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We consider a perfectly uniform film of a type II superconductor (x> 1, £ K d < §,, d is the film
thickness and §, the penetration depth) and a perfectly uniform plate (d > 6,). We show that in both
cases, when the external magnetic field H, is parallel to the surface of the film or plate, the mixed
state is a triangular vortex lattice which is uniform in density, similar to the lattice of a bulk sam-
ple. The interaction between the vortex lattice and the Meissner currents causes its stability against
small displacements, i.e., pinning. We find the pinning force and the critical current at right angles
to the field, which violates the stability of the vortex lattice. In the case of a film the current is de-

termined by Eq. (20) and in the case of a plate by Eq. (30). The latter formula is similar to the one
proposed by Campbell, Evetts, and Dew-Hughes.[®

WE have found earlier(!! the dependence of the criti-
cal current on the external magnetic field for a per-
fectly uniform film of a type II superconductor when
the external magnetic field which is parallel to the
surface of the film and at right angles to the current
changes from zero to ~Hc,(d), the first critical field
of the film.!

In the present paper we calculate the critical field
of a perfectly uniform superconductor in the mixed
state. We consider two limiting cases: the case of a
thin film, the thickness of which d satisfies the in-
equalities ¢ K d < 6,, where 6, is the penetration
depth, and the case of a thick film (plate), the thickness
of which d > 6,.

We consider first the structure of the mixed state of
the film when the external magnetic field H, (He,(d)
& Hy < Hez) is parallel to the film surface while there
is no transport current. It turns out that in a film, as
in a bulk superconductor, the vortices are distributed
with a constant density. However, the surfaces of the
film are by their very nature pinning centers[” and
this leads to stability of the vortex structure w1th re-
spect to a transverse transport current. When a trans-
verse transport current is switched on the whole vortex
structure moves as a unit in the direction of the
Lorentz force over a distance proportional to the trans-
port current.

All these results turn out to be valid also for the
mixed state of a plate.

We call the transport current for which the vortex
instability develops the critical one. In the case of a
film the critical current turned out to be independent
of the external magnetic field.

1. STRUCTURE OF THE MIXED STATE OF A FILM
WHEN THERE IS NO TRANSPORT CURRENT

Let us to start with define more precisely the
problem. We consider a perfectly uniform film of
thickness d(x ! <€ d < 1) of a type II superconductor,
k > 1. Here and below we use the units introduced in
the GL paper[‘”: the unit length is the quantity 6,(T)
and the unit magnetic field the quantity v2H¢ny, where
Hepm is the critical thermodynamic field.
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The film is in an external uniform magnetic field H,
parallel to the z-axis, and He¢,(d) < Hy, < Hea.
According tom

4 wd
Hﬂ(d) =—In (1;— +0.081 ) y=e® & 178,

The surfaces of the film coincide with the planes
x =+d/2. We shall assume that the vortex structure is
a two-dimensional triangular lattice consisting of rows
of vortices. All vortex lines are parallel to the z-axis.
Each row lies in a plane x = xj, where [/ is an integer
which takes on 2L +1 values from -L/2to +L/2 and
which numbers the rows (L >> 1). The row in the plane
x =0 has the index [ = 0. The distance between the
nearest vortices in each row (along the y-axis) is taken
to be equal to a < d and assumed to be independent of
the row number /. The coordinates of the vortices
along the y-axis for any two adjacent rows differ by
a/2 (triangular lattice). The distance between rows
(along the x-axis) is initially assumed to depend on the
number [. Calculation shows that it is independent of
the number ! and equal to b <d. The problem of the
present paper is to find the equilibrium values of a and
b for a given external field H,.

To find the equilibrium values of a and b we must
express the Gibbs free energy % = - 2 [ H-H,dVg

\'

of our system in terms of the parameters 2 and x; and
then minimize it with respect of these parameters.

The free energy of a film layer of unit height along
the z-axis is equal to!*]

F =_[ (H? +/rot H)?)d Vs,
Vs

Vg is the volume of the film layer. According to the
theorem proved in the Appendix (see (A.2))

F == ZH,,,,,.,

lm

)

where Hy ;m is the field produced by the whole vortex
system (and only by the vortex system) at the center of
the vortex with index (I, m), where I is the number of
the row in which the vortex is situated, and m the
number of the vortex in that row. We take as the zero
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of the energy (1) the film energy which is independent
of the vortices. As all vortices with given I are in the
same circumstances, the energy density F can be
written in the form

N (2)

where Hyj is the field produced by the whole vortex
system at the center of one of the vortices in the I-th
row. The problem is thus reduced to evaluating Hy;
and summing (2). Calculations given in the Appendix
give

n
H, ——-—(L+ )——Zx,z,.~7l—;|xl—z,,] ——-7111-—;1—(3)

————Zexp{————lxl—zll}—f———z exp{r——%f-lxt—zu] }

where the Z’ sign indicates summation over all rows
which are odd in relation to the vortex (xz, 0), and the
Z" sign summation over the even rows.

