves described by the approximate dispersion 
equation Ezz = 0 can be found from Eq. (1) 

le,(n'-e'")l, le,,(n'-e .. )l, le,yB,,I, le,,e.,I~L'., (2) 
le .. l, le,,l ~1; tl.= l(n'-exx)(n'-eyy) +e,,'l. 

All the components Eik in (2) should be taken at values 
of w and k satisfying the equation E zz = 0. For a 
"cold" magnetoactive plasma, the conditions (2) are 
satisfied for n ~ 1 at frequencies w "" wp if wp >> WH 
( wp is the plasma frequency and WH the gyrofre
quency). Thus, longitudinal waves with Vph"" c are 
possible in a weakly-anisotropic "cold" plasma 
(wp » WH). 

1. We consider a medium consisting of a "cold" 
plasma with concentration n0 and a relativistic elec
tron component with concentration No with an isotropic 
distribution function f(p), situated in a constant mag
netic field Ho. The tensor component Ezz for such a 
medium is equal toPl 

w ' 2n'e'N ~ df 
e, = 1 ---+----' J p' dp-

w m,wwn 0 dp 

X s" d<p sin<p ~-1-[2 cos 9 cos q>J, +sin 9 sin<p(J,+I + J,_,) ]'; 
"-.J s- q 

ll s=-oo 

q = w / Wn- kp cos 9 cos<p/moWn. 

Here w~ = 47Te 2n0 / m 0 , WH = eH/ moe, WH = wHmo/ m 
is the relativistic gyrofrequency' e is the angle be
tween the wave vector k and the external magnetic 
field, .p is the angle between the relativistic-particle 
velocity and the magnetic field, e, m 0 and m are the 
charge, rest mass, and mass of the electron, and Js 
is a Bessel function of order s of the argument X 
= kpsin e sin.p/mowH. The integration in (3) is car
ried out for Im > 0 along the real axis; when Im 
< 0, the integration contour is deformed in such a 
way that the pole does not cross the contour when the 
sign of Im w is reversed. 

When calculating that part of Ezz which is con
nected with the relativistic particles, we assume that 

(3) 
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w ~ wH and I 1 - n f3 1 « 1 ( {3 = v / c is the ratio of 
the relativistic-particle velocity to the velocity of 
light). In this case the summation over s can be re
placed approximately by integration with respect to s 
and with respect to the angular coordinate in momen
tum space, using a procedure employed by Sazonovf 8 l 
to calculate the components Exx, Exy, and Eyy· As a 
result, the component Ezz can be transformed into 

= _ w.' _ 2ne'N0c'~s dE_!:_ [ N(E) ]{In 4 (4) 
e., 1 (u' w' , dE E' 11 - n'f:l' I 

-2 + J~ dv (e'''1'-1)e'"- i-~(1- i-n'~' )} ; 
0 v 2 11- n'f:l' I 

z = (w I iiln sin 6)'1•(1- n'~'), ~=vIc= pI me. 

The relativistic-particle distribution function f( p) has 
been replaced in (4) by the energy spectrum N(E): 

4np'f(p)dp = N(E)dE, E ~ pc. 

The Hermitian part of Ezz is determined by the 
"cold" and relativistic components, and the anti
Hermitian part only by the relativistic component. If 
the anti-Hermitian part is small: 

Im e.,~ 1, (5) 

then the plasma waves are weakly damped (growing). 
Their dispersion characteristics are determined in 
this case by the equation 

Re Eu = 0, (6) 

and the increment (decrement) is obtained by perturba
tion theory: 

I iJHee., 
y = - Im e, -a,;;-. 

The values of w and k in the right-hand side of (7) 
satisfy Eq. (6). 

(7) 

2. The anti-Hermitian part of Ezz, which determines 
the magnitude and the sign of the dissipation, can be 
expressed in terms of an integral of the Airy function 
v( z): 

2n'1•e'N c' s~ d [ N (E) ] ~ 
Ime, =- w' 0 dE dE ~ E' J v(z')dz' 

0 ' 

(8) 

or (after integrating by parts) 

2n'i,e'N0c2 Jro N (E) { Joo ( ') d , E dz ( ) } Im e, = dE-- 2 v z z - - v z . 
w' E dE 

(8a) 
0 ' 

The Airy function 

1 00 3 

v(z) = -J dvcos(-~ +vz) 
:n;!!z () 3 

is expressed in the case of positive z in terms of a 
Macdonald function of order Ys, and for z < 0 in terms 
of a sum of Bessel functions of order ±% (seef 9 l). 

