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It is shown that quasi-discrete acceptor states exist in a semiconductor with zero forbidden gap, provided the hole mass lllp 

is much larger than the electron mass m •. The relative width of the ground level is of the order of (m.lm.,)312• In this connection 
the correction to the density of states due to the donors is a smooth function of the energy. The presence of quasi-discrete acceptor 
levels against the background of the continuous spectrum of an electron in the conduction band leads to a number of interesting 
features in the thermodynamic and kinetic properties of such semiconductors. In particular it is shown that the addition of 
acceptors to an n-type semiconductor does not lead to compensation at low temperatures. 

1. INTRODUCTION 

THE energy spectrum of electrons in semiconductors 
having the structure of diamond or of zincblende can 
be four-fold degenerate at the point p = 0 ( p denotes 
the quasimomentum). This point corresponds to the top 
of the valence band in Ge, Si, InSb, GaAs, etc. In the 
crystals HgTe and a-Sn the point of degeneracy occurs 
on the boundary of the valence band and of the conduc
tion band, so that these semiconductors have zero for
bidden gaps. The role of impurities in such semicon
ductors has not been investigated before. 

In semiconductors with zero forbidden gaps, the 
acceptor levels occur in the continuous spectrum cor
responding to an electron in the conduction band; there
fore, strictly speaking, bound acceptor states do not 
exist (the same applies to donor states whose energies 
fall into the continuous spectrum of the valence band). 
One can only expect a certain change of the density of 
states for energies of the order of the Bohr energy of 
the impurity state. We shall demonstrate that if the 
masses of the hole and electron are markedly different, 
then the broadening of the level corresponding to the 
heavy mass is small, that is, the level turns out to be 
quasi-discrete. The relative width of the level corre
sponding to the ground state is proportional to the 
ratio of the electron mass to the hole mass raised to 
% power. The presence of a quasi-discrete level in 
the background of the continuous spectrum should 
manifest itself in the dependence of the kinetic proper
ties of the system on temperature, electric field, etc. 

The problem of determining the position of the 
quasi-discrete acceptor level and its width in a semi
conductor with zero forbidden gap is solved in the 
present article. For definiteness we assume the hole 
to be heavier by far than the electron. Therefore we 
talk about a quasi-discrete acceptor level, since for 
such a ratio of the masses the donor levels are broad
ened by an amount which is comparable with the dis
tance between them, so that it is impossible to talk 
about any kind of bound states of an electron on a 
donor. Therefore donors should be ionized at arbitrary 
temperatures whereas acceptors are neutral at low 
temperatures. 

In the zero- gap semiconductors known to us, the 
mass of the hole is larger than the electron mass. In 
the case of the opposite mass ratio, the donor levels 
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will be quasi-discrete and all of the conclusions of the 
present work will be applicable to them. 

2. BASIC EQUATIONS 

In the presence of the point of degeneracy p = 0, in 
the effective mass approximation the Hamiltonian has 
the form (see[ll) 

H= 21ml(v•+ 52v)P'-2v(pJ)']+V(r), (1) 

where m0 is the mass of the free electron; p is the 
momentum operator; Jx, Jy, and Jz are the numerical 
4 x 4 matrices for the components of the angular mo
mentum corresponding to the value J = %; 
y = ( 2y2 + 3y 3 )/5; y 1, 1'2, and Ys are the band parame
ters introduced by Luttinger,Pl and V(r) is the im
purity potential. 

The Hamiltonian (1) is written down neglecting the 
undulating nature of the constant energy surfaces. 
This approximation works very well, for example, in 
the interaction between the p-band (from which the 
four bands considered by us, which are split-off as a 
consequence of the spin-orbit interaction, stem) and 
the nearest s -band. 

The dependence of the energy on the momentum has 
the form 

E±(P)= V• ± 2y p'. (2) 
2m, 

From this it is clear how the band parameters y 1 and 
y are related to the effective masses. If y 1 + 2y and 
y 1 - 2y have the same sign, then E±( p) corresponds 
to bands of light and heavy holes. In this case the 
masses of the light and heavy holes are given by 
mo(Yl + 21y lt1 and mo(Y1- 21Yit 1 respectively. 
However, if y 1 + 2y and y 1 - 2y have opposite signs, 
then E± describe the conduction band and the valence 
band, which are degenerate for p = 0. There is no 
forbidden gap then. For the sake of definiteness, we 
shall assume in what follows that 2y > y 1 > 0. Then 
mn = mo(Y 1 + 2y t 1 is the electron mass and mp 
= m0( 2y - ·y 1t1 is the hole mass. 

