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The threshold characteristics and some features of self-action of light are investigated in the pres­
ence of linear absorption and of a nonlinear additive term, quadratic in the field strength, in the 
dielectric constant. The dependence of the threshold power on the parameters of the medium, the 
radiation frequency, and the light-beam radius is obtained by means of an approximate analysis of 
the self-focusing dynamics. The results are applied to the case when the nonlinearity of the dielec­
tric constant is due to resonant absorption of light. This is possible so long as the field is small 
compared with the field saturating the resonant transition. In strong fields the resonant nonlinearity 
also becomes saturated and the self-action of the light beams is accompanied by large aberrations. On 
this basis and on the basis of the threshold condition, an investigation is made of the region of exis­
tence of self-focusing due to resonant absorption in the space of the parameters of the medium and of 
the field. 

SELF-action of light, first predicted by Askar'yanlll, 
is usually observed in media where the nonlinearity of 
the dielectric constant E is due either to mechanisms 
that are not connected directly with absorption, or, as 
in the case of thermal self-focusing, to a mechanism 
connected with relatively weak absorption. Analysis for 
damping of the wave in such cases is therefore not of 
fundamental importance. 

In an earlier paper[ 2 l we considered the mechanism 
of variation of the real part of E under the influence of 
the field of a wave in the case of resonant absorption of 
the wave. It was shown that the resultant nonlinear in­
crement Enl to the dielectric constant can exceed the 
value of Enl connected with the known nonlinearity mech­
anisms. It is natural to assume that effects of self­
action of the light can be observed in this case. For ex­
ample, the possibility of self-focusing following a change 
in the quantum states of the atoms in molecules of the 
medium was indicated in[ 3 J; nonlinear wave propagation 
in a two-level system on the decreasing part of the 
resonant curve was discussed in [4 1 , where, however, no 
account was taken of all the factors responsible for the 
formation of Enl in resonant single:.photon absorption 
(for a discussion of these factors, particularly the ques­
tion of the admissibility of the two-level approximation, 
seeC 2 l ). 

An analysis of the wave interaction due to the reson­
ant absorption raises first of all the problem of whether 
this self-action can exist in principle, since absorption, 
on the one hand, gives rise to the nonlinearity Enl' and 
consequently to the self-action effects themselves, but 
on the other hand, by decreasing the total power of the 
beam along the propagation direction, it leads to the 
suppression of these effects. We note that in the case of 
thermal self-focusing the absorption necessary to en­
sure sufficient nonlinearity Enl is usually too small to 
give rise to a noticeable damping over the self-focusing 
lengthC 5 l. 

To resolve this problem it is necessary to investigate 

the features of self-action and its threshold characteris­
tics in the presence of absorption. Naturally, the results 
obtained thereby are applicable also to self-action in 
media where the absorption and the nonlinearity of the 
dielectric constants are not connected with each other. 
An experimental investigation of the threshold power of 
self-focusing in absorbing media at a finite cell length 
was carried out in[6 ' 7 l (for a discussion of these results 
see[8 l). We do not know, however, of studies devoted to 
the threshold power and to the self-focusing length in 
unbounded absorbing media (in particular, the threshold 
of "weak" self-action, see Sec. 2 below). 

In accordance with the indicated problems, the pres­
ent paper consists of three sections. In the first and 
second sections we consider the threshold characteris­
tics of self-focusing in an absorbing medium regardless 
of the source of the absorption and of Enl· The results 
are used in the third section to investigate the regions 
of existence of self-focusing in the space of parameters 
of the medium and of the field in the case when the value 
of Enl is governed by the resonant absorption of the 
field. 

1. THRESHOLD CHARACTERISTICS OF SELF­
FOCUSING IN AN ABSORBING MEDIUM 

1. As is well known (see, for example,(8 J), the follow­
ing equations can be written for the eikonal of the com­
plex amplitude s and the field intensity I in the quasi­
optical approximation that makes it possible to take 
diffraction into account in the presence of linear absorp­
tion characterized by an exponential-attenuation length 
La of the wave in the medium (in terms of power), and 
in the case when Enl = E2I: 

!Js ( IJs) • - ( fJ'l'I 1 a{!) e, 2-+ - =(k'YI)-' -+-- +-I, 
fJx fJp fJp' p fJp e0 

fJI + !!_ fJI +I(~+_!_~)=-.!_, 
fJx fJp fJp fJp' p fJp La 

(1) 
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where k = 2rrfu /A (A is the wavelength in vacuum) and x 
and p are the longitudinal and transverse cylindrical 
coordinates (we consider three-dimensional cylin­
drically-symmetrical light beams). 