In the investigation of the dissipation it is conven
ient, following Zheleznyakov(ll, to break up the rela
tivistic-particle energy interval into two regions 
E « E* and E ~ E*, where E* = m 0c 2 11 - n2 1-1/ 2 • 

The electrons with energy E << E* make a positive 
contribution to the wave damping, equal to 

4ne'N,c' J dE [ Joo , , ] (9) Ime,,=-3,1, 2 EN(E) dy K•~;(y)+yK•;,(y) , 
(t) E«E* y 

where y = %z312 • In the derivation of (9) we used the 

well known representation of the Airy integral in terms 
of the Macdonald function K1;s (for z > 0). For waves 
with phase velocity Vph = c, all the energies satisfy 
the condition E « E*; the dissipation of such waves is 
positive at any energy spectrum of the relativistic 
particles. The contribution made to Im Ezz by the 
electrons with energy E » E* is equal to 

4n'1•e'N0c' J dE 
Ime, = , EN(E)I!>(z), 

(I) F;»E* 
(10) 

ro 1 
rt>(z)= I dz'v(z')- 3 zv(z), ( )'/, 

z= ~ (1-n'). 
COn Sill 8 

Using the asymptotic expressions for v( z)f9 l, we obtain 
for z > 0 and z ~ 1 

rt>(z) ~..!., (-1-- _1_z'1•) exp (- 2_z'1•), 
2 z'1• 3 3 

(11) 

and for z < 0 and I z I ~ 1 

rt>(z) ~ n'l> + _1_(- z)'i•sin [2_<- z)'1• +·~] (12) 
3 3 4 

It follows from these expressions for ~( z) that at 
large 1 z 1 and E ~ E* certain energy intervals in (10) 
make a negative contribution to the dissipation. At 
1 - n 2 > 0, this is the interval 

Wn sin 8 ( Zt )'!, 
E > E, = moc'--w- 1 _ n' 

(here z 1 ::::! 2.0 is the value of z at which (11) reverses 
sign). On the other hand, if 1 - n 2 < 0, then the energy 
intervals making positive and negative contributions to 
the dissipation alternate with each other 1>. The charac
teristic energy scale of the oscillations of the function 
~(z) is 

l!E ~ .~ roHsin8 moe' 
2 w 11 - n'l '1• ' 

(13) 

We note that an analogous oscillatory relation holds 
also for the energy radiated by a relativistic particle 
if n > 1; it is due to the nontrivial "superposition" of 
the synchrotron and Cerenkov effectsf11l. 

As follows from (11 ), the maximum contribution to 
the dissipation is reached at z::::! 2.5 ( ~ ::::! -0.8 x 10-2 ); 

electrons with energies E ~ E 1 ( z ~ 1) make a nega
tive exponentially small contribution to the dissipation. 
The negative energy dissipation of the plasma waves 
with n > 1 can reach an appreciable value if the energy 
spectrum is narrow enough and the energy spread does 
not exceed the value given in (13 ). In the case of a 
smooth energy spectrum, the oscillations of ~(z) are 
averaged out and result in the usual Landau damping 
for plasma waves with n > 1 in an isotropic relativis
tic plasma. The figure shows a plot of ~(z), from 
which we determine Imzz for a monoenergetic particle 
spectrum. In the intervals z < -5 and z > 2, where 
negative values of ~(z) are possible, we can use with 
good accuracy the asymptotic expressions (11) and (12). 

