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A quantum microscopic theory of radiation by a uniformly moving charged particle traversing matter 
is constructed. For wavelengths much greater than the interatomic distances the theory yields a solu
tion identical to the corresponding formula of macroscopic electrodynamics. A solution of the funda
mental equation of the theory is obtained and analyzed for wavelengths smaller than the interatomic 
distances. It is shown that two types of radiation are emitted during the motion of an ultrarelativistic 
charge along one of the principal crystallographic axes. The first type (dynamic radiation) is emitted 
at Bragg angles and is the diffracted part of the ultrarelativistic particle field in the crystal. This 
radiation significantly depends on the energy of the particle. The second type is transition radiation 
produced by the charged particle in the atomic planes of the crystal and its intensity depends only on 
the crystal parameters. 

1. INTRODUCTION 

IT is well known that a uniformly moving charged par
ticle emits transition radiation on crossing the interface 
between two media. [ 13 If the particle is ultrarelativis
tic, then the forward radiation contains, besides optical 
frequencies, frequencies right up to values ~ CLQE/ JJ.C 2, 

where w0 is the plasma frequency of the material, while 
E and JJ.C2 are the total energy and rest energy of the 
particle. [2• 3 l It is clear from this that quanta of wave
length much smaller than interatomic distances will be 
produced. It is obvious that in the last case a descrip
tion of the processes with the aid of macroscopic elec
trodynamics is not admissible and it is necessary to 
take into account the microscopic structure of the mate
rial. The problem was solved in [ 43 in the case when 
the atoms of the medium are considered as homogene
ous spheres described by a dielectric constant of the 
form E:(w) = 1- w~ /w2 (where w0 is determined by the 
electron density in an atom). 

In the present paper this problem is investigated with 
the aid of a theory based on the quantum microscopic 
theory developed by Manas'ev and Ka.gan[ 5 J for the de
scription of x-ray and neutron diffraction in crystals. 
We formulate with the aid of this theory a basic equa
tion which defines for the entire frequency spectrum 
the total field due to the motion of the charged particle 
in the material medium. It is shown that for wavelengths 
much greater than the interatomic distances the solu
tion of this equation coincides with the usual expression 
that is obtained in electrodynamics of continuous media 
for the field of a charged particle. For wavelengths 
less than the interatomic distances a solution to the 
basic integral equation is obtained in the first approx
imation for the case when the trajectory of the charge 
coincides with one of the principal crystallographic 
axes of the crystal. This solution is then analyzed. It 
is shown that the emitted radiation can, by its nature, 
be split into two types. 

In the first case the mechanism underlying the ori-
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gin of the radiation is due to the scattering of the hard 
part of the particle field in the crystal, in analogy with 
the phenomenon of x-ray diffraction in a crystal. The 
resulting pattern of radiation, which it is natural to 
call ''dynamic radiation'', [4 3 is a peculiar Laue dif
fraction pattern, the intensity and angular width of 
whose spots depend on the particle energy. The radia
tion obtained at the central spot coincides in order of 
magnitude with the radiation calculated in l 4 l. It has 
recently been experimentally detected. [6 l 

In the second case there arises the transition radia
tion of a charged particle in the atomic planes of the 
crystal. The intensity of this radiation is, because of 
the close spacing of the atomic planes, independent of 
the particle energy and is determined solely by the pa
rameters of the crystal. In the case of ultrarelativistic 
particles the intensity of the dynamic radiation exceeds 
that of the transition radiation in the atomic planes. 

Similar problems have been considered in [7-10 l. In 
l 7 l the author investigates the interesting possibility of 
x-ray emission in a single crystal, but by nonrelativis
tic electrons. Relativistic electrons are considered in 
l 8 , 9 l, but in l 8 l the problem is solved for an infinite 
amorphous medium while in [93 the author considers 
the radiation in a single crystal in the range of photon 
energies higher than the electron rest energy. The pa
per l 10 3, in which the passage of a particle through a 
periodic medium is investigated, is of a phenomenologi
cal character and dynamic radiation is not obtained 
since to all intents and purposes a crystal of infinite 
thickness is considered (see the end of Sec. 3 of the 
present paper, as well as l 11 l). 