We assume that the shape of the beam on entering 
the medium is Gaussian, and assume further, as is 
usually done in similar calculations[aJ, that during its 
evolution in space the beam retains approximately the 
same shape, i.e., I(p, x) = Ic(x)exp[-p2/a2(x)], where 
a(x) is the beam radius and Ic(x) is the field intensity at 
the center of the beam. We assume also that the eikonal 
is quadratic over the cross section: s(p, x) = s0 (x) 
+ p 2a (x). We then obtain from (1) an equation describing 
the behavior of the relative width of the beam f(x) = a/ao 
in space (ao = a! x = 0 is the entry radius of the beam): 

f' .:!!1 = ~-~ exp(- __:__) (2) 
dx' Ld R 0

2 La ' 

where Ld = kag is the diffraction length of the beam in 
the medium and Ru is a nonlinear scale connected with 
the power: 

(3) 

(len = Iclx = 0 is the intensity of the field at the center of 
the beam on entry); Ru is equal to the length of the 
self-focusing of an initially-parallel beam in a trans­
parent nonlinear medium in the geometrical-optics 
approximation. 

We note immediately that when E2 > 0 (i.e., when 
R~ > 0), self-focusing is possible both in an absorbing 
and in an amplifying medium (i.e., at any sign of La). In 
the case when E 2 < 0 (R~ < 0), self -defocusing should 
always be observed for a Gaussian beam. 

2. Let us consider self-focusing of a beam in an ab­
sorbing medium (E2 > 0, La > 0). 

All the solutions of Eq. (2) can be divided into two 
types: solutions that vanish at some value x = Xf > 0 
(Fig. 1, curves 1 and 2), and solutions that vanish 
nowhere when x > 0 (Fig. 1, curves 3 and 4). The first 
type of solutions corresponds precisely to self-focusing 
of a beam. We are interested here in the relations that 
determine those parameters of the beam and of the med­
ium (in particular, the intensity of the beam upon entry) 
at which the solutions of the second type go over into 
solutions of the first type, i.e., the relations that define 
the self-focusing threshold. 

To this end, let us prove first that all Xf satisfy the 
relation 

xc~ Xo, (4) 

where xo is the value of x at which the right-hand side of 
(2) vanishes, i.e., 

(5) 

versely, when x s Xo there always exist solutions that 
vanish. Indeed, by finding the solutions of Eq. (2) in a 
small vicinity of any point x1 > Xo and by solving to this 
end first the equation f 3f" = B (where B = const = Ld,2 

- R~2 exp(-xl/La) > 0), we find that nea~x1 a~ solution 
of (2) can be represented in the form f = f + o( f), where 
f 2 = [B + d(x + c2l 2] jc1, i.e., f(xl) .,. 0. On the other hand, 
we can show analogously that any point x2 < Xo corre­
sponds to solutions that vanish at this point, and all 
these solutions can be represented in a small vicinity of 
the point X2 in the form f = (x2- x) 112 + o(,Jx2- x); 
finally, there exist solutions that vanish at xa = Xo, and 
behave in a small vicinity of the point Xo like 
f cn (Xo- x) 314 + o[ (xo- x) 314 ]. Thus, we have proved 
the inequality (4). 

It is clear therefore that the threshold situation 
corresponds to the equation 

(x,rl thr = x,. (6) 

Starting from this equation, we can derive the thres­
hold relations of interest to us, for example, in the 
following manner. Were we to succeed in finding for 
Eq. (2) a general solution that vanishes at the point 
x = xo (i.e., a solution that contains already only one 
arbitrary constant), then by imposing on this solution 
two boundary conditions at the point x = 0 (on the values 
f(O) and f'(O)), we would obtain relations that determine, 
besides the aforementioned constant, the value of Xo, 
and from this, with allowance for the definition (5), also 
a relation between the threshold intensity lthr• the 
attenuation La, and the wave parameter of the beam Ld. 

Unfortunately, it is impossible to obtain an exact 
solution of Eq. (2). However, under conditions of rela­
tively weak attenuation (La >> Ld) or, conversely, of 
strong attenuation (La « Ld), we can determine with 
sufficient accuracy the form of the solution of Eq. (2), 
fthr(x), corresponding to the threshold situation, and 
consequently also the value of (x0)thr· 

3. Let us investigate first the case of relatively weak 
attenuation (La » Ld). 

To this end we determine first the behavior of the 
"threshold" solution fthr(x) of Eq. (2) near the focusing 
point (xf)thr = xo. Linearizing the right-hand side of (2) 
near x = xo, we find that in this region the behavior of 
f(x) can be described by the equation 

f'f" = -(.co-x) I LaLct'· (7) 

A particular solution of ( 7), vanishing at x = Xo, is 

2 '/ f1 ~~ (xo- x) '. 
y3LaLct' 

Making the change of variables f = f1g and 

£=-In[ (x,- x) I (LaLd')'i>], 

The inequality (4) follows from the fact that when x > x0 we obtain an equation for g(~): 
the solutions of Eq. (2) can never equal zero and, con- 16g" _ 8g' _ 3(g _ 1 1 g') = o, (8) 

FIG. I. Dependence of the rad­
ius of a self-focusing beam on the 
distance. 