Substituting this result into (2) we find the free
energy density F:

2w+ ——Zm,, }:lx‘——zu LR gt

S N

The summation in (2') is over all values of ! and I’
from -L/2to L/2.

In the state of thermodynamic equilibrium the Gibbs
free energy reaches a minimum; its density is

G = F — 2BH,, (4)

where B = H is the average magnetic field in the film.
We obtain the magnitude of B by using the result of
the evaluation of B in!!

d
T

cha )
2 xad -

"~ ch(df2) (5)

Substituting (2') and (5) into (4) and solving the equation

G / 0z =, 0,
we find the equilibrium values of x; for fixed a:
b
T = bl+72|xb’
where
b = 2n [ naH.,. (6)

We get at once the solution of the equation for the x;
by summing it over I:

@ = bl. )

We have dropped here a vanishingly small contribution
given by the last two terms in (2').
We found thus that the equilibrium vortex distribu-
tion in the film corresponds to a uniform distribution
of the vortex rows, i.e., the distance between adjacent
rows is equal to b given by (6) and independent of 1.
The next step in the study of the structure of the
mixed state of a film will be the determination of the
parameter a, the distance between neighboring vortices
in one row (along the y-axis). To do this we substitute

the equilibrium value (7) of x; into (2’) and (5) and
find G as function of a.

We first make one preliminary remark. We have
just found that the vortex rows are separated from one
another by a distance b. On the other hand, it follows
from physical considerations that the boundary rows
with x7 = +d/2 are completely cancelled by their own
image 3] and should therefore be assumed to contribute
nothing to G. It is thus natural to assume that the row
with index [ = L/2 has the coordinate x1,/2 =d/2 - b,
i.e., the boundary rows lie at a distance b from the
film boundaries; it thus follows from (7) that

L4t=d/b—1. ®)

Substituting now (7) and (6) into (2') and (5) and using
(8) we find
n? H, 2H, 4n?
F(a)=const—m+ " —Ina— " exp{— vaHo}. 9)

The constant term here includes all terms independent
of a. Moreover, we neglected here terms of order
(k%ad)’'. Since (as we shall show) a ~ b, we have from
(6) Ho ~ (xa%) !, Using this estimate we see easily that
terms of order (x?ad)™! are indeed smaller than the
other ones by a factor d/a.

Substituting (7) into (5), summing and bearing in
mind that d < 1, we find B: .

B=H, — n*] 3x*a’H,.

Substituting this expression for B and (9) into (4) and
minimizing G with respect to a we find an equation
for a: 22 : dnt Y
¢ = 3nHo+ xH, exp{—‘ uHoa’}'
Solving this by iteration, we find
a=2.69 | YxH.. (10
Substituting this result in (6) we find

b=2.34/VxH, (11)

These are thus the equilibrium parameters of our
vortex lattice. The mixed state of the film considered
is thus a triangular vortex lattice which does not differ
from the one which would occur in the bulk matter.”
Indeed, in our case b/a = 0.87 while in the case of an
equilateral triangle this ratio is equal to v3/2 = 0.87.

2. CRITICAL CURRENT OF THE FILM

All considerations of the preceding section referred
to the case when there was no transport current.

Let there now be in the film a transport current in
the positive y-direction which produces at the surfaces
of the film a magnetic field Hry:

H(+d/2)=H,FH,

We find the equilibrium vortex distribution for given
H, and Hy. In'*! we showed that when there is a trans-
port current present the potential & reaches a mini-
mum in the thermodynamic equilibrium state:

8nH,
U= sh z..
2

=G4 U
+U xad?

DIt was shown in [?] that for films of arbitrary thickness in a strong
magnetic field a regular triangular lattice is realized.
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The expression for U is obtained by a simple generali-
zation of the quantity U for a single row, given 'm[l],
to the case of many rows. The equilibrium values of

x] are determined from the solution of the equation

9p/0x; =0
A ———Z z —

1t follows from (12) that when a transport current is
present the equilibrium vortex distribution will be the
vortex structure which is rigidly shifted as a whole.
The magnitude of the shift A depends on the transport
current and vanishes when Hy = 0.