The problem of finding the impurity states in a 
semiconductor with zero forbidden gap is related to 
the problem of determining the acceptor level in an 
ordinary semiconductor with a valence band which is 
four-fold degenerate for p = 0. Such a problem in 
general presents considerable difficulty, since it is 
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necessary to solve a system of four equations in par
tial derivatives. The acceptor ground state energy was 
calculated in[2-71 by a variational method for specific 
semiconductors. 

Neglecting the undulating nature and for a spherically 
symmetric impurity potential V( r ), one can substan
tially simplify the problem by using the fact that the 
Hamiltonian (1) commutes with the operator F = L 
+ J,[ 4l where L = fi- 1(r x p) is the orbital angular 
momentum operator. The energy levels are degenerate 
with respect to the projection M of the vector F. 

We shall seek the wave function in the form 

ljJFM(r,8,<p) = j2F + 1 ~(-1) 1-'i,+M. 
1 

(3) 

l'/ F 
X RFz(r) ~(m :-M) Y,m(8,rp)x., 

m• 
where Yzm are spherical functions and XJJ. denotes the 
eigenvector of the matrix Jz, Jzx = JJ.Xw The index 
Jl takes the values ±%, ±?'2. The \#igner 3-j symbol is 
used in the expansion (3). For a given value of F 
( F = %, %, % ... ) the quantity l may take the four 
values l = F ± % and l = F ± 7'2, with the exception of 
the case F = ?'2 when only the values l = 1 and 2 are 
possible. 

One can derive two independent systems of equations 
for the radial functions RFz associated with a definite 
value of F. Let us cite one of these systems, relating 
the functions RF, F+1/2 and RF, F-3/2: 

where 

(y1 - 2y COS Oq)PP+pPRP+Y• + 2y sin aPPP+p -FRP-'h 

2m, 
+fi'(E- V)RF+'I• =0, 

(y, + 2y COS aF)P -F+p -rRF-'!, + 2y sinarP -F +PrRF+'I, 

2m, + ~(E- V) Rr-'h = 0, 

2F-3 . d F+'f, 
cosap=~, sinaF;;:::=o, PF=~+-r-, 

(4) 

pF+=_:!_- F-1.:__ (5} 
dr r. 

We have omitted the first subscript F from the func
tions R. A second pair of equations, relating the func
tions RF F•3/2 and RF F-1;2, can be derived from 
Eqs. (4) and (5) by the ~ubstitution F- -(F + 1) in 
the expression for cos aF and in the operators PF 
and Py. 

For F = ?'2 one will have RF-3/2 = RF-112 = 0, 
sin a 1;2 = 0, and in this case we obtain the following 
equation for the functions Rz 

(y, +2y) (~+2~_l(l+ i) )R, +2m' (E- V)R,=O, ) 
dr' r dr r' n' (6 

that is, the usual radial Schrodinger equation for an 
electron in p- and d-states ( l = 1, 2). 

Equations of the form (6} were used in[ 6 • 8 • 9 l to de
termine the energies of the acceptor states in a semi
conductor with a forbidden gap of finite width in the 
case when the valence band is four-fold degenerate at 
the center of the Brillouin zone. 

3. THE POSITION AND WIDTH OF THE ACCEPTOR 
LEVELS 

Equations (4) and (6) are valid (neglecting the un
dulating nature of the constant energy surfaces) both 

for degenerate valence bands and for a semiconductor 
with zero forbidden gap. Let us show that in the latter 
case the system (4) and the analogous system of equa
tions for the functions RF+3;2 and RF-112 do not give 
bound states. 