2. BASIC THEORY 

Let us for the description of the electromagnetic 
field in matter use the microscopic Maxwell equations. 
For the spatial and time Fourier 

( w') 4nw k'--;;z E(k,w)-k(kE(k,w))=iTj(k,w), ( 1) 
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where j(k, w) is the Fourier transform ofthe total cur
rent density. This current in the general case consists 
of a free current and a current of bound (or induced) 
charges: 

i(k, <u) = irree(k, w) + iin (k, w). 

The induced current is the quantum-mechanical average 
of the induced current density operator. l 51 In the gen
eral case this operator has the form 

+ b{r- r,) ( P, -7A(r,))] , 

where the summation is over all the electrons of the 
medium, Pi is the momentum operator of the i-th elec
tron, and e and m are the charge and rest mass of the 
electron. 

Following l 51 , we split the vector potential A(r) into 
two parts Ao and Au where Ao describes the zero
point oscillations of the electromagnetic field and is 
discussed in the framework of quantum mechanics, 
while A1 describes the external field and is discussed 
classically. If we assume the scalar potential to be 
zero, then A1(k, w) and the Fourier transform of the 
external electric field E(k, w) are coupled through the 
relation 

E(k, w) = (iw I c)A, (k, w). 

It is clear that in the problem of the passage of a 
charged particle through matter the field will consist 
of two parts: the field directly connected with the 
charged particle (Ech), and the field arising as a result 
of the interaction with the matter (Esc): 

E(k,(J)) =Ech(k,w) +Esc (k,w). (2) 

Correspondingly A1 will also consist of two parts: 

A,(k,0l) =A•ch (k,w) +A, sc (k,w). 

The field of the charge Ech is known. It is determined 
from the equation 

( k'-~) Ech (k, w)- k(kEch (k, w)) = i 4nw irree(k, w). (3) cz cz 

In the case of a uniformly moving particle Jfree(k, w) 
= 2rrevo(w- k ·v) and the solution of this equation has 
the form 

wv- kc'· 
Ech(k,w)=8n'ei . b{w-kv). k'lcz _ ffiz 

(4) 

Our problem is to find the scattered field Esc. For 
this purpose we should use Eq. (1), in which E(k, w) is 
defined according to (2) and hn depends on both the 
field of the charge and the scattered field. Since the 
field of the charge obeys Eq. (3), we obtain from Eq. (1) 
the following equation for Esc: 

( 
2 {t) 2 ' • 4nc.o. 

k --. )Esc(k,w)-k(kEsc (k,w))=l-Jin (k,w). cz cz 
(5) 

ThuR, we have a self-consistent formulation of the 
problem in which the scattered field is determined by 
means of Jin, while Jin itself, in its turn, depends be
sides the field of the charge on the scattered field. 

Furthermore, we must find an explicit expression 
for lin· Using the method of l 51 and assuming that the 
medium is a crystal whose primitive cell has a volume 
no, we obtain 

]·' (k w) = ~~ J ~ e'("'-k)R gu(k k') [EJ (k' w) 
m ' 4ni (2n) a ~ n ' sc ' 

+E~h (k',w)Jdk', (6) 

where the n-summation is over the locations of all the 
primitive cells of the crystal, and the tensor glj(k, k') 
is determined by the formula 

g'i(k,k')=- w-: ~exp{i(k'-k)p.-M.(jk'-k!)} 
w-~ 

(7) 

Here w~ = 4rr Ne2 / m, N is the number of electrons in a 
unit volume of the crystal, o lj is the Kronecker sym
bol, Zcell is the number of electrons in a primitive 
cell, Pa is the location of the q -th atom in the primitive 
cell, Mq<l k'- kl) determines the Debye-Waller factor, 
fq( lk'- kl) is the atomic form factor of the q-th atom 
and the term that corresponds to it in the formula (7) 
describes the Thomson scattering of photons by atoms, 
and flj and f lj give the contributions of the photoelec-

2q, sq 
tric and Compton effects and are equal to: 

f 'i(k k') = 2m~ (j,.'(k)),.(j,.i+(k')),.. (8) 
Zq ' eJ. ./....J W2 - Wo/ + 2iw6 (l)o~~ 

• 

/ 3• '1(k,k')= mZec' .. ~'~~ [( {'(k k) }A~ '(k )) . ~ ~Ld exp ! , - · r, 0 , " 

.. i, it kl 

· (exp{i(k'- k,)r,)A,H(k,)>,.w,./(w'- w,.' + 2iwb) ]. (9) 

The indices iJ. and s in these formulas label intermedi
ate states, while the current operator appearing in for
mula (8) is given by 

the summation in this formula being over all the elec
trons of the q -th atom of a primitive cell. The quantity 

flj also contains a contribution due to the scattering of 
sq 

light with absorption and emission of phonons (see l 51 ). 