We study how G changes when the whole lattice as
a complete unit shifts by a distance A < b. We there-
fore split off in (3) and (5) the terms that depend on x;:

- Zdzl-’l—'t = zd'E Ty +’—E chzy (13)

where the constant term contains the terms which are
independent of xj. The last two terms in (3), which are
unimportant for the present calculation, have been
omitted. Since the whole lattice moves under the action
of a transport current as a complete unit, this means
that each vortex undergoes the same displacement A.
We obtain the change in G under the displacement by
substituting in (13) x; = x] + A where xj =bl is the
position of the rows when there is no transport current.
One sees easily that

Y owe =Y @0+ 8) @+ A= 8L+ 1)

w

G = const —

(14)

Moreover, we have

Z'chz,= Zchz,“—{—%—A‘; cha'.

i

Substituting here x] = bl and summing, using (8), we

get
d 2 b
Za“hbl_?(7+?)_1 (15)
Using (14) and (15) we have finally
G = const + A*2nH, [ xad. (16)

It follows from this equation that the vortex system in
a film in an external field H, is in a potential well,
i.e., pinning takes place.

The pinning-force (or restoring-force) density is
easily determined:

G 4nH"A‘ amn

In the equilibrium state this force is balanced by the
Lorentz force caused by the transport current. The
Lorentz force acting on one line is according to (1]
equal to 87H/kd. One sees easily that the Lorentz
force density will then be

SnH 3

o= (L+1)

or, using (8), (10), and (11)

fo=4HH, | d. (18)

Equating (17) and (18) we get a connection between the
transport current H] and the equilibrium displacement
A of the vortex structure:

H,=nA/xa. (19)

It is now clear that when A reaches the magnitude
b then at least in this case the lattice really ceases to
be stable. Indeed, a shift of the lattice by b would
change it into the earlier, unshifted state (b is the
translation period of the lattice), but the transport
current continues to run and again causes a shift of
the lattice, again by b, and so on. The vortex structure
will flow and energy will be dissipated. If then H, Il Oz
and the transport current flows in the y-direction, the
vortex rows will be generated at the surface x = -d/2
and be annihilated at the surface x = d/2.

Without claiming any accuracy for the numerical
constant, it is then natural to introduce the following
definition of the critical current: a transport current
is critical when it leads to an equilibrium displacement
of the whole vortex lattice by an amount A =b/2, Sub-
stituting A =b/2 into (19) and using (10) and (11) we
find finally

H, =1.3Tx".

Changing to absolute Gaussian units, we get

1.94H.
94H, _ 2n id,
x c

H =

where j is the critical current density. Hence we get
jo=0.31cH.n [ »d. (20)

3. STRUCTURE OF THE MIXED STATE OF A
SUPERCONDUCTING PLATE

So far we have considered a film (d < 1). We now
turn to the consideration of a large perfectly uniform
film with ¥ > 1 and d > 1 which in what follows we
shall call a plate. We study first the state that arises
in that plate when the external field H, is applied
parallel to its surface and H¢; < Hy < Hes.

Since d > 1 the mixed state in the middle of the
plate will clearly be the same as in a bulk supercon-
ductor.') On the other hand, the mixed state at its
boundary must be the same as on the boundary of a
semi-infinite superconductor. To simplify the calcula-
tions for the time being we digress from our plate and
consider a semi-infinite superconductor.

Let the boundary of the superconductor coincide with
the x = 0 plane and let the region occupied by the
superconductor correspond to x > 0, and let the ex-
ternal magnetic field H, be parallel to the z-axis. If
H, > H¢, the mixed state will occur in the supercon-
ductor. The vortex lines form a triangular lattice. As
in the case of the film, we assume that the vortices are
arranged in rows, that the /-th row lies in the plane
x = xJ, that all vortices in a row are parallel to the
external field and lie at a distance a from one another.
We do not assume that the distances between the rows
are the same.