3. We examine now in greater detail the dispersion 
equation (6) and the character of the derivative 
BReEzz/ow, which also determines the value of the 
increment (7). The contribution of the relativistic 
particles to Re E zz is of the order of 

1>The dissipation of transverse waves with n > I is of the same type 
(see[1°l). 
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Q,' 4 
-ln-------,-
w' 11-n'~'l' 

~ c'dE 
Qo'=4ne'N, s~N(E), 

and 'ji is a certain value of the quantity {3 = v/ c from 
the energy spectrum under consideration. If 

m, 4 
n,~N.mln 11-n'~'l' (14) 

1 J~ c'dE 
iii = --e-N(E) 

the contribution of the relativistic particles to Re Ezz 
is negligibly small and the dispersion properties of the 
plasma waves are determined by the "cold" plasma; 

aRee., 2 
(15) 

The refractive index is determined by the wave number 
k and can be either larger or smaller than unity. The 
sufficient condition for the existence of longitudinal 
waves with n ~ 1, as already noted, takes the form 
Wp »WHo 

If the condition inverse to (14) is satisfied, the dis
persion properties of the plasma waves are determined 
by the relativistic plasma: 

Qo' 4 
1---;;;z (rn 11 _ n'l 2) = 0. (16) 

In the derivation of (16) we assumed that the spectrum 
N( E) lies in the energy interval E » E*, so that 
1 - n2J3 2 ~ 1 - n2 • In addition, no account was taken in 
(16) of that part of Ezz which depends on 'WH. Numeri
cal estimates show that this part can be neglected if 
z > 0.5 in (4). A dispersion equation such as (16) is 
given in the book by Silin and Rukhadzef 121 for plasma 
waves with Vph ~ c in an isotropic relativistic plasma. 

An analysis shows that when perturbation theory is 
used to find the imaginary correction to the frequency 
of plasma waves with n ~ 1 in an isotropic relativistic 
plasma, it is necessary to satisfy a condition more 
stringent than (5), namely 

Ime,~l1-n'l. (5a) 

For z $ 0, this condition cannot be satisfied in practice 
for any energy spectrum. For sufficiently large posi-

if>(z) if>(z) 

II fl,UI 

IZ -!U -! -5 -II -z /J Z II z 

tive z, however, this condition is certainly satisfied. 
We shall therefore consider for a purely relativistic 
plasma (remaining within the framework of perturba
tion theory) only longitudinal waves with vph > c. 
Their refractive index, at 1 - n2 << 1, is given byf 12 1 

n' ~ 1- 4exp(-2- w' /Qo'), 

and in this case 21 

aRe En 2Q,' 
B;;;-~71-n' · 

(17) 

(18) 

We now obtain with the aid of (2) the conditions for the 
existence of plasma waves with Vph ~ c in a relativistic 
magnetoactive plasma. In the case w » 'WH and 
11 - n2f32 1 « 1 of interest to us, the components of the 
tensor Eij are approximately equal to 31 

Substituting these estimates in (2), we obtain 
(w/ ii:JH)'" ~ 1. 

Since the plasma-wave frequency is w ~ 0 0 , this con
dition can be rewritten in the form 

(Q,/wn)''•~1 or (8nNE,/H.')'1·~1. (19) 

Thus, in order for longitudinal waves with n ~ 1 to 
exist in a relativistic magnetoactive plasma, it suffices 
to have the energy of the relativistic particles exceed 
the energy density of the magnetic field. 

4. Using the results of Sees. 2 and 3, we can find 
the increments of the synchrotron instability in plasma 
waves for a monoenergetic relativistic-particle spec
trum 

N(E) =b(E-E,) (20) 

(at different ratios of the "cold" and "hot" component 
concentrations) and to compare them with the incre
ments in the transverse waves. If the "cold" plasma 
concentration is high enough (the condition (14) is 
satisfied), the plasma-wave frequency equals the Lang
muir frequency of the "cold" plasma41 , and the imagi
nary correction to the frequency is 

1 1 N 0 m0C 2 

Imw1'=Y1= --n''w ---<D(z,), 
2 n, E, (21) 

Zo = (~~)'!, (1- n'). 
WHmoC Slll8 

Here N0 and n 0 are the concentrations of the "hot" 
and "cold" components, and cf>(z) is defined in (10). 
Waves with a refractive index n < 1 have a maximum 
increment at Zo ~ 2.5: 

ma.% No moc2 
( ) 

Y1 ~ 10-'w.---. 22 
no Eo 

Waves with n > 1 are stable up to z ~ -10. Therefore, 
using the asymptotic expression (12) for cf>( z), we ob
tain 

'\'1 = - w. N, m,c' [ n + ( ny, ) ''• sin (Yo + ~) ] , 
2 n, E, 6 4 

- 2 Wp E, 11- '1'/ 
Yo - 3 Wu sin 8 m0C2 n 2

• 

2>In the calculation of aRe£,/aw; it must be recognized that 
n2 =c2k2/w2 :::::: I in (16). 