We have in formula (7) carried out an averaging over 
the thermal vibrations of the lattice atoms and obtained 
the Debye-Waller factor, although such an averaging 
should have been carried out in the expression for the 
energy flux. The result of such an averaging would 
have been to obtain, apart from a term with the square 
of the Debye-Waller factor, a second term giving a dif
fusion background. l 121 The ratio of this last term to 
the first, as has been shown in l 121, decreases with in
crease in the dimensions of the crystal and, for a crys
tal with dimensions of the order of 10-4 em, this ratio 
~ 10-4 at room temperature. Consequently, if we limit 
ourselves to crystals at not very high temperatures and 
with dimensions not smaller than the above-cited value, 
we can neglect diffuse scattering and carry out at once 
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in (7) the averaging over the thermal vibrations of the 
lattice atoms. 

Using (6), we can rewrite Eq. (5) in a somewhat dif
ferent form. To this end, we scalar multiply both sides 
of Eq. (5) by k and substitute the expression obtained 
for k·Esc(k, w) into (5). We obtain as a result a basic 
equation for the determination of the field of a charged 
particle in a crystal: 

( k' - :: ) E ;c (k, ro) 

= (~)' J ~ e~•·-k)Rn [ :: g1i(k, k')- k'k•g•i(k, k')] 

X [Ech (k', ro) +Esc (k', ro) ]dk'. 

(10) 

We see that this is a system of linear inhomogeneous 
integral equations. It is impossible to write down its 
solution in a general form. Therefore, we shall solve 
these equations below for the case of interest, namely, 
for the case of short wavelengths, using an iterative 
procedure. 

However, before proceeding to this case, let us con
sider the opposite limiting case and verify that when the 
wavelength of the radiation is much greater than inter
atomic distances, an exact solution to Eqs. (10) can be 
found and that this solution coincides with the usual ex
pression which follows from macroscopic electrody
namics. 

To this end, let us note that in the case of an infinite 
crystal 

(11) 

where kh = k + Kb_, and Kb_ is the reciprocal lattice 
vector multiplied by 2JT. In the region of optical fre
quencies we should restrict ourselves to only the h = 0 
term in the resulting sum on the right hand side of for
mula (11), since K1 >> k (for velocities of the primary 
charge much higher than the velocities of the atomic 
electrons) and, consequently, k1 >> k, i.e., we fall out
side the optical limits if we retain h * 0 terms. 

Thus, for optical frequencies Eq. (10) will have the 
form 

( k'- ~:) E ~ (k, ro) = ( :: g'i- k'k•g•i) (E~h (k, ro)+ E!c (k, ro) ), 

(12) 

Let us introduce the dielectric constant Elj = 6 lj + glj . 

If, for simplicity, we set glj = golj, then Elj = Eolj, 
where 

e = 1 +g. (13) 

Using (4), we can solve Eq. (12) for Esc• 
The total field in the medium will be equal to the 

sum of Esc and the field of the charge (4). After appro-. 
priate simple computations we obtain an expression for 
the total field which coincides with the exEression ob
tained in macroscopic electrodynamics.[ l 

Let us now consider the dielectric constant given by 
formula (13). It is clear that in the optical frequency 
range we can neglect the term flj in formula (7). Then, 

3q 
assuming, also for simplicity, that there is one atom in 
a primitive cell, we obtain 

e = 1- roo' [ 1 + \"1 2ro,.l (p),.j' ] ~ = :!!:._ ~ (14) 
w' .l...J Zm((u2 - roo.') . ' p e 1'• . 

where Z is the number of electrons in an atom. Let us 
introq_uce tfe concept of o_scillator strengths f0 /l 
= 21 (p )0 JJ. I /ZmW 011 , obeymg the sum rule ~ f0 " = 1. 

- r U r 

Then it is not difficult to obtain from (14) the formula 

e(ro) = 1 +roo' I: f,J(roo."- ro'), (15) 

which is a well-known formula in optics. 