Whence, putting p = g', we obtain the "phase" equation 

dp 1 [-' ( 1 ) ] -=-.- 3 g-- +Bp , 
dg itip g' 

(9) 

which has two symmetrical singular points: p = 0 and 
g = ± 1. An investigation shows that these are unstable 
singular points of the saddle type. It is easy to see that 
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positive solutions of (7), which exist at x < Xo and vanish 
at x- Xo (i.e., precisely at threshold solutions), corre­
spond to a separatrix that enters the singular point p = 0, 
g = 1 as ~ - 00 • From (9) it follows that its slope at the 
singular point is dpjdg = 1/4 (1- ..fl3); representing this 
separatrix in the region of the saddle in the approximate 
form 

p = dg/d£ >:;:; 1/s(l"13--1) (1- g) (10) 

and integrating (10), we obtain all the threshold solutions 
of (7) of interest to us: 

fthr >:;:; 2(3LaLi)-''•(x,-x)'1• + C(x0 - x)'Mi13+>>. (11) 

By virtue of the assumed condition (La » Ld), the 
inequality La » Xo is also satisfied (see relation (12) 
below). It follows therefore that everywhere on the seg­
ment (0, xo) of interest to us, Eq. (7) differs little from 
the initial equation (2), and consequently, the function 
(11) is likewise close to the exact threshold solution of 
(2) on the segment (0, :xo). Therefore, imposing on the 
solution (11) the boundary conditions flx=O = 1, f'lx=O 
= 0 (the latter condition means that we are considering 
here only the case of a plane wave at the entry) and 
eliminating the quantity C from the resultant equations, 
we obtain for xo 

Xo /La= (2A)'i•, (12) 

where 

A= Ld/ La. (13) 

We recall that x0 is the largest attainable self-focus­
ing length in a medium with absorption for specified Ld 
and La. Thus, the only difference from self-focusing in 
a transparent medium is that, as already noted, the 
threshold power corresponds to focusing not at infinity 
but at a finite distance xo. 

From (12) with allowance for the definition (5) we get 
(Rnlthr (for A « 1): 

(Rn) 'thr/L ,i =A' exp[- (2A)'h) >:;:; A '[1 - (2A )'"]. ( 14) 

It is easily seen that when A- 0 the threshold value of 
Rn tends to the corresponding value for a transparent 
medium ((Ru)thr = Ld). 

Taking the definition (3) into account, we obtain from 
(14) the value of the threshold intensity at the center of 
the beam at entry: 

1 eoLd ~A-1 exp[ (2A)''•] (15) 
thr = e,k (Rd') thr e,kLa 

>:;:; _E_o_A-'(1 +(2A)''•). 
E,kLa 

4. We consider now the case of "strong" attenuation: 
A= Ld/La » 1 (for example, at ao = 1 mm, La= 10 em, 

and k = 10-5 cm-1 we have A = 102). It can be shown (see 
(21) below) that the limiting focal distance Xo satisfies 
here the relation La « Xo « Ld, by virtue of which the 
function fthr(x) behaves in the following manner. First, 
over a section on the order of attenuation length, the 
value of the function f itself remains practically un­
changed (f ~ 1); all that changes significantly is f "(x), 
which decreases here to zero approximately like 
f" ::::~ - R~2 exp (- x /La); then the function f(x) itself de­
creases almost linearly with constant slope 

!' >:;:; j t"(x)dx=- L: 
o Rn 

and then begins to behave in accordance with (11) only at 
small values f :S A-112, decreasing to zero over a length 
on the order of La. Thus, the course of the rays in this 
case is determined by a relatively thin entry layer 
(x ~ La), which acts like a phase corrector or a thin 
lens. The focal distance is approximately equal here to 
the length of the linear decrease of f(x), i.e., to the focal 
length of a thin lens 

xr=-(f')-'=Rn'/L3. (16) 

Since (Xf)thr = xo, we obtain with allowance for (6) the 
following equation for (Rn)thr: 

(lln) 1:U!L; = ln(Ld/(Rnlthr)', (17) 

whose solution can be represented, for example, in the 
form of the continued fraction 

(Rn) :hr!Li = ln(A'/ln(A '/In ... )), (18) 

from which, since A2 >> 1, we have in first approxima­
tion 

(19) 

From (3) and (19) there follows the value of the thres­
hold intensity of the beam in the case under considera­
tion: 

Eo A 
/hr >:;:;----

! e,kLa In A' ' 
(20) 

and from (5) we obtain the maximum focal length at a 
given A: 

Xo A2 

-=ln-­
La InA' 

(21) 

Thus, as A- oo, the ratio of the focal length (xf)thr 
to the attenuation length La also tends to infinity, and 
not to a finite limit of the order of unity, as is stated 
in[sJ. 

