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Linear conversion of waves in an inhomogeneous plasma described by a fourth order differential 
equation with inhomogeneous coefficients is considered. It is demonstrated that in the vicinity of 
points where the coefficient of the second derivative vanishes, a quasisurface wave may arise which 
propagates in the direction perpendicular to the density gradient. It is shown in the magnetohydro­
dynamic approximation that a sharp change in the shape and polarization of the initial magnetosonic 
wave also occurs when the velocity of sound considerably exceeds the AlfvEm velocity in the inhomo­
geneity region. Furthermore, the conditions under which surface waves may be generated at a sharp 
boundary between two plasma media that is perpendicular to the magnetic field are elucidated. The 
coefficients of reflection, refraction and conversion of magnetohydrodynamic waves at the boundary 
are obtained 

I. INTRODUCTION 

AN extensive literature exists on the problems of 
linear conversion of waves on plasma inhomogeneities. 
The study of wave conversion is of interest in applica­
tions to the problems of heating, radiation and confine­
ment of a plasma in magnetic mirrors as well as in 
the elucidation of certain astrophysical phenomena. 
The conversion of plasma waves into electromagnetic 
waves, and vice versa, at a plasma-vacuum boundary 
and at a sharp boundary between two plasma media 
were first considered in[l• 21 • In this case, the problem 
reduces to that of satisfying definite boundary condi­
tions at the interface. The sharp boundary approxima­
tion is justified if the thickness a of the transitional 
layer over which the plasma parameters change ap­
preciably is much smaller than the wave-length 
(a« A.). 

In the opposite limiting case, when the wavelength 
is much smaller than the characteristic dimension of 
an inhomogeneity (A. «a), the coupling between waves 
of two different modes is described, as a ruleE 3- 51, by 
a fourth order differential equation with inhomogeneous 
coefficients: 

a''lnv + V,(x)'¥11 + V,(x) 1¥ = 0, (1) 

where a/a2 << 1, V2 /a2 ~ 1, and V1 ~ 1. 
Thus, for example, for the case when the plasma 

density gradient is directed along the magnetic field 
(the x axis) and the perturbed quantities are propor­
tional to exp ( ikyY - iwt), the coupling between a slow 
and a fast magnetosonic wave is described in the mag­
netohydrodynamic approximation by Eq. (1) with the 
coefficients [5 • 6 1: 

(2) 

Here, s is the velocity of sound in the plasma in the 
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absence of an external magnetic field, and v A 
= v'H~/47TPo is the Alfvim velocity. Equation (1) is 
usually solved using: the p,erturbation methodE7 • 8l, the 
method of phase integrals 6 • 8• 9 1, and also the Wasow 
asymptotic theory and its modifications [4 • 5 • 10- 121. The 
question as to which method is applicable depends, 
generally speaking, on the behavior of the functions V 1 

and V2 in the plasma region being considered. How­
ever, the realms of applicability of these methods may 
partially overlap. We note also that certain problems 
connected with the stability of plasma and liquid oscil­
lations also lead to Eq. (1)[ 131. 

In the region of mild inhomogeneity where the geo­
metrical optics approximation (WKB) is applicable, the 
four linearly independent solutions of Eq. (1) have, as 
is well known, the form 

-Y, " 
'I' - k,,, { . s } ( V,'/4a' _ V,/a') •;, exp ± l k.,(x)dx , (3) 

where 

( V, v V,' V, ) •;, 
k,(x)= -+ --- , 

2a' 4a' a' , 
(3a) 

( V, v V,' V, ) •;, k,(x)= ~-- ~-. ---.. . 
2a' 4a' rr 

(3b) 