3. THE HARD PART OF AN ULTRARELATIVJSTIC
PARTICLE FIELD IN A CRYSTAL 

Let us now find the solution to Eq. (10) in the case 
when we are interested in fields of wavelengths smaller 
than interatomic distances. In other words, we shall be 
interested in photons whose energies are such that we 
can approximately neglect their absorption on account 
of the photoelectric effect, and assume that Compton 
scattering occurs without a change in frequency, i.e., 
we assume that only Thomson scattering on atoms de-

termined by the term 6 lj fq( I k- k'l) in formula (7) oc-

curs. It is not difficult to see that for the light elements 
such a frequency range corresponds to quanta with en
ergies of a few score kilovolts. 

If we again assume that there is one atom in a prim
itive cell, then Eq. (10) takes the form 

( , ro' ) , roo' Q, J I: . , k -- Esc(k,ro)=------ exp{1(k -k)Rn-
c' Zw' (2n)' " 

(16) 

We shall solve this equation by iteration. Let us take 
as the first iteration that field Esc which will be ob
tained from Eq. (16) if Esc is set equal to zero on the 
right hand side of this equation. In the event the correc
tion computed in the next iteration turns out to be much 
smaller than the value for Esc obtained in the first 
iteration, we can limit ourselves to this iteration. 
Otherwise, it is necessary to consider the entire itera
tion series. 

We shall assume that the particle moves along the z
axis which is at the same time one of the principal crys
tallographic axes of the crystal, while the crystal itself 
is of infinite extension in the x- and y-directions and 
occupies the space between the planes z = -z0N3 /2 and 
z = zoN3 /2, where zo is the spacing of the atomic planes 
in the z-direction. Integrating over k', we obtain in the 
first iteration 

.• (J 
-A-u- ~~IIQI 

FIG. I. Contour integration in the complex kz plane. 
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E~ (k.w)= _roo' 4niez0 <f!(wlv-k,) 
Zc' v x' + k.'- w'lc' 

X~ wvlc' -~e.- wn,lv + c'k[~ex. + k,w(1- ~')lv]lw' (17) 
~ ""•' + w'lv'- w'lc' 

0 e-M<<•<',))f( L. (k,)), 

where 

qJ(x) = [sin (xz,(N, + 1) I 2) ]/sin (xz, I 2), (18) 

Lh(x) = p;h + (w/v- x)2 ] 112 ; 1\h is the projection of 
the reciprocal lattice vector (multiplied by 2 rr) onto the 
(x, y)-plane; Kh = K + T\h• K being the component of the 
vector k in the (x, y)-plane; and Dz is the unit vector 
in the direction of the z-axis. 

The field itself will be determined by the following 
formula: 

E(l) (r t) = - 1- r E(l) (k w) e1 (Xp+k,z--oot) d""k d 
ch ' (2n)• J ch ' "" ' Wo 

(19) 

Let us calculate the asymptotic expression for this 
field as z - oo (far from the crystal in the direction of 
motion of the charged particle) which is of the greatest 
physical interest. 

Notice that the integrand in (19) Esc(k, w) has on the 
real axis of the complex kz plane two poles kz = ±.>..0 , 

where .>co- (w2/c2- K2)112 • To evaluate the integral (19) 
over kz from -oo to oo along the real axis, we must 
move these poles by an infinitesimally small amount 
into the complex plane. In order to obtain the correct 
asymptotic behavior of the field (19) as z- oo (so that 
the field does not grow without limit) we must for w >O 
move the pole kz = +.>..0 into the upper half-plane, and 
the pole kz = -.>..0- into the lower half-plane. Taking 
the integral along the contour shown in Fig. 1, and not
ing that the integral along the upper part of the contour 
vanishes for z - oo, we obtain, after allowing the lateral 
sections of the contour to approach infinity, 

E 1 (r t) = - 0- --0 m (wlv - A. ) ei (xp+Ao•--oo!ldxdw () ez ~ w 2 

sc ' 4n2Zv A.0c 2 "' 0 

X ~ wvlc'- xh- wn,lv + c2 (x + A.0n,) [xxh + A.0w (1 - ~')lv]lw2 

h xh• + w'lv'- w21c' 
X e-M (Lh <A.ll f (Lh(l..o))o (20) 

When N3 >> 1 the function I rp(x) I has sharp peaks 
at values of the argument 

X,= 2nnl Zo (21) 

(n is an integer), i.e., this function has a delta-like 
character. However, passage from the function rp(x) to 
a sum of o-functions requires special care. 