5. A more detailed calculation, which will not be 
presented here, yields lthr also at certain points where 
A ~ 1; for example, for A= 3 we obtain Ith 
::::~ 2Eo/E2kLa. Combining this result with re1ations (15) 
and (20) for lthr on the edges of the region, an estimat­
ing formula can be obtained for the interpolation of the 
function Ithr(A) over the entire region of its definition 
(Fig. 2, curve 1): 

1 -e, kL ~ 1 { 1 2A z } 
thr-;:;;- a~ A + -:Hn[1 + '/,(A'/2)'"] ' 

(22) 

From this, with allowance for the definitions (5) and (3), 
follows also the value of the limiting focal length 

FIG. 2. Plot of the threshold inten­
sity of the beam against the ratio of 
the diffraction length Ld to the atten­
uation length La. 

OL-~~z~'J~~~5~~s 
Ld/La 
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X { 2A' 
Loa= In 1 + o------,--,---,-~~o-} 

3ln[1 + 'I,(A'I2)'''] · (23) 

It is easily seen that when A« 1 and A ~ 1, Eq. (23) 
goes over into formulas (12) and (~1), respectively. 

From (15), (20), and (22) it is seen that the threshold 
intensity of self-focusing in an absorbing medium be­
comes minimal at a certain optimal value of A (corre­
sponding to the optimal beam width at entry, ao = v'Ld jk, 
for a given attenuation length La)· It follows from (22) 
that this occurs at 

Aopt:=::: 3; Ld:=::: 3£., a0 pt;::: y3La/k; (24) 

corresponding to 

Utru)min :=::: 2e, I E,kL0, Xr = Xo :=::: 2L.. (25) 

6. It is of interest to determine the total beam power 

P= C~o JI dS. 
4n 

For a Gaussian beam we have 

p = c fEo a,'= c l'~ lenLd (26) 
4 4 k 

whence, using (22), we obtain the total threshold power 
of the beam (Fig. 3, curve 1) 

4 £d Eo { :!A' } 
qtE/thr =ltruk=~ 1 + 3ln[1 + '/,(A'I2)'''] . (27) 

At small damping (A- 0), Eq. (27) gives a well­
known result-the threshold self-focusing power in a 
transparent medium P cr ll (Ezk2t\ which does not de­
pend on the beam radius (curve 3, Fig. 3). 

We note one more characteristic feature of self­
focusing in the presence of absorption. By calculating 
the wave power Pf reaching the focusing point Xf in the 
case when the power at the entry has the threshold value 
Pthr (i.e., when Xf = xo), we obtain 

Pr=P1hrexp [-xriL,], 

or by virtue of (5) 

Pr = Pthr (Rnl Ld)'. 

Taking the definitions (3) and (26) into account, we get 
from this 

Pr = en,' I 4E2k2 , n0 = '/e0 • 
(28) 

Thus, under threshold conditions, the power reaching 
the focusing point always has the same value Pf, which 
does not depend on the entry power, the beam radius, or 
the attenuation, and this power is exactly equal to the 
critical self-focusing power in a transparent nonlinear 
medium. 

FIG. 3. Plot of the total thresh­
old power of the beam against the 
ratio of the diffraction length Ld to 
the attenuation length Lk· 

2. "WEAK" SELF-FOCUSING AND SELF-DEFOCUSING 
OF A GAUSSIAN BEAM IN AN ABSORBING MEDIUM 

1. We consider now the case when the entry intensity 
of the beam is smaller than the threshold value but lar­
ger than the critical intensity required for self-focusing 
in a transparent nonlinear medium: 

Eo Eo 1 
fthr >I> fer=--=---. 

e,kLd e,kLa A 
(29) 

Then the solution of (2) no longer vanishes anywhere, 
but at first there occurs a certain narrowing of the 
beam, after which the beam begins to diverge (curve 3, 
Fig. l)ll. 

We shall define such a case as "weak" self-focusing 
(there is no strong contraction of the beam); it is essen­
tially analogous to external self-focusing[9 l, since it can 
actually be regarded as focusing by a finite nonlinear 
layer (of thickness ~La). If Ld ~ La, the situation can 
be regarded as focusing by a thin lens (see Sec. 1, Sub­
section 4) with a focal length Xf determined by formula 
(16). At sufficiently large distances (x ~ La), the be­
havior of the beam can be described by Eq. (2), in the 
right-hand side of which the exponential term is set 
equal to zero. The solution in this case (for a plane 
wave at the entry to the lens) is given by the formula 

f::::: (1-xlxr)'+x'/L{ (30) 