First of all we find the free energy of our vortex
system. It is convenient to use for the semi-infinite
superconductor the method of Lmages[5] i.e., we con-
sider an infinite superconductor but such that for each
vortex with coordinates (x, y) there exists its
“image,’’ a vortex with the opposite sense with coordi-
nates (-x, -y).
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We consider some vortex in the [-th vortex row.
The field produced in its center by some other (I’-th)
row is equal to (see Appendix (A.11)) (n/xa)exp{-xj;'}
where xj7’ is the distance between the rows [ and I’.
Using (1) we find easily the free energy of a strip of
unit width along the y-axis and unit height along the
z-axis:

F= %g‘ (exp{— |z — av|}— exp{— (21 + 1) }) + const. (21)

The constant term includes here all terms independent
of x; and x;’. In the thermodynamic-equilibrium state
the Gibbs free energy will be a minimum:

§ = —2H, j'Hds. (22)

The integral in this formula is taken over that part of
the x, y-plane which is restricted by the inequalities
x=0,0=y=1,

The second term in (22) we denote by W:

W = 2H, [Has.

According to the formula (A.17) obtained in the Appen-
dix, we can write the expression for W in the form

4nH,
W = _ —x
= const o El e, (23)

Again, the constant term contains the terms independ-
ent of x7. Substituting (21) and (23) into (22) we find the
condition for equilibrium of the vortex lattice:

3?/61[ =0.

After simple transformations the condition for equili-
brium takes the form

n —x‘ X —x‘ —X — —Sl
E[e:;e v —€ ;eu-}-e Ze u]-—H.,e L (24)
Changing from a sum to an integral, i.e., taking x to
be a continuous function of a continuous parameter [
and twice differentiating (24) with respect to I we get

dle / dlz = 0,
i.e.,
n=>b+1%, (25)

where b is the distance between neighboring rows for
x; >> 1, and X an integration constant which just now
is unimportant for us. In the case of a triangular
lattice b =aV3/2. Therefore, the presence of a bound-
ary in the semi-infinite superconductor does not affect
the structure of the mixed state, not even close to that
boundary. There is here no vortex density gradient
whatever. A change in H, changes a, b, and X, i.e.,

it leads to a change in the vortex density and to a shift
of the lattice as a complete unit along the x-axis.

We now turn to our plate. It follows from the con-
siderations just given that the mixed state in the plate
does not differ from the mixed state in an infinite
superconductor and there is no vortex density gradient
even at the boundaries of the plate.

We study the stability of the mixed state in the plate.
We shift thereto the whole vortex lattice as a complete
unit in the x-direction over a distance A < b (the

surfaces of the plate coincide with the planes x = +d/2).

We can easily find the free energy % of a segment of
the plate (0 =y =1,0=<z =<1, -d/2 = x = d/2) using
Egs. (21), (22), and (23) and the condition a < 1 and
d>1: :

2
G = — 16z ch2A + }/1_6:1: H, ch A -+ const, (26)

3x’a* 3xa

2

where the constant terms contains the terms independ-
ent of A,

We now check easily that 8245/8a%|a=0 > 0, i.e.,
the mixed state is stable.

4. THE CRITICAL CURRENT OF A PLATE IN THE
MIXED STATE

We now consider the case when a transport current
flows in the plate in the y-direction. This means that
the field at the surfaces of the plate is given as

fl(id/Z) =H, F H,,

where Hj is the field produced by the transport current
at the surfaces of the plate. It follows at once from the
results of the preceding section that also in this case
there will be no vortex density gradient. There will
simply occur an equilibrium shift of the whole vortex
structure by an amount A in the direction of the
Lorentz force.

The restoring force, or the pinning force, is easily
determined from (26), if we bear in mind that A < 1:

oo 28 (B _tonty e

dA  \3x%a* Y3xa®

This force must be balanced by the Lorentz force

acting upon the vortices due to the transport current.
By virtue of the linearity of the problem in the range

of fields under consideration we find at once the trans-

port current distribution from the London equation:

jr = H;chz [sh(d/2).

The Lorentz force acting on one vortex in the /-th row
is equal to 47« 'j(x;) and the total Lorentz force
acting on all vortices of the plate in a unit strip along
the y-axis is thus equal to
4n H,
fo=1a sh(d/2) Z ch.

1

Substituting here x; = bl, summing and using the fact
that b = V3 a/2, we get
= 165H, | Y3xa’. (28)

Equating (27) and (28) we find the equilibrium displace-
ment A of the vortex lattice for a given Hp:

A= H,/(H,— B), B = 4n/}y3xa (29)

Here B is the average magnetic field (induction) in
the interior of the plate.

As in Sec. 2 we define the critical current as the
one which leads to a displacement A =b/2, Then

H,,= (H,— B)aY3 /4.