Let us for this purpose consider which of the peaks 
w /v - .>..0 = Xn of the function I rp(w /v - .>co) I in (20) can 
be attained for the real values of K which describe the 
freely propagating wave. Equating w/v- .>co to the val
ues of Xn given by (21), we obtain 
K = [ w2/ c2- (w /v - 2 rrn/z0 ) 2] 1/ 2 (n is an integer). For 
the quantity K to be real, it is necessary that n be 
positive when w > 0 and negative when w < 0 and sa tis
fy the conditions 

lwl (1-M /v < 2nlnl I z, < lwl (1 +~)I Vo (22) 

We see from this that since I w I (1- {3)/v < 2rr/z0 , the 
peaks w /v - .>co = x1, x2, . . . can be attained at appro
priate values of K (for w > 0). At the same time we can 

also see from (22) that the peak w/v- .:\.0 = 0 cannot be 
attained at any value of K. 

However, in the case of ultrarelativistic particles 
the value of w /v - .:\.o can get very close to zero and it 
is at precisely these values of .>co (or K) that the field 
(20) is strong, owing to the smallness of the denomina
tor Kh + w2(1- {32)/v2. This will happen if 

(x + R.)' - w'(1- ~') I v'o 

We obtain from this that K = - I~h + 6K, where I OK I 
~ w(1- (32)112/v, and that the emission angle will be 
given by the relation 

sinil= lxl /(w/c) ~ IK.Iclw, 

(23) 

i.e., it coincides with the corresponding Bragg angle. 
The angular spread of the radiation is given by the ra
tio I OK lc/w, i.e., of the order of (1- (32)112. We have at 
h = 0, r; 0 = 0 the central spot of the diffraction pattern 
of the dynamic radiation whose middle coincides with 
the trajectory of the particle. 

Thus, for values of w/v- .>..0 close to zero a replace
ment of rp(w/v- .>co) by o(w/v- .>co) is inadmissible since 
that will lead to the loss of the dynamic radiation which, 
as will be shown below, is the dominant radiation for 
ultrarelativis tic particles. 

Let us now consider the values of w/v- .>co close to 
x1, x2, • . . . Since we assume that 

w(1- ~')I v~ 1/ z,, 

the peaks lrp(wjv- Ao)l are attained at 

x "'=' 2 [nnw ( 1 - nvn / ulZo) I z,v ]"•, 

where n = 1, 2, .... .>co has then the values 

tgtr=-"'='2 ~ 1--- 1---x [ nnv ( nnv ) ] '/, / ( 2nnv ) 
/ .. o WZo (t)ZJ (UZ 0 • 

The corresponding emission angle J. is given by the 
formula 

A., = w I v - 2nn I Zoo 

When 2rrnv/wz0 << 1 we have 

tg tr "'=' 2 ( :rtnv I ulZo) '/• o 

(24) 

(25) 

These angles coincide with the emission angles of the 
transition radiation in a layered medium of period z0 • c 14 l 

Thus, we must consider separately the range of val
ues of w/v- .>co in the vicinity of zero where we cannot 
replace rp(w/v- .>co) by the corresponding o-function and 
the remaining range when w /v - .>..0 can coincide with 
one of the xn (n 2: 1) and a replacement of rp(w/v- .>co) 
by a sum of o -functions is justified, allowing for the 
fact that we are solving the problem by iteration. 

4. DYNAMIC RADIATION 

In accord with what we have said at the end of the 
preceding section, let us consider the range of the val
ues of w/v- .>co in the vicinity of zero without replac
ing rp(w/v- .>co) by a o-function. To begin with let us 
convince ourselves that in the case being considered we 
can limit ourselves to the first iteration when certain 
additional conditions are fulfilled. 
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Let us for this purpose compare the h = 0 addend, 
which is the largest in the formula (20) of the first iter
ation, with the field obtained in the following iteration. 
An estimate shows that on the fulfillment of the condi-
tion 

w,'l I 4wc ~ 1, (26) 

where 

l=Nszo (27) 

is the thickness of the crystal, the correction to the 
field in the first iteration will be small in comparison 
with the field of the first iteration itself. If we take w 
"'2 X 10-2 keV, then for w "' 30 keV, the condition (26) 
is fulfilled for l < 6 x 10-3 em. 

Thus, restricting ourselves to the first iteration and 
the central spot of the diffraction pattern (h = 0), we ob
tain from (20~/or the transverse component of the elec
tric field (e- Rj 1, f Rj Z) 

E<:,\.L (r, t) = -~ (2 8) 
4wv 

X J w,'fP(w/v- A.,)xexp i(xp + A.,z- wt) 
A.,c'[x' + oo'(1-fl')/v'] dxdw. 