Assuming in analogy with[9 J that the threshold inten­
sity of weak self-focusing is the intensity at which the 
narrowing point (i.e., the point at which f is minimal and 
f' = 0) is located at the largest distance from the origin, 
we obtain the threshold condition xf = Ld (at which f:Uin 
= 1/2 and x(fmin) = Ld/2), from which it follows, when 
account is taken of (16), that 

(31) 

or, using (3), 

I thr =I,= eo I e,kL •. (32) 

Comparing with (20), we see that when Ld ~ La the 
threshold of weak self-focusing (curve 2 in Fig. 2) is 
much lower than the threshold of self-focusing with a 
sharp focus; it can be shown that when Ld < La, these 
two thresholds almost coincide with each other and with 
the threshold of focusing in a transparent medium (29). 
The total threshold beam power P is determined by 
formula (26) with allowance for (32) (curve 2 on Fig. 3). 

2. Let us consider the case when the nonlinearity is 
negative (Ez < 0, ~ < 0). Self-defocusing of the beam 
should then occur. Let us estimate its angular diver­
gence. As seen from (2), the beam first broadens mono­
tonically (if f'(O) = 0), and then, at x ~ La, it behaves 
as in a linear medium, propagating in the far zone 
(x ~ Ld) with a constant divergence angle. 

We confine ourselves here for simplicity only to the 
case Ld ~ La and of not very high intensity 
(I Rul 2 > L~), and using arguments analogous to those in 
subsection 3 of Sec. 1, we find that the nonlinear medium 
acts in this case like a thin defocusing lens with a nega­
tive focal length Xf determined by formula (16), where 

tlwe note that the solution corresponding to Icr (29) diverges cubi­
cally from the very outset (curve 4, Fig. l ), as follows directly from (2) 
at R~ =La and f'lx=O = 0. 
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R~ < 0. The dynamics of the beam at x >> La is there­
fore described by relation (30), where xr < 0, from 
which we find that when x2 » x£ the total beam diver­
gence angle C{J 00 , defined by the formula tan(cp00/2) 
= af'(oo), equals, when account is taken of (16) and (3), 

Cfloo =cpi1 + (LdLal R 0')'.- cpdl'1 + (! /Ia)', (33) 

where cpd = 2/kao = 2ao /Ld is the diffraction divergence 
angle of a beam with entry radius ao in a linear medium. 
It is interesting that in the case of weak self-focusing 
(E 2 > 0) the beam, after passing the narrowing point 
(wher& f' = 0) and expanding beyond it, acquires at 
x2 >> x; a divergence determined by the same formula 

(33). Thus, in both cases the effect can be detected or 
the constants of the medium can be measured· by deter­
mining the beam divergence angle in the far zone, taking 
into account here, however, the fact that the behavior of 
the beam near the entry point (O < X < I xrl) is entirely 
different in these cases. (We are not referring here to 
the case of self-focusing with a sharp focus, since the 
solution of Eq. (2) with~ > 0, which vanishes at a 
certain x = xt• cannot be continued further if we remain 
in the region of real values of the function f. On the 
other hand, the question of what occurs in fact in this 
case when x > Xr• and, in particular, the question of 
formation of the nonlinear channel, cannot of course, be 
solved, within the framework of an analysis that makes 
use of Eq. (2)). 

It is seen from (33) that the nonlinear divergence of 
the beam noticeably exceeds the diffraction divergence 
under a condition analogous to the condition for observ­
ing weak self-focusing: I > IE (32); in this case it is 
necessary to take in (32) the absolute value of E2. 

Thus, as can easily be seen from (26) and (32), the 
necessary condition for observing self-action of any type 
in an absorbing medium is that the wave intensity ex­
ceed a certain threshold value (32) characteristic of the 
given medium. We shall show that this condition has a 
simple physical meaning. Indeed, writing down the com­
plete expression for the complex dielectric constant 
E =Eo+ iE' + Enl• where E' = Eo/kLa and Enl = E2l, we 
find that it turns out that Enl = Eo /kLa = E' when I = Ie 
It follows therefore that self-action in an absorbing 
medium can be observed only if the nonlinear increment 
of Eo exceeds in absolute magnitude the imaginary part 
of E. 

3. CONDITIONS FOR THE EXISTENCE OF SELF­
FOCUSING DUE TO RESONANT ABSORPTION 

1. We now discuss the conditions for the existence of 
self-focusing caused by resonant absorption. In this 
case the nonlinear increment to the dielectric constant 
is[2 J 

e = 4nN /p/'T m q[-()(1+A')-(1-t.')]+2M+t.q'm. (34) 
nl l]o 1i (1+A')[1+2-(}m+(A+qm)') 

We have introduced here the dimensionless intensity 
m = IP/ 2T21/li2, where pis the matrix element of the 
dipole moment of the resonant transition and T is the 
reciprocal half-width of the line of this transition. In 
addition, (34) includes the following parameters: 
A = (w - wo)T-the dimensionless difference between the 
field frequency w and the transition frequency wo, 