We now change to absolute Gaussian units:
Moy Dey B—H,
Hy = — 302 = .
¢ 31 6, ( B ) ’ M 4m
Here M is the reversible diamagnetic moment of a
bulk superconductor in the mixed state, &, = hc/2e is
a flux quantum.
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The average critical current density is determined
from the formula j. = cHy,/2nd,
3% YDy M(H) (30)

A formula very similar to this one was obtained earlier
by Campbell, Evetts, and Dew-Hughes.[®]

5. DISCUSSION OF THE RESULTS

We discuss first the result obtained for a film.

1. The critical current density (20) of a film is
caused by the pinning of the vortex structure at the
surfaces of the film. The physics of this process is
completely clear. It follows from Eq. (17) that the
restoring--or pinning—force is proportional to the
external field H,. This field produces in the films
Meissner currents that have opposite directions in the
two halves of the film (with x > 0 and x < 0). These
currents interact with the vortex structure in such a
way that only its symmetric arrangement in the film
corresponds (in the absence of transport currents) to
an equilibrium state. Any displacement of the whole
structure in either the positive or the negative x-direc
tion at once leads to the appearance of a resultant in-
teraction force between the Meissner currents and the
vortex structure, i.e., essentially to the same Lorentz
force which tends to restore the whole structure to the
symmetric position. The fact that the critical current
density depends on the film thickness as jo ~ d™*
expresses the same fact: pinning of the vortex struc-
ture at the film surfaces. This is in agreement with
the well-known experimental fact that the critical cur-
rent density determined by pinning is proportional to
the area of the dividing boundary between the super-
conductor and the non-superconductor, per unit volume
of the superconductor. Indeed, the quantity d™* is
directly proportional to the surface area of the film
per unit volume of the film.

Our result is in this respect essentially different
from the result of the GL theory where the critical
current of a film, caused by the mechanism of disrupt-
ing Cooper pairs, was evaluated. According to the GL
theory je(GL) ~ cHem /6o is independent of d. This
result is valid for films with d < (6o, £(T)) as in that
case the dimensions of the film are too small for the
formation of vortices and the only mechanism leading
to an instability of the superconducting state when
there is a transport current flowing is the breaking up
of Cooper pairs. In our case, however, d > £(T) and
another mechanism for instability arises: vortex in-
stability. The critical current density jc evaluated by
us for this case of instability turns therefore out to be
less than jo(GL):

jelje (GL) ~ &(T) /4,

since k = 6o(T)/£(T). It follows from this that for thick
films (d > £(T)) in the range of external fields H¢,(d)
<K Hy < He: the destruction of superconductivity by a
current will occur through the appearance of vortex
instability.

It is relevant to note here that Eq. (20) near T,
gives a temperature-dependence of the critical current
of the form je ~ Te — T, while according to the GL
theory je(GL) ~ (Tc - T)¥2.

2. We now discuss the dependence of the critical
current on the external magnetic field H,. According
to (20) jc is independent of H,. This result, which
seems at first sight to be paradoxical, has an explana-
tion. According to (17) the pinning of the vortices in
the film increases in proportion to the field H, but the
Lorentz force density (18) acting upon the vortices also
increases in proportion to H,. This occurs because the
Lorentz force acting on one vortex is independent of
H, but the vortex density turns out to be proportional
to H,. As a result the critical current turns out to be
independent of H,.

What can we now say altogether about the H,-depend-
ence of the critical current? For small fields (H,
< Hei(d)) the critical current decreases linearly.!) If
the film surface is not perfect, one must expect even
near the field H, ~ H¢,(d) the appearance of the mixed
state in the film. An increase of jco with increasing H,
must then start at Ho ~ He,(d).[') Furthermore, in a
wide range of fields, He,(d) < Hy < Heg, there must
occur a plateau in the function j¢(H,). Finally, when
H, ~ Hc: the critical current must fall steeply since
here only a surface current remains which vanishes at
Hcs. We did not consider that range of fields.

3. We estimate the order of magnitude of the criti-
cal current obtained from Eq. (20). If we take H¢pm
~10%Oe, d ~ 10"° cm, and k ~ 100, we get jo ~ 3
x 10° A/ cm?.

4. We note finally what the relation is between the
results obtained and real heterogeneous type II super-
conductors, i.e., hard superconductors.