It may be said that the same wave modes propagate in 
a mildly inhomogeneous plasma as in a homogeneous 
one. In magnetohydrodynamics, when the coefficients 
have the form (2), the solutions with the "wave num­
bers" k 1( x) and k 2 ( x) correspond to slow and fast 
magnetosonic waves. For the Wasow asymptote to be 
applicable to the analysis of Eq. (1), it is necessary 
for the coefficient V2(x) to vanish at some point inside 
the plasma. Wave conversions, which take place in the 
vicinity of the points where V2 = 0, are, in the opinion 
of the authors ofE 4 • 51, complete and have been given the 
name "anomalous conversions" by these authors. At 
the same time, under the conditions of applicability of 
the other methods, which obtains, as a rule, is small 
conversions of the waves. For example, the method of 
phase integrals gives for magnetohydrodynamic waves 
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an exponentially small conversion[6 • 8l, Therefore, 
elucidation of the meaning of "anomalous conversion" 
and a thorough analysis of the conditions of applicabil­
ity of the Wasow asymptote to concrete equations are 
called for, 

Our principal aim in the present paper is to eluci­
date the physical meaning of the term "anomalous 
conversion" of waves, using the coupling between mag­
netohydrodynamic waves (mhd) as an illustrative ex­
ample, It is necessary to distinguish between two pos­
sible types of conversion. The first is conversion in 
the sense of a transition from the solution (wave) with 
the "wave number" k 1(x) to the solution with the 
"wave number" k2(x) or - k2(x). Such a conversion 
occurs most strongly in the vicinity of points where 
k1 ~ k2, k1 ~ -k2 (i.e., where V~/4a 2 ~ V1), and it may 
be called the conversion proper. The other kind of 
conversion is connected with a sharp change in k 1(x) 
itself in the vicinity of certain points over distances 
much less than the dimensions of an inhomogeneity. It 
is precisely such type that the so-called "anomalous 
conversion" corresponds to. For the latter type, it is 
not only necessary that the second derivative coeffi­
cient V2 vanished at some point x0 inside the plasma 
but, also, other conditions imposed on the coefficients 
V1 and V2 to make the Wasow asymptote valid at dis­
tances from x0 which are smaller than the character­
istic dimension of the inhomogeneities, must be ful­
filled, 

It is shown in Sec. 3 by way of an illustration that 
"anomalous conversion" of mhd waves in the indicated 
sense may occur only in a sufficiently dense plasma 
(vA « s 2 ), At the same time, the Wasow asymptotes, 
together with the boundary conditions, describe the 
conversion proper. It turns out that in the case when 
V2(x) [Eq. (2)] vanishes at some point inside the 
plasma, only waves with the "wave number" k1(x)­
slow magnetosonic waves-can freely propagate in the 
plasma, The "wave number" k2(x) is then purely 
imaginary. In this connection, whenever a slow mag­
netosonic wave is incident at an oblique angle on a 
plasma layer with a slowly varying density, there ap­
pears in the vicinity of the plane x = x0, where V2(x0 ) 

= 0, a quasisurface wave which propagates in the 
direction perpendicular to the inhomogeneity gradient 
and rapidly decays with increasing distance from this 
plane. This phenomenon is, in many ways, analogous 
to the appearance of a surface wave whenever mhd 
waves are incident at an oblique angle on the boundary 
between two plasma media. 

The conversion of mhd waves at a sharp plasma 
boundary (A « a) perpendicular to the magnetic field 
is studied in Sec. 4, Mhd wave conversion has been 
studied before with a different geometry in [ 141, Con­
version coefficients for certain particular cases were 
calculated in this paper but the question of the appear­
ance of surface waves was not considered. In contrast 
to[ 14l, the coefficients of reflection, refraction and 
conversion of mhd waves are determined in their gen­
eral forms in Sec, 4, Furthermore, conditions for the 
appearance of surface waves are found, It is shown 
that the generated surface wave in the thin layer near 
the boundary gives rise to a flow of electromagnetic 
energy along the boundary, 