N-the concentration of the resonant particles of the 
medium, 7]0-the equilibrium population difference of the 
resonant levels (in the absence of a field) per particle, 
and J = 2T /T-the product of the lifetime T of the parti­
cle in the excited state by the transition line width. 
Finally, q = (K2- K1) /I PI ~-1T is a parameter character­
izing the "repolarizability" of the given resonant tran­
sition, i.e., the change of the nonlinear polarizability of 
the molecule as it goes from the lower level, which has 
a linear nonresonant polarizability K1, to the upper level 
with polarizability K 2 (expressions for K 2 and K1 in 
terms of the dipole moments and the frequencies of the 
remaining transitions of the particle can be found in (2J ). 

The quantity Enl can be regarded as quadratic in the 
field provided the field intensity is small compared with 
the saturating intensity (for a given frequency devia­
tion .6.): 

m < m,.t(t.) = (1 + il') / 2-(}. (35) 

Here Enl r::J E2m, where 

-4 N /p/'T 'if [ + 2t.-q(1-t.')/-(}] (36) 
~z- n l]o-li-1+tJ.' q i+tJ.' 

(€2 in this case, naturally, likewise has no d~ensional­
ity, and the simultaneous substitutions E 2 - E 2 and 
I- m do not change the results of the preceding sec­
tions, since they always contain only the product 
E1l = E'2m). 

Satisfaction of the condition (35) also makes it possi­
ble to assume the resonant absorption to be linear and 
to characterize it by an attenuation length 

La= (1 + tJ.')/4nNl],_!:_ /p/'T. (37) 
Eo 1i. 

As seen from (34), when condition (35) for the inten­
sity at the center of the entering beam is violated, we 
deal with a complicated distribution of E in the cross 
section, namely, E is practically constant in the center 
and experiences changes only near the edges of the 
beam, thus giving rise to strong aberration. Under such 
conditions, the pattern of the behavior of the rays in the 
medium becomes quite different from what is usually 
meant when speaking of self-focusing. It can therefore 
be assumed that the condition (35), written for the inten­
sity at the center of the entering beam men• determines 
the upper limit of existence of the self-focusing due to 
resonant absorption. The lower limit is the threshold 
of "weak" self-focusing. Allowance for saturation in 
the calculation of this threshold cannot greatly change 
(32), since the condition (3 5) is satisfied both in the 
focusing layer and with further propagation of the beam. 
Thus, the entry power at the center of the beam should 
satisfy the following conditions, which are necessary to 
effect self-focusing: 

(38) 

This leads to a condition for the parameters of the med­
ium and the field frequency: 

{ [ ( 1 1- tJ.') t. -I 
m,.1(1l)>M= -(} q 1---- +2--]} 

1~ 1 + t.' 1 + t.' . 
(39) 

(We have substituted here E2 and La from (36) and (37).) 
The latter condition can also be rewritten in the form 
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G = q(1- tl·-' + 1\'(1 + tt-')] + u, > 2. (40) 

This inequality determines the region of frequency 
deviations Ll. and medium parameters q and J at which 
self-focusing can be observed. We point out first that 
the region of the parameters q and J where the non­
linearity is generally positive (~2 > 0) at least in some 
range of frequency deviations is governed by satisfac­
tion of the condition G > 0 (for a medium with absorp­
tion 17o > 0) for at least one value of the frequency devia­
tion, hence 

q > -tt I Ytt' - 1. (41) 

On the diagram of Fig. 4, this corresponds to the regions 
II-IV (qmin - -1 as J - oo); near the lower edge of the 

region ir, €2 > 0 in the frequency-deviation range 
Ll. = I(J- 1)j(J + 1). In region I we have E"'2 <_9 at' any 
frequency deviation; it is easy to verify that E2 > 0 at 
any value of Ll. in a region that is a mirror image of 
region I about the J axis. Analogously, we can determine 
from (40) that region in the (q, J) plane where the self­
focusing is possible in at least a small range of fre­
quency deviations 

'(} + 1-- l'2tt(tt + 1) 
q>tt tt'-1 

(42) 

(regions III-IV on Fig. 4); as J- 1 we have qmin 
- -1/4 and as .J - oo we have qmill.- 1 - -12; near the 
lower edge of region III we have G .> 2 at 

tl-1 
1\ = 7L 2::-:tt--,( tt-:----:-+-1:-:-) """'p.,-, _---,-( tt::-+--:-:1-:-) 

Finally, if we stipulate satisfaction of (40) for all values 
of Ll., we obtain a region where self-focusing is possible 
at any point of the range of possible frequency-deviation 
values2>: 

tl + 1 + )'2tl(tl + 1) 
q>tl tl'-1 ' 

(43) 