Let us now calculate the flux of the Poynting vector 
through a plane z = const, located sufficiently far from 
the crystal. The calculation yields 

W Be'w,' saw sin'[(1- (:l'cos'~)lw/4v] . 
= .--- sm' ttd~ 

' nc w' (1-jl'cos'~)' ' 
(29) 

where the angle J is found from the formula K 

= (w/c) sin J. 
It is not difficult to obtain from this the number of 

emitted quanta: 

N Bwo' sdw sin'[(1- ~'cos'~) lw/4v] , =-- ~d~ 
137n oo' (1- (:I' cos'~)' · 

(30) 

Figures 2 and 3 show the results of the numerical com
putation of the spectrum of the dynamic radiation 
dN/dw, as well as the total number of quanta as a func
tion of the crystal thickness and the charged particle 
energy. As can be seen from Fig. 3, the total number of 
quanta of the dynamic radiation grows with the charged 
particle energy. 

However, the curves are only of a tentative nature 
since, in the first place, we must bear in mind that at 
those sections of the curves where the condition (26) is 
not fully met, it is necessary to take into account the 
correction introduced by subsequent iterations and, 
secondly, that no allowance was made in formula (30) 
for the absorption of quanta from the dynamic radiation 
in the crystal itself. Allowance for absorption changes 
the relative contribution of quanta of different energies 
to the total number of quanta and may influence the de
pendence of the total number of quanta on the particle 
energy. 

We have thus far considered the h = 0 addend in (20). 
Let us now consider the contributions of the h * 0 add
ends. For the values of K given by (23), the correspond
ing addends will also make contributions to the dynamic 
radiation. The directions of these emissions were dis
cussed at the end of Sec. 3, where we saw that the 
charged particle field yields for the crystal a distinc
tive "Laue diffraction pattern,'' consisting of a central 

~ 
~ ltr1E~~~~..,.,....~~~~~ 

i I !IF 

//J"Jt--+--".:-+-~~Feo~;;;?.:;::.V 

n·7~ _ _L_~ __ L__~~~ 

ID ZP JP /JP fP oP 
keV 

FIG. 2. Spectrum of the dynamic radiation as a function of the 
primary electron energy and crystal thickness. The energy of the quanta 
of the radiation is plotted along the abscissa while the number of quanta 
is plotted along the ordinate. The continuous curves pertain to a crystal 
of thickness I OOp, the dashed curves-to a crystal of thickness I Op. The 
numbers on the curves indicate the primary electron energy in GeV. 

FIG. 3. Dependence of the total 
number of quanta of the dynamic ra
diation on the primary electron energy 
for different crystal thicknesses. The 
primary electron energy is plotted 
along the abscissa and the number of 
emitted quanta in the energy range 
from I 0 to 60 kev-along the ordinate. 
The numbers on the curves indicate 
the crystal thickness in microns. 

spot (h = 0) and lateral spots (h * 0). The angular 

"'J .1J 
GeV 

spread of both the central and lateral spots is of the or
der of (1- {32) 1/ 2 (see (23)). However, the intensity of the 
lateral spots decreases with distance from the central 
spot owing to the presence in (20) of the form factor 
f( J\h)· And moreover in the case of c i\hjw > (1- (i)112 

these intensities may contain still another small factor. 
Notice that the formula (30) for the number of quanta 

of the central spot of the dynamic radiation does not 
contain any parameters connected with the crystal 
structure. This circumstance points, apparently, to the 
fact that crystallinity of matter is not important for the 
production of the central spot of the dynamic radia
tion. 1> As to the lateral spots of the Laue diffraction 
pattern of the dynamic radiation, crystallinity of matter 
is, of course, vital for their production. 

If we compare formula (30) with the corresponding 
formula in [ 4 l, we easily find that they coincide in re
spect of the particle energy dependence and in order of 
magnitude. 

!)The authors are indebted to B. M. Bolotovskii for this observation. 
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5. TRANSITION RADIATION IN THE ATOMIC 
PLANES 

Let us now consider formula (20) in that region of 
the values of K, determined by formula (24), when the 
peaks of the function I qJ(w /v- .>..a) I can be attained. 