2. EQUATIONS DESCRIBING THE CONVERSION OF 
MHO WAVES IN AN INHOMOGENEOUS PLASMA 

In the framework of magnetohydrodynamics, the 
propagation of three wave modes-Alfven and two modes 
of magnetosonic waves: slow and fast-- is possible in 
a homogeneous and weakly inhomogeneous plasma. As 
is well known, magnetosonic waves do not interact with 
the Alfv{m waves, Therefore, we shall not, in future, 
consider the latter, Let, for the sake of definiteness, 
the magnetic field H0 be directed along the x axis and 
let the waves have a fixed frequency w and a compon­
ent ky of the wave vector along the direction perpen­
dicular to the field (the perturbations are proportional 
to exp ( ikyY - iwt)). Then to the slow and fast magneto­
sonic waves correspond, respectively, the values kx 
= k1 and k2: 

k1 = ± V +(~: + ~', -ku'+ V [w: + w', +k,z]'-4~)'/, 
.... s t·'.t .-; v.-~. v.l-s-

(4a) 

k, = ± v ~ (w~ +~-k,'-1/ [w: +~+k!]'-4_w'_)'" 
2 :r VA- v .r.;- VA~ y V,12,<.,•"!. • 

. ~b) 

In a mildly inhomogeneous plasma the dependence on x 
in the wave has the form of (3), where k 1 and k 2 given 
by (4a) and (4b) are functions of x, If kx is considered 
as a function of the density, then it turns out that each 
of the branches k1, k2 is continuous and that they do 
not intersect anywhere when ky"" 0 (k2(x) may be 
imaginary). In a rarefied plasma (s 2 << vA.), k1 ~ w/s 
and k 2 ~ .J w2/vA, - k 2; in a very dense plasma 
(s 2 » vA.), k 1 ~ w/vA and k2 ~ .Jw2/s2 - ky, 

Let us now write out the equations describing the 
conversion of magnetosonic waves in an inhomogeneous 
plasma. We shall assume that the density of the plasma 
Po and the magnetic field H0 in the unperturbed state 
depend only on the coordinate x while the perturbed 
quantities are proportional to exp ( ikyY - iwt). Then 
from the equations of magnetohydrodynamics we obtain 
the following system : 

dp iw 
d;;"-:;o(p,v.) = 0; d(p,v.) _ iwp + iwp, H.= O; 

dx H, 

dH. 
~+ ik,II, = 0; 

dH ( w' ) s'Ii --• + i --, - k, H.- ik 11 --, -' p = 0. 
dx kuvA vA PJ (5) 

Here p, vx, Hx, and Hy are the density, velocity and 
magnetic field perturbations. In a homogeneous plasma 
these quantities are, for the four possible values of kx, 
(4a) and (4b ), connected by the following relations: 

s' 
p,v. = -k.p, 

(J) 

(w'- k.'s')Ho 
H.= p, 

w'p, 

11 __ k.(w'- k.'s')Jl, (B) 
u- kyW 2 pu p. 

It is easy to show from the system (5) that the vari­
ables p, p 0 vx, Hx, and Hy are continuous across a 
region with a steep gradient. This continuity furnishes 
the boundary conditions at the interface between two 
plasma media differing from each other in density and 
magnetic field (p 0 , H0 to the left of the boundary, and 
Po~> H0r-to the right). If to the left of the interface 
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• 
p ~ ,E C,exp(ik,x), 

i=t 

while to the right 
• 

p ~ ,E C,' exp ( ik,' x), 
i=t 

then it follows from the continuity of p and the quanti­
ties (6) that (at the interface x = 0): 

.E C, =I: C/, L, C,k, = ~ C/k/. 

H, '\1 C,(w'- k.'s') =Hot r C,' (w'- k,''s'); 
poL.J (Jot~ 

~ '\1c,k,(w'-k,'s')= Hot '\1c,'k/(w'-k/'s'). (7) 
Po .l....J Pot .l.,. 

These equations will be used in Sec, 4 to find the coef­
ficients of reflection, refraction and conversion of m.h. 
waves. 