Nowadays there is widespread use of alloys which in
the high-temperature range form a uniform solid solu-
tion. They retain this uniform state (albeit metastably)
under fast cooling (quenching). At low temperatures
such a metastable solid solution turns out to be super-
conducting. When manufacturing wires or strips from
such a solid solution (by drawing or rolling) the grains
of the metal are stretched into fibers and the wire or
strip acquires a fiber-filament microstructure. If one
submits a wire or strip manufactured in this way to
annealing by aging, the uniform metastable solid solu-
tion starts to disintegrate with a precipitation of lumps
of a finely dispersed non-superconducting phase. Under
certain conditions of annealing such a disintegration
occurs initially mainly at the boundaries of the fibers.
As a result the fibers remain separated from one
another by normal phase particles.

The film considered in the present paper is an
idealized case of one such fiber. It is inessential that
the fiber is in contact with normal metal while the film
considered is in contact with the vacuum: the influence
of the normal metal on the superconductor takes place
over distances ~£(T) into the interior of the super-
conductor, and we have assumed that d > £(T). We
must still note that for many superconducting alloys
there is a well-pronounced plateau in the function
jc(Ho) or even an increase in the critical current with
magnetic field.

It is necessary to note in that connection that in!",
where the critical current of rolled specimens of the
eutectic Nb-Th alloy was studied such a plateau was
observed in a large range of magnetic fields.

We now turn to a discussion of the result for a bulk
plate. Here again the interaction of the vortices with
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the surface of the plate leads to the stability of the
mixed state with respect to a transverse transport
current. However, here the critical current depends
on the external field H,.

We can apply the result obtained to estimate the
critical current in eutectic alloys when the supercon-
ducting phase is split in the form of plates of thickness
d > 3, or, the other way round, it is separated by non-
superconducting parts, the distance between which
d > 8,. In that case we must replace d”' — Sy, = Sy/3,
where Sy L 1s the average area of the surface separat-
ing the superconducting from the normal phase per
unit volume and situated at right angles to the action of
the Lorentz force; Sy is the total area of the phase
separation boundary per unit volume of the alloy. The
critical current density in the eutectic alloy will then
be

je = 0.3cYDS.M(H,) | 8:¥B.

Apart from the coefficient this is also the formula
given by Campbell, Evetts, and Dew-Hughes.[®) For
the Pb-Bi alloy 6, = 1.5 X 107° cm!®! so that

je=9c¢S.M | VB.

This result agrees with the empirical formula proposed
and thoroughly checked in(®! -

jo=3.3¢S.M ) yB.

We have thus constructed a theory for the critical
current in uniform films and plates in the mixed state.
The pinning of the vortices occurs as the result of a
purely electrodynamic interaction of the vortices with
the surface of the superconductor. It is clear that if
the microstructure of a bulk heterogeneous supercon-
ductor is such that thin superconducting films or plates
occur in it separated by layers of the non-supercon-
ducting phase this theory can also be applied to such
heterogeneous superconductors.

I express my deep gratitude to A. A. Abrikosov,

V. L. Ginzburg, A. I. Larkin, Yu. N. Ovchinnikov, A. I.
Rusinov, and G. M. Eliashberg for discussions of this
work.

APPENDIX
1. Energy of the Vortices in a Superconductor

We prove in this section of the Appendix some very
general statements. We consider a type II supercon-
ductor with ¥ >> 1 in the form of an arbitrary cylinder
in an external field H, parallel to the generatrix of the
cylinder. Let there be in the cylinder a system of
vortex lines with an arbitrary configuration. The
distances between them are much larger than «'. We
can write the free energy & in the form

F = j’ (H? 4 (rot H)?) dV, (A.1)

Vs

where V is the volume of the superconductor. One can
check that

2n
F=Fo+— )\ Hdl,
L §€ (A.2)

where #, is the value F would have if all vortices
would be removed from superconductor, i.e., the energy

purely connected with the Meissner currents. The
integral in (A.2) is taken along the cores of all vortices
and Hy is the field produced by the vortex system
alone.