(Region IV on Fig. 4; qmin- 1 + ..f2 as ,J - oo). 
Thus, in the case of liquids and solids (where J » 1), 

it suffices to have q exceed 1 + .f2 in order to be able to 
assume the condition for the observation of self-focus­
ing to be satisfied for any frequency close to resonance. 
In the case .J » 1 (when G ~ 2Ll. + q(1 +Ll. 2)), the regions 
of existence of self-focusing in the pl<!!le of q and Ll. have 
the simplest form. The region where E2 > 0 (G > 0) is 
determined by the relation q > -~LJ./(1 + Ll. 2) (regions II 
and III in the diagram of Fig. 5; E2 < 0 in the region I), 
and the region of possible observation of self-focusing 
(G > 2) is determined by the relation 
q > 2(1- LJ.)/(1 + Ll. 2) (region III of Fig. 5). 

The question of the width and position of the frequency 
band, at which self-focusing can be observed, is impor­
tant because it is not always possible to tune the lasing 
frequency accurately to the center of the absorption line 
of the substance employed. Furthermore, the multimode 
character of the radiation or jumps of the generation 
from one mode to another do not always make it possible 
to regard the laser as an emitter of strictly fixed fre-

2>we recall that we assume a Lorentz line shape, and therefore the 
results presented here are valid for values of/',. at which the Lorentz 
curve describes the real line sufficiently well. 

q 

FIG. 4. Regions of existence of J+fi' 
self-focusing caused by resonant at­
tenuation, in the plane ( q, tl) of the 
parameters of the medium. o f---'--!74W4'7-~W47-<H;47-;..;.... 

FIG. 5. Regions of existence 
of self-focusing in the plane of 
the parameters of the medium q 
and of the field /',. at tl ~ I (/',.­
deviation of field frequency from 
resonance). 

-1 

ill 'I 

quency, a particularly important factor in our case, 
when the nonlinearity has a strong dispersion within the 
limits of the line width. This is precisely why particular 
interest attaches to substances that fall in region IV of 
the diagram of Fig. 4. 

3. We note in this connection one interesting feature 
of the band characteristic of the self-focusing threshold 
in a resonantly absorbing medium, connected with the 
contribution made by the difference K 2 - K 1 ~ q between 
the linear polarizabilities of the molecule at the upper 
and lower levels. As seen from (39), when q > 0 the 
threshold intensity M tends, with increasing deviation of 
the emission frequency from resonance (Ll. 2 » 1) to the 
constant value 

(44) 

or if J » 1 

IPI'T' I IT ' ( ) M,~M.=(qtt)·'= =(L_/i ) 1~'.1', 45 
2/i-r(x,- x,) 

i.e., the absolute value of the threshold intensity 
IK = I~ K !2 coincides exactly in this case with the in ten­
sity of the resonant repolarization field I~ Kl 2 

= ti./2T(K2- K 1), which was introduced by us inC2l. As 
shown in[2l, the intensity IK at realizable values of q 
and J is quite small (we note that the saturating inten­
sity msat(Ll.) increases with increasing Ll. like 1 + Ll. 2, 
and therefore the inequality M « msat(Ll.) holds when 
Ll.2 » 1). 

Thus, when q > 0 self-focusing can always be ob­
served on the skirts of the absorption line at sufficiently 
large distances from the center (regardless of whether 
self-focusing occurs at the line center); the self-focus­
ing threshold is in this case practically independent of 
the frequency deviation and is determined by the charac­
teristic intensity IK = I c'5' Kl 2[21 . This is illustrated in 
Fig. 6, where we choose the region of existence of self­
focusing in the plane of men (entry intensity) and the 
frequency deviation Ll. under the condition .J » 1. It is 
seen from (39) that the lower limit of the region is in 
this case M = (1 +Ll. 2)/.J[q(1 +Ll. 2) + 2Ll.]. In accordance 
with this and with (35), the cross-hatched region corre-
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d 

FIG. 6. Regions of existence of self-focusing in the plane of the 
field parameters (intensity men and frequency deviation b.) at different 
values of the medium parameter q. 

sponds to 0 < q1 < 1, and the entire shaded region to 
q2 > 1. 

At q = 0, the nonlinearity of E is connected only with 
the saturation of the populations and, as seen from (40), 
self-focusing occurs only on the high-frequency side 
b. > 0; at ll < 0, the radiation should become defocused. 
Although the threshold intensity M becomes lower than 
the saturating intensity with increasing frequency devia­
tion (msat""' 1 + .:l 2 ; M ~ (1 + .:l 2)/ll), it no longer tends 
to a constant value, but (when .:l 2 >> 1) increases in 
proportion to the frequency deviation 

M- msat(L'1) _ 1+1'1' 
--1'1---~· 

(46) 

We see therefore that at q = 0 the minimum deviation at 
which self-focusing is still possible is ll = 1 (see also 
Fig. 5)0 

The diagrams in Figs. 2, 4, 5, and 6 make it possible 
to determine the possibility of observing weak or "strong 
self-focusing at given parameters of the medium and to 
choose the optimal experimental conditions for the ob­
servation of the effecL For example, let the parameters 
q and J. correspond to a point in region Ill of Fig. 4; 
then, using diagrams analogous to those in Fig. 6, we 
can determine the frequency-deviation region .:l (conse­
quently also the radiation-frequency region) at which 
self-focusing is possible, as well as the order of magni­
tude of the threshold power 0 Knowing the latter, we can 
use Figo 2 to select the beam parameters at which either 
weak or strong self-focusing can be observed. 