We also give here the expression for the electro­
magnetic energy flux S. As is well known, the energy 
flux in magnetohydrodynam ics has the form : 
S = s 2vp + Y4 1f-1(H x (v x Ho)). For monochromatic 
waves (considered as the limit of quasimonochromatic 
waves) in a homogeneous plasma:* 

S = lf2s'vp + 1/ 8Jc'[H'[vH,]]+c.c. 

Using the formulas (6), we find that the components 
Sx and Sy have the form 

S _ kxs' [ 2 v .... '(W2
- kx's') ] I I' . 

x--2- s + 2 k' 2 p +c.c., 
poW W - VA 

_ (w'-kx's2 ) [ 2 v .... 2 (w2 -kx's2)] 2 
S,- 2 k s + , IPI +c.c. (8) 

PoW 11 W 

(k' = kx' + k.'). 

If kx is real, the direction of S coincides with the 
direction of the group velocity, We note further that 
for real kx the quantity kxSx is positive, Consequently, 
the energy flux is directed along the wave and not in 
the opposite direction as in certain problems connected 
with wave conversion[ 3l. 

It is easy in the quasiclassical approximation 
(A. « a) to obtain from the system (5), neglecting the 
differential coefficients of p 0 ( x) and H0 ( x), Eq. (1) 
with the coefficients (2), where 1/J is any of the quanti­
ties p, p 0 , Vx, Hx, or Hy, We consider in the following 
section the conversion of waves in a mildly inhomo­
geneous plasma described by Eq. (1). 

3. INVESTIGATION INTO THE LINEAR CONVERSION 
OF WAVES IN A MILDLY INHOMOGENEOUS 
PLASMA 

Let us suppose, for the sake of definiteness, that 
the plasma density monotonously increases in a certain 
layer from some value Porn in to Pomax with p 0(- oo) 
= Pomin and Po(+ 00 ) = Pomax, The conversion of mhd 
waves is considered below. However, the method used 
in the investigation is applicable also to the study of 
the conversion of other types of waves which are de­
scribed by equations of the kind (1). 

As was indicated in the introduction, we shall be 
interested in the case, when the coefficient V 2( x) of 
the second derivative of this equation vanishes some-

*[H*[vH0 ]] =H*X [vX H0 ]. 

where inside the plasma. As is easily seen, for this to 
happen it is necessary and sufficient that 

w' ( w' ) W2 
( w2 

) '+ -; < k,' < --:;- + -.. . 
S VA min S~ VA~ mu 

(9) 

In that case ky s 2 > w 2 and, consequently, the function 
V 1( x) (formula (2)) is negative everywhere in the 
plasma. Then the "wave number" kr, (4a), will be 
real while the "wave number" k2, (4b), will be purely 
imaginary, To the values kx = ± k2 correspond de­
creasing or increasing in the direction of the x-axis 
solutions. Although we use in this paper the asymptote 
of the solutions of Eq. (1) which does not coincide 
everywhere with the asymptote obtained by the WKB 
method, it is convenient for the interpretation of the 
results to use the concept of "wave numbers" kr(x), 
k2(x) given by (3a)and (3b). 

Let us write Eqs. (1) and (2) in dimensionless vari­
ables: 

y''V'v +'I' [1 + ~ v .... '(O) - 6] wu 
vA'(S) 

+[~ v .... '(O) -6(1+~ v .... '(O) )]w=O. (10) 
v .... '(£) v .... 2 (£) 

Here, ~ = x/a, where a is the characteristic dimen­
sion of an inhomogeneity; y = s 2/w 2a 2 << 1; 
{3 = s 2/v.A,(O); o = kys/w2 > 1. Let us suppose that the 
coefficient of the second derivative vanishes at the 
point x = 0 and let us in the neighborhood of this point 
substitute a linear function for this coefficient and a 
constant for the coefficient of z/! 1>. Then Eq. (10) takes 
the form 

v''l''v + yV,'£'¥Il + v,w = o. (11) 