We now prove this. Let the cores of all vortices be
given parametrically in space: ro = ro(t). The field
inside the superconductor then satisfies the equation

H + rot rot H = 2nx~"e (r,) 82(r — 1),

8s(r = ro) is a two-dimensional delta-function defined
in the plane through r, at right angles to e(r,), where
e(r,) is a unit vector directed along the vortex at ro.
We write the solution for H in the form H = H, + Hy,
where H, is the field produced in the superconductor
by the external field alone, i.e., the field connected
only with the Meissner currents; Hy is the field pro-
duced by the vortex system alone. These fields satisfy
clearly the following formulae

H, 4 rotrotH, =0, H,|s =H,, (A.3)
H, 4 rot rot H, = 2nx~'e(r,) 8:(r — 1), H,|s=0. (A.4)
Substituting H = H, + Hy into (A.1) we have

& = [ [ + (rot H)*]dVi + [ [H? + (rot H) ]V

+2 [ (HH, + rot H, rot H.) dVs. (A.5)

The last integral vanishes. Indeed,*

jrot H,rotH,dVs = j H,rotrotH,dVs 4+ Cﬁ [H., rot H,]dS.
Vs 8

Vs

The surface integral vanishes as Hy|g =0, and hence,
using (A.3), we have

J' (HH, + rot H, rot H,) dV's = }' H, (H, + rot rot H,) dVs = 0.
Vs Vs
Using (A.4) we can transform the second integral in
(A.5) to the form

S (H,2 4 (rot H,)2] dVg— S H, (H, 4 rotrot H,) dVg — —2}5 H,dl.

Vs Vs &
If we now denote the first integral in (A.5) by &, we
obtain (A.2).

However, strictly speaking, we have obtained a
meaningless result since the field in the center of a
vortex is infinite in the London approximation. There
are several methods of obtaining a valid result for the
field in the center of a vortex!®®), Since the field in a
superconductor changes appreciably over distances of
the order of the penetration depth (~1) while the
normal core of a vortex (a concept is completely
foreign to the London approximation) has a size ~k™!
< 1, we must understand by the field at the center of
a vortex the field which one obtains in the London
approximation at a distance k' from the center. In
the particular case of an infinite superconductor
Abrikosov!*] obtained Eq. (A.2) earlier.

2. Evaluation of the Field Hy;

We consider one infinite vortex row in our film with
d <1 which lies in the plane x = x;’. The vortices are

*[Hy, rot H;]1 =Hy X curl H,.



CRITICAL CURRENT OF AN IDEAL TYPE II SUPERCONDUCTOR 217

parallel to one another and to the z-axis. They lie at
distances a along the y-axis from one another, i.e.,
the coordinates of the vortices are (x;’, ma) where m
takes on integer values from -« to +w. The vortex
with m =0 lies on the x-axis.

We find the field h%,(x, 0) produced by this row at

the point (x, 0) if x > x;’. The field produced by one
vortex in the film was found in'!l, Using the solution
found there, we have for hl

1 had g—ikma Sh[u(llz —x)]sh[u(‘/zd‘le)]
hJ (3»0)——;I dk;ﬁ shud
u= (k"4 1)%,
Using the relation

]

x>z

w

2 eftme = 2x 2 6(ka — 2nn),

m=—a0 n=-—o

(A.6)

we get after simple calculations the final expression

n(2,0) =22 — 2 oy
2xa  wad

1 2n
——;ln (1 —-—exp{——a-lx—x,,l}),

This formula is valid both for x > x;’ and for x < x7’.
In deriving this formula we used the inequalities
a1 and d> a.

To evaluate the field Hy; produced at the center of
a vortex in the [-th row by the whole vortex system we
must find the contribution of all other rows and add to
that result the field produced by the vortex considered
itself as well as by all other vortices in the same row.
We obtain the latter by putting !’ = in (A.7) and taking
x — x]. If we put x = x; the last term in (A.7) diverges,
as it gives the eigen-field of the vortex. As the core of
the vortex has dimensions ~k™' we must put in the last
term |x - x7’| = ¥ . Bearing in mind that the lattice
is triangular we sum separately the contributions from
all even and of all odd rows reckoned from the vortex
considered. As a result we obtain finally Eq. (3).

T
o — | — x|
xa

(A7)

3. Field of a Linear Chain of Vortices

In this section of the Appendix we find the field
produced by a linear chain of vortices in an infinite
superconductor which are parallel to one another.

We consider two cases.

1. Let the coordinates of the vortices be equal to
(0, +ma), where m =0, 1, 2,,,.. We find the field H
produced by such a chain at the point (x, 0). The
boundary of the superconductor is removed to infinity.

The field H is determined by the equation!*!

2n
H—AH——:‘—; 8(r—r.). (A.8)
Expanding the right-hand and the left-hand sides in
two-fold Fourier integrals we easily find the k-th
Fourier component Hk:

—lk ma

21+k2 k2’ |

whence

dk.dk, exp {i(kx — k,ma)}
A )——ZII @ Akt kT

—o0 —o0

Summing over m and using Eq. (A.6) we find
Z I dk, exp {ik.x}
¥ k2t Qunja)?