In fact, Eqs. (4) have four independent solutions 
which behave like exp (± ik.r) and exp(± ik_r) as 
r - oo, where 

2m,E 2m,E 
k+' = k ' = -:-;,.,.--'--::-:-

lt'(y, + 2y) ' - lt'(y,- 2y) 
(7) 

In the case of a degenerate valence band, both of the 
quantities k. and k_ are pure imaginary for levels 
located in the forbidden gap (impurity-acceptor), so 
that two damped and two increasing solutions exist as 
r - oo. On the other hand, as one can easily show, two 
independent solutions exist which are finite as r- 0. 
From these for arbitrary E one can construct a linear 
combination, containing only one increasing exponential 
as r - oo. The coefficient associated with this increas
ing exponential vanishes for certain discrete values of 
E, which therefore correspond to the bound states. 

However, in the case of a zero gap semiconductor, 
the quantities k: and k~ have different signs for arbi
trary E; therefore there is one increasing solution, 
one decreasing solution, and two oscillating solutions 
as r - oo. Just as previously, for arbitrary E one can 
form a solution which is finite as r - 0 and does not 
increase as r-oo. This solution, however, contains 
two oscillating exponentials as r - oo; it is impossible 
to make the coefficients associated with these two 
terms simultaneously vanish by the choice of the 
single parameter E. Thus, bound states are not pres
ent for F :2: %. 

In the unusual case F = ?'2, Eq. (6) may give dis
crete levels (against the background of the continuous 
spectrum). If V( r) is the Coulomb potential, then a 
hydrogen-like spectrum is obtained from Eq. (6) with 
the lowest level corresponding to the value of the 
principal quantum number n = 2 (since l = 1, 2). We 
note the asymmetry of Eq. (6) with respect to electrons 
and holes. For y 1 + 2y > 0 Eq. (6) gives bound states 
for the electron, if the impurity is a donor ( V( r) < 0 ). 

Let us emphasize that the possibility of classifying 
the states according to the quantum number F and the 
separation of Eq. (6) for F = ?'2 are due to the neglect 
of the anisotropy of the energy surfaces. Upon taking 
the undulations into account, in general we would not 
obtain any bound states . 

Thus, in a zero-gap semiconductor the role of the 
impurities only reduces to a change in the density of 
states of the continuous spectrum. However, as was 
stated in the Introduction, in the case mp >> mn the 
change in the density of states caused by acceptors 
must have the form of narrow peaks, whose widths 
are small in comparison with the distance between 
them. In what follows we shall assume that 
{3 = ( 2y - Y 1)/ ( 2Y + y 1) = mn/ mp « 1. We shall show 
that in this connection the position of the quasi-dis
crete levels with respect to the top of the valence 
band coincides with the position of the acceptor levels 
in an ordinary semiconductor having a four-fold de
generate valence band, provided the ratio of the 
masses of the light and heavy holes is very small. The 
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width of the levels will be calculated to within a 
numerical coefficient. 

Let us change in Eqs. (4) to dimensionless quanti
ties, having chosen the Bohr radius ap as the unit of 
length and the Bohr energy of a hole as the unit of 
energy 

where K denotes the dielectric constant. Having taken 
V( r) to be the Coulomb potential V( r) = e2( Kr t\ we 
rewrite Eq. (4) in the form 

(P,+P,+ 2/p -e)RF+y, + (1 + M sin (a,/2)P,+Y,=0, (8) 
(P_,+p_, + 2/ p- e)R,_•1, + (1 +~)cos (a,/2)P_,+y, = 0, (9) 

where the new function YF is introduced in the follow
ing way: 

-~Y,=sin (a,I2)P,R,+'b +cos (a,I2)P_,R,_•to· (10) 

In Eqs. (8) and (9) it is impossible to pass directly 
to the limit (3 = 0. In order to realize this transition, 
side by side with the function YF we also introduce 
the function 

X,= cos (a,/ 2)PFRF+V•- sin (a,/2)P-•R•-'t,. (11) 

In order to obtain a system of equations for the func
tions XF and YF, let us divide Eqs. (8) and (9) by 
2/ p - ~ and then we operate on (8) from the left with 
the operator PF, and on (9) with the operator P-F· 
Here we use the relation 

d' 2 d F'- 'f, 
P,P,+ =P_,p_.+ = !:J..-v. =-+-----. 

dp' p dp p' 

Then we obtain 

(!:J.._,,, +2- e)x,.+ 2 [(~+~)x. 
p p(2-ep) dp 2p 

- :(cos a,X, +sin a,Y.)] = 0, (12) 