As has already been discussed in Sec. 3, for a suf
ficiently large N3 (strictly speaking, for an infinitely 
thick crystal) we may, in the case being considered, 
replace the function qJ(x) by a sum of a-functions 

<p(x) = (2nlz,) E ll(x- x.). (31) 

Let us consider the contribution to the scattered field 
(20) of the first iteration made by the peak of 
I qJ(w/v- .>..a) I at w/v- .>..a = Xn (n = 1, 2, ... ). Taking 
(31) into account and retaining only the h = 0 addend in 
( 17), we have for the transverse Fourier component of 
the field 

E;:!.c (k,w)=A. ll(k,+2nnwlzolwl-wlv))ly-c'x'lw'), (32 ) 
(x'- x. ') (x' + Xo2) 

where we have introduced the notations: 

8n'tew.' 
A.= ~exp[- M(2nnlz,) ]/(2nnlz,), 

terms in each iteration order, we could also, in similar 
fashion, take the next most divergent terms into ac
count. We would then obtain an Eeff which would con
tain an atomic form factor and a temperature-dependent 
Debye-Waller factor. Furthermore, if we allow for 
damping processes of different kinds (due to the photo
electric effect, Compton effect, phonon processes, etc.), 
then the effective dielectric constant should also contain 
a small imaginary part. However, for an estimate of the 
order of magnitude of the scattered field we restrict 
ourselves to the expression (35) only. 

Now if we compute the flux of the Poynting vector 
through the plane z =canst, we find it is infinite owing 
to the fact that we assumed, when computing the field 
(35), the crystal to be of infinite thickness and neglected 
absorption in the crystal. This happens because a tran
sition radiation is emitted in each atomic plane and 
therefore it is expedient to calculate the energy emitted 
from a unit length of the path of the charge. Let us cal
culate for this purpose the longitudinal Fourier compo
nent of the scattered field due to the n-th peak of 
I qJ(xn) 1. We obtain in complete analogy with the fore
going 

E • (k ) _ _ A ll (k, + 2nnwlz, I w 1- wlv) c'k,x'lw' 
SC 1 (I) - n __. 

(K'- x.' + wo'lc') (x' + xo') 
(36) 

x.' = w' I c'- (w I 11- 2nnw I z, lw !)', 
Xo' = w• I v' - w' I c'. (33) And the field itself in explicit form is equal to 

We have in these formulas inserted only positive n, 
taking its sign into account with the help of the factor 
w/lwl. 

By computing the scattered field in the next iteration, 
(2)1 

we easily see that there appears in Esc (k, w) a series 
of additional addends, one addend of which has a pole of 
second order while the rest have simple poles. We can 
continue the iteration procedure. Evidently, 

E~~+ 1> 1(k, w) will consist of E~~>l(k, w) and a series 
of addends among which one addend will have a pole of 
order p + 1. 

A. (-w,'lc') "ll(k, + 2nnwlz, I w 1- wlv)x( 1- c'x'lw') 

(x'- x.') •+'(x' + x,') 

while the rest will have poles of lower order. 

(34) 

Following the concept of partial summation of the 
most divergent terms in all the orders of perturbation 
theory (see, for example, [ 15 l), let us carry out such a 
partial summation of terms like (34) in the entire iter
ation series. We obtain 

E;, (k, w) =A • .S (k, + 2nnwlz, I ffi 1- wlv))l( 1:- c'x'lw') . ( 35) 

(x'- x.' + wo'lc') (x' + Xo2) 

Comparing the expression (35) with the formula (32), 
we see that, as a result of the summation of the series, 
the pole of the Fourier transform of the scattered field 
has shifted, and this shift may be interpreted as a 
change in the phase velocity of propagation of the scat
tered field due to some effective "dielectric constant'' 
of the crystal. Indeed, it is not difficult to obtain from 
(35) that 

Beff = 1- Wo~ l<iJ'. 

In addition to the above-considered most divergent 

E;c (r,t)= -A.(2n)-' J dwexpi[(wlv-2nnffilz,lwl)z-wt] 

+ ;;,'K,(;;,p)] l(;;o' + x.'- w,'lc'), 
(37) 

where Ko(x) is the modified Hankel function. 
The energy carried off by the radiation from a unit 

length of the trajectory of the particle is equal to 

dW. 1 s· . 1• - =- dtcp[Esc (p, z, t) . 
dz 2 -~ 

For large values of I x I we have 

K,(x) ~ (nl2x)Y.exp(-x) + ... 