Evaluating the integral we get

H(z,0) =

_.= exp {— zy1 + (2nn/a)*}
20 =2 Y 1+ @anfa) %

ra
As, by assumption, a < 1, we have

=S {222/ 2).

In the last equation we split off the term with n =0,
Evaluating the sum in the last term we find finally?

H=" e Lin( — cmimory. (A.9)
ra A

2. In the second case we find the field H produced
at the point (x, 0) by a chain of vortices with coordi-
nates (0, +(2m +1)a/2), m =0, 1, 2,.... The re-
quired field is, clearly, equal to the difference between
the field produced by a chain of vortices at the points
(0, £ ma/2) and the field of vortices at the points
(0, + ma). Both fields follow easily from Eq. (A.9). As
a result we find

H(z,0)=—n—e"——1——ln(1+e"”“‘/‘). (A.10)
na %

To evaluate the field at the center of a given vortex

produced by the other rows of vortices we must bear

in mind that x > a so that the logarithmic terms in

(A.9) and (A.10) are small compared to the exponential

term. Dropping them we get

H=mne"*/%a (A.11)
for both positions of the chain of vortices with respect
to the point of observation.

4. Magnetic Flux of One Vortex

We find the magnetic flux of one vortex in a super-
conducting cylinder of arbitrary (not necessarily circu-
lar) cross section. The vortex is parallel to the
generatrix of the cylinder and situated at an arbitrary
point r, where ro is a two-dimensional vector defined
in a plane at right angles to the generatrix of the
cylinder. If the vortex is far from the surface of the
cylinder (as compared to §,) its magnetic flux is well
known: it is equal to a flux quantum, i.e., 2/« (in our
relative units). If the vortex lies on the surface of the
superconductor its flux is equal to zero as the vortex
in that case is annihilated by its own image. Qur prob-
lem is to find the flux in the general case.

We consider a cylinder of unit.height (along the
generatrix) and denote its volume by Vg. We introduce
a vector &y with an absolute value equal to the looked-
for flux:

o, = vj H,dVs,

where Hy is the field produced by the vortex considered
in the superconductor; Hy satisfies the equation

DThe idea of the derivation of this formula is due to A. I. Rusinov.
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H, + rot rot H, = 2nx~'e8(r — 1), (A.12)

where e is a unit vector in the direction of the vortex,
and on the surface of the cylinder Hy = 0. Using the
identity

frotadV = (ﬁ [dSa]
and Eq. (A.12) we have
2n
o.,=—ue—g§ [dS ot H.].

Multiplying this equation by e we get

o,=—ii—e§[ds_rotu,]. (A.13)

We introduce into our considerations an auxiliary unit
uniform magnetic field h parallel to the surface of the
cylinder in the direction of e. It is clear that we then
can rewrite (A.13) in the form

2n 2n
=27 _ == _ A.14
o, == $h[dsrotH.] - & [rot Hh]as. (A.14)
Inside the cylinder the field h will, however, no longer
be a unit field and will satisfy the equation
hls=1. (A.15)

Changing in (A.14) from a surface to a volume integral
we get

h 4 rotroth =0,

o, =2 _

2.
J‘ div[rot H;h]dVs = = J- hrotrot H,dVs
* VS * vs

+ Jrot H,rothdVs.
Using (A.12) and (A.15) and changing back in the last
integral to a surface integral and using the fact that at
the surface Hy =0 we get finally the following

formula:®
@, =2 (1 — k(ro)). (A.16)

The factor (1 - h(r,)) gives the decrease in flux of
the vortex caused by the nearness of the superconductor
surface. Calculating the field h at the point r, is, of

Y Equation (A.16) was derived by G. S. Mkrtchyan.

V. V. SHMIDT

course, much simpler than finding &y by a direct cal-
culation.

We now apply Eq. (A.16) to evaluate the quantity W
in the case of a semi-infinite superconductor. From
(22) we have

W =21, j Hds.

The field h satisfies in this case the equation
h - h” =0, h(0) =1 so that the flux of the vortex at the
point x; will be according to (A.16)

D.(z) = 2%~ (1 — e™™).
We get at once from this equation an expression for W:

W = const — % e,
xa

(A.17)
The constant term contains the terms independent of
X].
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