Here, 
V,=-[6 + (1- 6)'], 

The coefficient of the second derivative yV~ is of the 
order of y{3. In order to make this coefficient equal to 
llmity, let us make a change of the independent variable 
1; = (yf3) 11 3 ~, after which Eq. (11) becomes 

1 
""""i: 'V'v + ~'Vn -j- b'V = 0, (12) 

where A. 2 = V~/y 2 and b = V1 /V~ (y{3)413 • The four 
linearly independent solutions of Eq. (12) can be exactly 
expressed in terms of a Laplace contour integral for 
four definite contours of integration in the complex 
region. Wasow(ro] has found by the method of steepest 
descent asymptotic representations of the solutions of 
Eq. (12) for A- oo and sufficiently large !; , if b = 1. 
The asymptote has been extended in[ul to the case when 
b is an arbitrary but bounded (as ;>.. - oo) function of /1.. 
The Wasow asymptotes are used in this work to obtain 
approximate solutions for sufficiently large but finite 
values of A. It is easy to show by a direct application 
of the method of steepest descent that for the Wasow 

I) Asymptotes of the solutions of Eq. (I) for arbitrary forms of the 
functions VI (x), V2(x), provided that v2 (0) = 0, have been obtained in 
[ 11 ]. However, the use of the more exact forms of the coefficients 
would have made the computations highly complicated without chang­
ing significantly the approximate representation of the solutions of Eq. 
(10) for lxl <a. For lxl >a the solutions should approximate to the 
form (3) which was obtained by the WKB method. 
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asymptotes to be suitable for the purpose indicated, it 
is sufficient to impose on b a less stringent limitation, 
namely, that b may be unbounded for .\ - oo (as in 
(12)), but must satisfy the inequality: 

lbi~A.'I~I'. (13) 

The seven solutions of Eq. (12) obtained in[loJ satisfy 
the relations: 

A,+A,+A,=V, U,-U,=A" U,-U,=A,. (14) 

We use below the following asymptotic representations: 

A, - nV•t., -•l,~-·1• exp ['f,iA.\;'1• +; 1/4in]. -'/,n < arg ~ < '•f,n, (15) 

A,- ·-n'kA,-'1·~-'1•exp[-'/,tA.~'1•- 1/4 in]. -'/,n < arg~ < '/,:r, (16) 

A, - n'l•t.,-'1•\;-'1• exp [ -'f,i/,~'1•- 1/4in], 0 < arg \; < 2n, (17) 

U,- ni6''•b-'I•H,'(2~V•b'l•), 0 < arg \; < '/,n, (18) 

U,- ni~'hb-V•H,'(2~'"b'i•), -'f,n < arg ~ < '(,n, (19) 

(20) 

Here, J 1 and H} are the Bessel function and the Hankel 
function of the first kind, and arg b = 1T. The formulas 
(15)-(19) give the asymptotes of the solutions Ak, Uk 
for those regions of {; where they have the simplest 
form. Conversion of the waves is described thanks to 
the fact that in other regions of the complex {; plane, 
these solutions have different asymptotic representa­
tions (the Stokes effect). 

Let us now proceed directly to the study of wave 
conversion. It turns out that the problem must be 
solved slightly differently in the two cases when the 
wave is incident in the direction of increasing plasma 
density and when it is in the opposite direction. Let us 
first investigate the case when the wave is incident in 
the direction of decreasing density, i.e., in the direc­
tion of negative values of x. The boundary conditions 
are: the absence of solutions increasing to infinity and 
solutions in the form of waves impinging from the left 
on an inhomogeneity region (from - oo), This case, to 
the best of our knowledge, has never before been con­
sidered. For {; > 0 the solution A2 having (16) as its 
asymptote corresponds to a wave traveling to the left. 
But it turns out that if we analytically continue this 
solution around the point {; = 0 to the upper or lower 
half of the complex plane, ?;, then it exponentially in­
creases to the left of {;. In order to satisfy the bound­
ary conditions, we must allow the existence of a wave 
which is exponentially damped in the direction of inci­
dence of the initial wave, i.e., we must assume that to 
the right (for {; > 0) the solution may be represented 
in the form: 

IV,' ~-'1• 2 V' '" .. · 
A,+ U, - -n'" - ~-'1• exp [-- i (-'-) ~·1,- ~] 

y' . 3 v' 4 

n''• I V,' II V, -~ ''• [ V '" . (21) +- ~ \;- exp -.2(yf3)-'l·l~-' I +~] yf3 V, V,' . V,' 2 . 