(23) 

3>Some of the components E'ii were estimated by Sazonovl8l. 
4>We assume that the condition for the existence of longitudinal waves 
with vph::::::c, namely w.>wH, is also satisfied. 
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Waves for which Yo? 20 can become unstable, and the 
increments of these waves can exceed the increments 
of the waves with n < 1 by an order of magnitude or 
more. The dependence of the increment on the refrac
tive index (actually on the wave number, since the 
plasma-wave frequency is fixed, w ~ wp) has an os
cillatory character; the intervals of the stable and un
stable wave numbers alternate with one another. The 
instability increments of the modes with n > 1 depend 
strongly on the energy scatter of the relativistic parti
cles. Expression (23) is valid for t..E/Eo « 1/y0 , i.e., 
for an energy-spectrum width smaller than 5% of E 0 • 

When t.. E increases, the increments decrease rapidly, 
and all the waves with n > 1 become unstable 5> at a 
certain value of t... The increments of waves with 
n < 1 are less sensitive to the energy scatter of the 
relativistic particles; thus, for example, the maximum 
increment remains practically unchanged when the 
spectrum width t..E/Eo increases to 30%. 

The over-all picture of the dependence of the incre
ment of "cold" plasma longitudinal waves on the wave 
number k, for a monoenergetic relativistic-particle 
spectrum, is the following. At small k (n2 <.1) the 
plasma waves are unstable with an exponentially small 
increment. With increasing k, the increment grows, 
reaches the maximum value (22) at z0 ~ 2.5, and then 
decreases and reverses sign at z 0 ~ 2.0. If the condi
tion E >> E* is violated before z 0 reaches the value 
2.5, then the instability vanishes earlier and the incre
ment reaches a smaller maximal value. With further 
increase of k, the refractive index becomes larger 
than unity and a new unstable wave appears at z 0 

< -10; the intervals of k with stable and unstable 
modes alternate with each other. The maximum value 
of the increment in the instability interval increases 
with increasing number of the interval (with increasing 
k). The increments are bounded at large k because of 
the finite width of the energy spectrum (the instability 
vanishes). At I n2 - 11 ~ 1 expression (8) for the anti
Hermitian part of tzz ceases to be valid. 

As is well known, under the same conditions (wp 
>> WH, monoenergetic spectrum of relativistic parti
cles) there exist in a cold plasma unstable transverse 
wavesfll with frequency 

and increment 

where <1> 1(z) is a function with a maximum negative 
value of the same order as <I> ( z ). The ratio of the 
maximum increments of plasma waves with n < 1 and 

5lin an isotropic plasma (H0 =0), the plasma waves are damped by 
relativistic particles with spectrum ll(E-E0); their decrement can be 
easily obtained for an arbitrary refractive index n > I: 

Jl No m 0c2 1 
-vr=Wp-~---. 

2 n0 E n3 

In Eq. (23), Landau damping for waves with n:::::: I (n > I) in an 
isotropic plasma corresponds to the part of 'Y e which does not depend 
on y0. This expression is obtained by taking the limit in Imw,,(Eq. 
(10)] as wwH-{); then z--oo and for any (finite) width of the energy 
spectrum the oscillations of the function <P(z) are averaged out by 
integration with respect to the energy. 

of electromagnetic waves in a system consisting of a 
~'cold" plasma and relativistic particles with a mono
energetic spectrum is 

y, ( w,, )' ( Wp )'
1

' ( Wp E )'1' (24) 
~ __, --;-- ;:::: WH = ~ mcz · 

The analogous ratio for plasma waves with n > 1 
can be appreciably larger. The fact that the plasma
wave increments greatly exceed the electromagnetic
wave increments is connected with the following two 
circumstances: 1) the plasma-wave instability sets in 
at lower frequencies; 2) a relativistic particle radiates 
a plasma wave more effectively than an electromagnetic 
wave, for in the former case the particle moves parallel 
to the vector E in the wave, and in the latter it is per
pendicular. Both factors, as follows from the scheme 
of the Einstein coefficients, make the plasma-wave in
crement larger than that of the electromagnetic wave. 