[ !:J.,_,,, + ~ ( e _2._)] Y, + 2 [(_c!_ + - 1 ) Y, 
p p(2-ep) dp 2p 

+ : (cosa.Y,-sina.X,)] =0. (13) 

Putting (3 = 0 here, we arrive at a system of equa
tions which is identical to that which describes the 
acceptor states in an ordinary semiconductor in the 
limit of an infinitesimal ratio of the masses of the 
light and heavy holes. The statement made above con
cerning the position of the quasi-discrete levels also 
follows from here. The dependence of the energy of 
the ground acceptor level ( F = %) on the ratio of the 
masses of the light and heavy holes was calculated 
numerically by the authors inr9J, and it was shown that 
a small mass ratio corresponds to the limiting value 
~ 0 = %. According to what has been said, this same 
value also determines the position of the highest quasi
discrete level in a zero gap semiconductor, provided 
that (3 « 1. 

Since the levels are strictly discrete for {3 = 0, 
then it is clear that their width should be small for 
small values of (3. One can determine this width if the 
dependence of the phase of the wave functions on the 
energy is known at infinity. As is evident from Eqs. 
(12) and (13) the functions XF and YF behave in the 
following manner as p - oo: 

From formulas (10) and (11) we find the asymptotic 
behavior of the functions RF+1/2 and RF-3/2: 

(14) 

RF+'/• ~ sin (a, I 2) (~I e) 'h cos (p)'~e + 1],.), R,-•1• = ctg (a, I 2)R•+Il· 
(15) 

One can express the change Ap F( ~) of the density 
of states with quantum numbers F and M, per accep
tor, in terms of the phase TJ F (see, for example, 
Kittel's book[ 101 ): . 

A f dTjp 
up,(e)=--. 

n de 
(16) 

Thus, it is necessary to calculate the phase TJF for 
energies which are close to the energies ~ Fn of the 
discrete levels, which are determined by the system 
of equations (12) and (13) for (3 = 0. One can do this by 
utilizing the following property. There are two charac
teristic distances governing the variation of the wave 
function: The Bohr radius ap of a hole (the correspond
ing region is p S 1) and the wavelength ~ v' a pan of an 
electron whose energy is near that of a quasi-discrete 
level (an = fi2K/mne2 denotes the electron's Bohr 
radius, the corresponding region is p ~ (3-1/2). Owing 
to the strong difference between these lengths, an inter
mediate region 1 << p << (3- 112 exists where one can 
"join together" the solution oscillating at infinity with 
the asymptotic solution of the system (12) and (13) for 
(3 = 0 and p » 1. 

The total system of Eqs. (12) and (13) has a continu
ous spectrum of eigenvalues in contrast to the limiting 
system with {3 = 0, which has discrete eigenvalues ~Fn· 
Out of the four linearly independent solutions of the 
limiting system, two solutions are finite at the origin. 
Out of these solutions, for any arbitrary value of ~ one 
can put together a superposition such that the obtained 
solution does not have any increasing exponentials at 
infinity. Then for p » 1 one can neglect the decreas
ing exponential, and the function YF is determined 
from the equation A F-112 YF = 0. It will contain terms 

which decrease like p -(F.l/2) and increase like pF-112 , 
and the increasing term is absent only for ~ = ~Fn· 
For a small deviation of ~ from ~ Fn the coefficient 
associated with pF-112 is proportional to the relative 
deviation o~/~ = (~ - £Fn)/~. Thus, in the interval 
1 « p « (3- 112 the function YF has the form 

(17) 

where C1 and C2 are constants of the same order of 
magnitude, which are finite. for (3 = 0. The coefficient 
associated with pF- 112 contains an additional term 
proportional to the small parameter (3 and determin
ing the shift in the position of the level. We shall as-

' sume that the energy ~ Fn is determined with this 
shift taken into consideration. 