(38) 

Therefore we can at sufficiently large values of p neg
lect the second addend in the numerator of (37). The 
first addend has the exponential factor 

exp{i[yx.'- wo' I c'.p + (wlv- 2nnwlz,lw!)z- wt]}. (39) 

Substituting (37) in (38), we obtain for the number of 
quanta 

dN = w,'exp[- 2M(2nnlz,)]f'(2nnlz,) j dw . (40) 
dz 137 ·Bn';,c'Z' 0 w'(wnlz,v- n'n/zo')Y. 

We can see from (39) that this radiation is emitted at 
an angle J. ~ 2(nrrv/z0w) 112 (see also (25)). 

We can see from (40) that the intensity of radiation 
depends only on the number n (i.e., on the angle J.), de
creasing with decrease in n owing to the presence of 
the square of the form factor f2(2rrn/z0 ). For a given 
value of J. the intensity does not depend on the azimuthal 
angle, i.e., we have a ring of radiation of uniform inten
sity with its center lying on the trajectory of the charged 
particle. However, if we also take into account the con-
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tributions of the h * 0 addends in (20), then the inten
sity of the radiation, in contrast to the transition radia
tion in a stack of macroscopic plates, [ 141 ceases to be 
uniform along the ring and will have maxima and mini
ma determined by I\ h• i.e., by the structure of the 
atomic planes of the crystal. 

Let us compare the number of quanta of the dynamic 
(30) and transition ( 40) radiations. It is expedient for 
this purpose to take a crystal of thickness ~ 10-2 em 
since, for example, for Si the absorption thickness for 
quanta of energy ~ 10 keV is equal to this thickness. An 
estimate with the aid of formula ( 40) shows that Ntr 
~ 10-10 • On the other hand, we have from Fig. 2 that 
Ndyn ~ 10-2 • Thus, in the considered case of ultrarela
tivistic particles the dynamic radiation is the dominant 
radiation. 

6. PHYSICAL INTERPRETATION OF THE RESULTS 

Let us approach the above-obtained results with a 
somewhat different, physically more intuitive point of 
view. 

First, let us show why the function q;(w/v- ~) ap
pears in the expression (20) for the scattered field. A 
charged particle passing through atomic planes pro
duces radiation at the points 1, 2, 3, ... (Fig. 4). Let 
us find the phases of the rays arriving from these 
points at the observation plane z = const. It is import
ant to note that the z-component of the wave vector of 
the field of the charge is then w /v while that of the 
wave vector of the radiation field is A0 • Therefore, the 
radiation arriving from the point 1 will have a phase 
factor exp (i~z), from the point 2-a factor 
exp i[wz0/v + ~(z- z0 )], and so on. The total field in 
the plane z = const will have a phase factor (we shall 
not, as in the entire paper, take the absorption in the 
crystal into account): 

e"•'(i + e;<"'"-'•l'• + ... + e~•I•-'•XN,-t)'•) = e;'•'tp({J) / v- 1c,). 

It is not also difficult to understand why the intensity 
of the transition radiation in the atomic planes is pro
portional to the thickness of the crystal, while there is 
no such direct proportionality for the dynamic radiation. 
This is connected with the fact that for (w/v- ~)z0 
= 2JTn (n is an integer) the fields of the radiations from 
the point~ 1, 2, ... are in phase and combine additively 
(Fig. 5 1 • But to this corresponds that case when 
w/v- Ao = Xn (n ::=: 1) (see formula (21)). When, how
ever, a peak of the function I q;(w/v- ~)I is not attain
able, i.e., for values of w/v- ~ close to zero, the 
scattered fields from the points 1, 2, ... are never in 
phase and we have the case shown in Fig. 5, b. In con
sequence, there occurs a partial compensation of the 
radiations produced in the various atomic planes of the 
crystal and they will not additively combine. This cir-
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FIG. 4. Diagram illustrating 
the appearance of phase differ
ences for the fields of radiations 
produced in different atomic 
planes. 

FIG. 5. Addition of the radiation 
fields in the cases: a) when the fields are 
in phase, b) when they are shifted in 
phase. 

b 

cumstance is characteristic of the phenomenon of dif
fraction. However, owing to the smallness of the de
nominator Kh + w2(1- {32)/v2 in the formula (20) for. 
ulfrarelativistic particles the intensity of the dynamic 
radiation, in spite of the partial compensation, never
theless exceeds by several orders the intensity of the 
transition radiation in the atomic planes. 
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