4o There is no need to consider especially the regions 
of self-defocusingo Indeed, it is easily seen that every­
thing said in the preceding subsections concerning 
focusing is applicable also to defocusing if it is recog­
nized that all the formulas and conclusions obtained here 
(including the diagrams of Figs. 3, 4, 5, and 6) are in­
variant against a simultaneous "focusing-defocusing" 
substitution (i.e., E2 - -€2 , q- -q, and .:l --b.). 

5. Let us stop to discuss briefly the case of an am­
plifying medium (the population is inverted, T)o <- 0, and 
consequently the attenuation is negative, La< 0). In this 
case there is apparently no threshold, and the beam 
should be focused at any entrance power3 ). The question 
of self-focusing (or defocusing) is resolved here only by 
the sign of €2. Taking into account the fact that now 
T)o < 0 in (36), the self-focusing condition is G <Do From 
this we find, for example, that the region of the param­
eters q and J. where self-focusing occurs at any fre-

3lin this case, the question of the threshold power for focusing over 
a limited length can be raised, but it will not be considered here. 

quency deviation .:l is the region I on the diagram of 
Fig. 4; the region of defocusing at all .:l is the mirror 
image of region I about the J. axis. In the intermediate 
region, some frequency deviations correspond to self­
focusing and others to defocusing; in particular, at 
q = 0 self-focusing is possible at all the lower frequen­
cies (b. < 0) and defocusing at all the higher frequencies 
(b. > 0). 

Finally, let us formulate the main conclusions of our 
work. 

1) Observation of self-focusing due to resonant ab­
sorption is possible, just as observation of self-action, 
in media where the absorption and the nonlinearity of E 

are not connected with each other. The threshold power 
corresponds in this case to focusing at a finite distance, 
and not at infinity (as in transparent media). It is also 
interesting to note that there exist light beams with 
dimensions optimal for the observation of self-focusing 
in an absorbing medium; these dimensions are deter­
mined by the wavelength and the attenuation of the wave. 
Such beams have a minimal threshold power for the 
given medium. 

2) Under threshold conditions, the power arriving at 
the focusing point is always the same, regardless of the 
entrance power, the beam radius, or the attenuation 
length. This power is exactly equal to the critical power 
of the self-focusing in a transparent medium having the 
same nonlinearity of E. 

3) A distinguishing feature of the self-action in an 
absorbing medium is the existence of so-called "weak" 
self-focusing, when the beam first contracts to finite 
dimensions and then expands. The threshold intensity of 
the "weak" self-action is determined by a simple rela­
tion, namely, the nonlinear increment to the real part 
of E should be equal to the imaginary linear component 
E ', which characterizes the absorption. 

4) In the space of the parameters of the medium and 
of the field, there exist regions in which self-focusing 
due to resonant absorption can be observed, and regions 
in which there is no such self-focusing. In such a sub­
division into regions, an important parameter of the 
medium is the quantity q, which characterizes the re­
polarizability of the resonant transition. In particular, 
self-focusing can almost always be realized on the 
"tails" of the absorption line, where its threshold 
intensity is equal to the magnitude of the so-called 
"repolarizing intensity" I fS Ki 2 ~ 1/q[2 l. 

5) Self-focusing can be realized both in absorbing and 
amplifying media. The latter case is of undisputed in­
terest in the study of the process of generation in lasers 
and in amplifiers, causing under suitable conditions the 
"pinching" of the amplified or generated radiation. It 
should be noted here that everywhere above we have con­
sidered the dynamics of self-focusing without allowance 
for the effect of saturation in the region where the light 
intensity is already sufficiently high. In the calculation 
of the threshold characteristics, allowance for satura­
tion is of little importance, but when the threshold is 
noticeably exceeded, in a region close to the calculated 
point of the focusing of the beam, the increased intensity 
gives rise to saturation of both the absorption (amplifi­
cation) and of the nonlinearity of E. Allowance for this 
circumstance should lead to elimination of the focusing 
of the beam, and possibly to the formation of a quasi-
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waveguide channel with very weak attenuation of the 
wave. 

The authors are grateful to the participants of the 
seminars directed by S. M. Rytov and R. V. Khokhlov 
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