For p ~ fj- 112, in Eq. (13) side by side with the term 
A F-112 YF the term (3~YF also becomes important. 
Therefore one can obtain a solution, valid over the 
entire region p » 1 (also including the region 
p >> (3- 1/2), from the equation 

(~•-ll +~e) Y. = 0. (18) 

The solution of this equation, which goes over into 
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expression (17) for p « fJ- 112, is given by 

YF = C,. 2-F (pe)mr ( 1 -F) p-'f,J ->' (pl'~e) 

+ C,(lle I e) ·2F(Pe)-mr(1 + F)J,(pjpe), 
(19) 

where J F denotes a Bessel function of order F and r 
denotes the Gamma function. By using the asymptotic 
form of the Bessel functions for large values of the 
argument and comparing expression (19) with (14) we 
find 

(20) 
where r(1-F) c, , 

Vpn=(-1)F+'I• r(1+F)·2"-' c2 (~e.n) (21) 

denotes the relative half-width of the quasi-discrete 
level E Fll' In fact, from formulas (16) and (20) we ob
tain the following expression for the change ~PF of the 
density of states near the energy E Fn: 

1 V,n/2 
/lp, = neFn (v,n/2)' +(lle/e,n)' 

(22) 

Thus, the level widths are small in comparison with 
the distance between them. For the ground state 
( F =%)the relative width is of the order of 
( mn/ mp?12 « 1. 

The numerical coefficient C1/ C2, determined by the 
asymptotic behavior of the function YF for {:; = 0 and 
p » 1, enters into formula (21 ). Let us show that one 
can express the coefficient C2 in terms of the coeffi
cient C1, which determines the asymptotic form of 
the bound state wave function, existing for [3 = 0. In 
order to show this, we utilize a relation which one can 
derive from the system of Eqs. (8) and (9) by a method 
analogous to that used in the book[ 11l: 

where 
Xp =cos (aF I 2)RFT'h- sin (a, I 2)R,_•1, 

y, = sin(a,. / 2)R,+'b + cos(a,f 2)R,_•1,. 

(23) 

If we pass to the limit p ~ oo in relation (23 ), then we 
are able to determine the desired relation between c2 
and C1. For [3 = 0 the asymptotic behavior of the func
tions R has the following form: 

2F sin ( a./2) C 2F sin a,. cos ( a,/2) lle C 
0

,_,1, 
RF+ 1b = - + ----=--=---:-:---:--

e p,.+'l, (2F-1)e2 e '· ',(24 ) 
R , = 2Fsina,sin(a,l2) C, 2Fcos(a,l2) be ,_,1, 

,_;, (2F + 1)e' r'+'i, + e e C,p · 

Using formulas (11), (17), and (23) we find 

C2= -e'(2FC,)-', (25) 

here we regard the wave functions for {3 = 0 and 
E = E Fn to be normalized according to the usual condi
tion 

~ 

S 2 2 
(RF+'/, + R,_•1,) p 2 dp = L 

0 

Finally, the relative half-width of the quasi-discrete 
levels is expressed in terms of the single constant C1: 

(26) 

The half-width of the ground acceptor level amounts to 

(27) 

Numerical calculation on an electronic computer 
gives Eo= '}'g and C1 ~ 2. For HgTe mn = 0.026 m0 , 

mp = 0.4 m 0 , K = 20,P2l {3 ~ 0.065, so that in this case 
Eo~ 6 MeV and 11 0 ~ 0.2. 

Let us compare the asymptotic behavior of the wave 
function of the acceptor level in the case of a zero gap 
semiconductor and in the case of a semiconductor hav
ing a finite forbidden gap, when the ratio of the masses 
of the light and heavy holes is small. In the latter case 
expression (24) determines the behavior of the wave 
function in the region 1 « p « ( mh I mz )112 ( mh and 
mz denote the masses of the heavy and light holes). 
Upon taking the finite value of the ratio of these 
masses into account, instead of expression (19) we 
obtain the following asymptotic form of the function 
YF for p » 1: 

Y,=C,(-1)'+';,2'-' (~)FI'r(1-F)K,(rVem,), (28) 
n m. l'P m. 

where KF denotes a Macdonald function of order F. 
For r » ..j azah, where az and ah denote the Bohr 
radii of the light and heavy holes, we obtain the follow
ing result from Eqs. (10), (11), and (28): 

RF+'f, cos ( ~F ) = R,-•1, sin ( ~ ) 

_ 2,'/,-F in ( em, ) 'i2+'t. a, ( rl'~ ) 
-C, - -exp ---=- . 

r(F) m. r ya,a, 

(29) 

Thus, in an ordinary semiconductor the wave func
tion of the acceptor state has a long exponential tail 
with a characteristic scale of the order of ..j azah. The 
presence of such a tail may manifest itself in kinetic 
phenomena, in which the overlap of the wave functions 
of neighboring acceptors is essential. 