In the absence of a "cold" plasma (or when a condi
tion inverse to (14) is satisfied), the increment of 
plasma waves with Vph > c is equal to 

y, = - 1/,w,(i- n')<D(zo). (25) 

It was assumed in the derivation of (25) that the spec
trum of the relativistic particles is monoenergetic, 
with energy Eo>> m 0 c 2 ( 1 - n2 t 112 , and the condition 
(19) for the existence of longitudinal waves with Vph 
> c is satisfied. The maximum increment 

is possessed by plasma waves of frequency 

Transverse waves in a sufficiently dense relativistic 
plasma can also be unstable[ 5l. The instability sets in 
if the energy density of the relativistic particles in the 
source greatly exceeds the energy density of the mag
netic field 6>: 

(8nNEo / Ho') '/, ~ 1. 

The frequency of the unstable transverse waves is 
wtr ~ ilo(ilo/'WH)112 , and the increment is Ytr 

(26) 

~ -il6<1> 1(z)/wtr- The criterion (26) corresponds to the 
sufficient condition (19) for the existence of unstable 
plasma waves with Vph ~ c. Thus, in a dense relativis
tic plasma with a monoenergetic spectrum there exist 
simultaneously unstable transverse and longitudinal 
waves. The ratio of their increments is 

(27) 

The increment of the longitudinal waves exceeds that 
of the transverse ones, since Wtr > wz and both exceed 
~"2 0 • It should be noted, however, that the criterion (19) 
is more stringent than (26). Therefore, at not too large 
a ratio of the energies of the relativistic particles and 

6>Sazonov[SJ cites in place of (26) a more stringent inequality, 
w.::;.. W H(Eofm0c2) 4 . It was obtained from the condition 
1-n2::;..(m0c2/E)2 under the assumption that the synchrotron instability 
sets in at frequencies w"' wH(E/m0c2) 2• The criterion (26) follows from 
the condition 1-n2<0 with allowance for the fact that the frequency 
of the unstable waves is w"'!10(!10wwH)112. The condition 1-n2>(moe2 

/E)2 for this frequency leads to the readily satisfied inequality 
WH/W.>(m0c2/E)4 • 
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of the magnetic field (say We/WH ~ 100), when trans
verse-wave instability is present, the question of the 
existence of longitudinal waves with Vph::::: c is not 
quite clear. 

So far we have referred throughout to a temporal 
gain. The spatial plasma-wave gain -Im k, which is 
connected with the increment by the relation y = -vgr 
Im k (gain corresponds to y > 0 and Im k < 0), also 
exceeds the gain of the transverse waves, since Vgr of 
unstable plasma waves is much smaller (in a "cold" 
plasma) or is of the order of (in a relativistic plasma) 
the value of Vgr of electromagnetic waves, and yz 
~ 'Ytr· 

The following should be noted when estimating the 
feasibility of using the coherent synchrotron mecha
nism of radiation of plasma and electromagnetic waves 
for the interpretation of radiation of cosmic sources. 
In the presence of a "cold" plasma and in a purely 
relativistic plasma (with the possible exception of not 
too large We/WH), the plasma-wave synchrotron in
stability is realized at the same parameters of the 
medium as the transverse-wave instability. The incre
ments of the plasma waves greatly exceed the incre
ments of the trans verse waves. However, the trans
verse waves can freely leave the radiation source, but 
the plasma waves can do so only after being trans
formed into transverse waves, with a coefficient that 
is as a rule much smaller than unity. The relative 
effectiveness of the two coherent mechanisms must 
therefore be estimated in each concrete case, with 
account taken of the difference between the bands of 
the generated frequencies. There is no doubt, however,. 
that the nonlinear relaxation of the relativistic-particle 
distribution function in the absence of an effective 

stabilization mechanism is determined by the synchro
tron instability on the plasma waves. 
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