4. INFLUENCE OF DONORS ON THE DENSITY OF 
STATES 

In contrast to acceptors, donors in a zero gap semi
conductor with mp > mn do not give any quasi-dis
crete levels with F 2: %. The correction to the density 
of states caused by the donors is a smooth function of 
the energy. One can show this by calculating, just as 
in the preceding section, the phase of the wave func
tions for the attractive Coulomb potential. We shall 
not present the corresponding rather cumbersome 
calculations here. One can easily verify this conclu
sion if the potential V( r) is taken to be a spherically 
symmetric potential well. In this case the problem can 
be solved exactly for any arbitrary ratio of the masses, 
since the equations for the functions XF and YF can 
be separated and reduce to the usual Schrodinger equa
tions for electron and hole. The phase is determined by 
the conditions for continuity of the functions RF+1/2, 
RF-3/2, XF, and YF at the boundary of the well. 

We note that one can estimate the order of magni
tude of the level width r = vE 0 by using the ordinary 
formula, without taking the spinor nature of the wave 
functions into consideration: 

r -1i-'2nf d'p/V,./ 2 /l(E.-E,), 

where Ep = p2/2mp, Eo~ mne4/ K2li2 denotes the energy 
level, Vop denotes the matrix element of the potential 
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between ordinary Coulomb functions corresponding to 
the bound state of an electron on a donor and the state 
of an electron in the valence band with momentum p 
far away from the center. Since pap~ ( mnl mp)112 

« 1, then it is necessary to take into consideration 
the distortion of the wave functions of the continuous 
spectrum by the Coulomb potential. Calculation accord
ing to this formula gives 11 ~ 1 in accordance with what 
was stated above. 

One can estimate the width of the acceptor levels in 
precisely the same way. In order to do this one should 
set Ep = p2l2mn and E 0 ~ mpe 41 ifi2 • Then we obtain 
11 ~ (mnlmp?12 , which agrees with the results of the 
preceding section. 

5. INFLUENCE OF THE ELECTRON-ELECTRON 
INTERACTION 

We have solved the problem of the position and 
width of impurity levels within the framework of the 
one-electron problem. One can briefly formulate the 
results in the following manner. The wave function of 
an electron, located in the field of an impurity atom in 
a semiconductor with zero forbidden gap, consists of 
two parts, a part which is attenuated and an oscillating 
part at large distances from the impurity. If the 
masses of the electron and hole are comparable, then 
the amplitude of the oscillating part is comparable with 
the value of the wave function near the impurity, and 
therefore the electron has a large probability to become 
free. In this connection the levels are markedly broad
ened. The presence of an impurity atom leads to a 
small (nonresonance) change in the density of states. 

However, if the hole mass (for the sake of definite
ness) is much larger than the electron mass, then as 
usual donor bound states do not exist (the broadening 
of the levels is of the order of the distance between 
them), whereas the acceptor levels are quasi-discrete 
with a relative width proportional to ( mn I mp?12 for 
the ground level. 

Near the maxima of the density of states, one can 
describe the wave function in the following manner. At 
first it decreases over the Bohr radius ap of a hole; 
for r > ap the exponential decrease is replaced by a 
decrease according to a power law (see formula (24)). 
For r > ~ a0an the wave function oscillates with a 
period ~ apan; however, if f3 « 1 then the amplitude 
of the oscillating part is small in comparison with the 
value of the function at the origin. 

Now let us qualitatively discuss the role of the elec
tron-electron interaction. At absolute zero tempera
ture and in the absence of donors, when there are no 
free carriers, the interelectron interaction is realized 
by means of virtual interband transitions. In this con
nection the screening of the impurity charge occurs 
over distances which are larger than the electron's 
Bohr radius an. Such a result gives, for example, an 
estimate of the dielectric constant within the frame
work of the random phase approximation.P3 l In general 
the expression for the dielectric constant in[ 13l is 
valid only for wave vectors which are larger than the 
reciprocal of the electron Bohr radius. However, the 
results of this work can be used in order to estimate 
the characteristic radius of screening. Since the Bohr 

radius of the hole, inside of which the major part of 
the wave function is concentrated, is small in compari
son with the electron Bohr radius, then the interelec
tron interaction has very little influence on the posi
tion of the acceptor level. The period of the oscilla
tions of the tail of the wave function is also small in 
comparison with the distance over which screening is 
realized. 

One can reach a similar conclusion based on the 
results of[ 14l, in which it was shown that the electron
electron interaction leads to a strong renormalization 
of the dependence of the energy on the momentum in 
the range of energies of the order of an electron Bohr 
energy. However, in the case of a large ratio of the 
masses of hole and electron, the Bohr energy of the 
hole is considerably larger than the electron Bohr 
energy, and therefore the problem of the position and 
width of the acceptor levels can be solved within the 
framework of the one-electron approximation. The 
electron-electron interaction has an appreciable influ
ence only on the position and width of the highly excited 
levels, for which the radius of the state is comparable 
with the Bohr radius of the electron. 

Screening of the impurity charge appears upon in
creasing the temperature or the concentration of donors. 
The screening radius decreases with an increase of the 
electron concentration; however, it is comparable with 
the Bohr radius of a hole only when the Fermi level 
J1. ~ E 0 • ( mp I mn?, that is, it lies considerably above 
the ground acceptor level. 

The question about discrete donor levels with 
F = ?'2, described by Eq. (6 ), remains open. These 
levels are discrete only in the approximation of 
neglecting the undulating nature of the constant-energy 
surfaces. Taking account of the undulating nature leads 
to the result that they become quasi-discrete. In addi
tion, for these states the electron-electron interaction 
turns out to be essential (the radius of screening is of 
the order of the radius of these states). One can there
fore assume that in reality these levels will be mark
edly broadened. 

6. DEPENDENCE OF THE ELECTRON CONCENTRA
TION ON THE TEMPERATURE 

The existence of sharp acceptor levels in the back
ground of the continuous spectrum of the conduction 
band leads to a number of interesting features in the 
thermodynamics and kinetics of the free carriers in a 
semiconductor with zero forbidden gap. 

For a large difference iri. the masses of the elec
trons and holes, the donors and acceptors in such a 
semiconductor play substantially different roles. Since, 
as is shown above, bound states of the electrons on 
donors do not exist, then the concentration of free 
electrons is equal to the concentration ND of donors 
even for T = 0 (even for a low concentration of donors). 
On the other hand, the acceptor levels are sharp; 
therefore, for any noticeable ionization of the accep
tors it is necessary that the temperature should be of 
the order of the ground state energy Eo of the acceptor. 
(We consider only the case of a sufficiently low concen
tration of acceptors, NAap << 1, so that the wave 
functions of neighboring acceptors overlap very little. 
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For HgTe this condition means NA « 1020 cm-:1). 

Since the forbidden energy gap is absent, free carriers 
appear at arbitrarily low temperature even in the ab
sence of donors. Thus, for Nn = 0 the intrinsic con
ductivity appears at lower temperatures than the im
purity conductivity associated with ionization of the 
acceptors. 

If there are both donors and acceptors, then at low 
temperature a semiconductor with zero forbidden gap 
will be n-type, independently of the relation between 
their concentrations. Compensation does not occur at 
low temperatures, provided the Fermi level lies below 
the acceptor level. With an increase of the tempera
ture an unusual compensation begins, and at high tem
perature the semiconductor becomes p-type, if the con
centration of acceptors exceeds the concentration of 
donors. During the course of this compensation, in a 
certain temperature interval the concentration of free 
electrons may decrease with increasing temperature. 

Let us find the number of free carriers as a func
tion of the temperature T for an acceptor concentra
tion NA and a donor concentration Nn. We shall as
sume the acceptor levels to be sharp, One can deter
mine the fermi level Jl from the equation 

[ 1 ( E 1.1 ) ] _, 
p+Nn=n+NA 1+ 4 exp ~ , (30) 

where E 0 denotes the position of the ground acceptor 
level, and p and n denote the concentrations of holes 
and electrons. The factor 7'4 takes account of the four
fold degeneracy of the ground level. 

Let us consider the most interesting case, when 
Jl > T, so that the electrons are degenerate but the 
holes are nondegenerate. Then from Eq. (30) we obtain 

3l'n ( mp ) ';, _, _ ,1 _ ( E, ) ' 1' { [ -- e X· 2 -- nA1 
4 m" T 

(31) 

n = (i:~) 'I, No, (32) 

where 
nA=NA/N,, nv=NvfN,, No= (2mnEo)' 1,/3n'h', X=[!/T. 

The characteristic concentration N0 is chosen in such 
a manner that for n = N0 the Fermi level would coin
cide with the energy of the acceptor level. For HgTe 
No~ 10 16 cm-3 • 

From Eqs. (31) and (32) one can determine the con
centration of electrons and holes as a function of the 
temperature. As an example, we present curves calcu
lated on an electronic computer for the case when 
(mp/mn)312 ( 3 .fiT/4) = 100, which corresponds to the 
mass ratio mp/mn ~ 18, which is close to the value 
which exists in HgTe. The results of calculations for 
various values of the dimensionless concentrations nA 
and nn are shown in the Figures. 

Figure a corresponds to the case nn = 0.8, so that 
for T = 0 the Fermi energy is somewhat smaller than 
the ground state energy Eo of the acceptor. For a 
small concentration of acceptors (curve 1) at low tem
peratures, the concentration of electrons remains con
stant, and subsequently begins to monotonically in
crease with increasing temperature owing to the forma
tion of electron-hole pairs. With an increase of the 
concentration of acceptors, a minimum appears on the 

Results of a numerical calculation of the dependence of the free 
electron concentration n on the temperature T for various acceptor 
concentrations: I) nA = 0, 2) nA =I, 3) nA = 10, 4) nA =50 and 
donor concentrations a) no= 0.8 and b) no= 1.6. All concentrations 
are expressed in units of N 0 . 

curve showing the dependence of n on T. In the region 
of low temperatures, the decrease in the concentration 
of free electrons with increasing temperature is due 
to the capture of electrons by acceptors. Upon further 
increase of the temperature, the role of thermal 
generation of pairs increases in proportion to the 
population of acceptors, which leads to an increase in 
the concentration of electrons. 

Figure b corresponds to the case when for T = 0 
the Fermi energy is higher than the acceptor level 
( nn = 1.6). In contrast to the preceding case now the 
addition of acceptors leads to a partial compensation 
even at T = 0, when with an increase of the concentra
tion of acceptors the concentration of free electrons 
decreases to the value n = N 0 for nA = nn - 1. A 
further increase of nA does not lead to any decrease 
in the concentration of free electrons since their cap
ture by acceptors becomes energetically unfavorable. 
If nA > nn - 1, then two competing processes are 
going on when the temperature is different from zero: 
The thermal hopping of free electrons to unoccupied 
acceptor levels and the thermal generation of electron
hole pairs. At low temperatures the first process 
dominates, and at higher temperatures the second 
process dominates. As a result, just as in Fig. a, a 
minimum appears in the curves n(T). Under these con
ditions a minimum also appears in the curve showing 
the temperature dependence of the conductivity; this 
minimum will be more pronounced due to the fact that 
the role of the impurity scattering increases upon ioni
zation of the acceptors. 

We note that such an unusual dependence of the free 
electron concentration and of the conductivity on the 
temperature permits us to anticipate that the current
voltage characteristics of a zero gap semiconductor 
will have a decreasing region. In fact, heating up the 
carriers by a field may, for the appropriate concentra
tions of donors and acceptors, lead to a drop in the con
centration of electrons, and together with this a drop 
in the conductivity. 

It is necessary to bear in mind that the electrons, 
captured by the acceptors, can begin to participate in 
the conductivity since the acceptor level is quasi
discrete and the lifetime of an electron in this level is 
finite. It is obvious that the mobility of these electrons 
is small. 

The nonmonotonic nature of the temperature depend-
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ence of the Hall constant and of the conductivity in 
certain samples of HgTe was observed in(15l. One can 
conjecture that this nonmonotonicity is related to ac
ceptor levels in the conduction band. 
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