This asymptote is not valid to the left of ?; = 0 when 
arg {; = 1f, To obtain the required asymptote, we use the 
identity: A2 + U3 = V + U2 - A3, which is a consequence 
of (14). The function ( V + U2 - A3) and, consequently, 
the solution for arg ?; = 1T may be represented in the 
form 

(V+ U,)-A,- n'''l211 ~~~'!. exp[2t(yf3)-'·•l \;~!'" +i~ 
Yf3 V, V, V,'l 2 

+ i : 1- n'1• 1 ~-~ ~-·~. \;-'1·expr- : ( :~,) 'lsr·- i-T] . (22) 

If we take into account the fact that the perturbation 
1/J ~ exp ( ikyY - iwt), then it becomes clear that the 
first terms in the formulas (21), (22) correspond to a 
wave traveling at an oblique angle to the direction of 
the density gradient while the second terms correspond 
to a wave traveling in the plane x = 0 along the y axis 
and decaying with increasing distance from either side 
of this plane. Thus, the traveling wave is partly trans­
formed into a quasisurface wave to which corresponds 
the imaginary "wave number" k2, (3b). By the defini­
tion given in the introduction, this is the conversion 
proper. 

In the case, when the wave is incident in the direc­
tion of increasing density (in the positive direction of 
thex axis), we obtain by using, as in[ 5l, the second 
identity of (14): 

n'" I V ' 11· V •t. · v · •t 
yf3--#; \;v>l exp[-2t(yfl)-'1•1sv,:l'-t;-t~] 

I I V,' 1-'l, --)>--Jt/2-
y' 

X ~-•1, exp [~ (~) 'I• \;'I• + i _::.] -:!.!:_I V,' II \; ...!:::_1''• 
3 y' 4 yf3 V, V,' 

x exp [- 2(yf3)-'1•~, t~ 1- t..!!..] 
~ V/ 2 ' (23) 

where the expression on the left hand side of (23) gives 
the solution to the left of the point x = 0 (arg {; = 1T) 

and the right hand side gives the solution to the right 
( arg {; = 0). For ?; > 0 the second term of the solution 
describes the appearance of a quasisurface wave in a 
thin layer immediately to the right of the plane x = 0. 
The width of the layer in which this "quasisurface 
wave" propagates is given by 

I V,'l yf3 l'J.x -y1 - a- a 
' V, 1+f3 + R' • 

Clearly, in both the cases considered the location of 
the layer inside the plasma in which the quasisurface 
wave propagates (the plane x = 0, where V2(0) = 0) 
depends on the angle of incidence and, in the general 
case, on the density profile. 

It also follows from the formulas (21)-(23) that a 
transition from the short-wavelength solutions, A2, to 
the long-wavelength ones, ( V + U2), occurs in the 
neighborhood of the point !; = 0. This transition was 
given the name "anomalous conversion" in[4 ' 5 l, 
Clearly, an abrupt change in the shape of the wave re­
sults in a sharp change in its polarization (the ratio of 
Hx to Hy )21 • However, the vicinity referred to above 
should be really small-at least smaller than the char­
acteristic dimension of an inhomogeneity. Otherwise, 
the change in the shape of the wave cannot be considered 
as sharp, i.e., the formulas (21)-(23) should be valid 
for I xI < a. It was noted above that the Wasow asymp-

2lcontrary to what the authors of (4•5 ] think, "anomalous conver­
sion" is connected not with the transition from the "wave number" k" 
(3a), to the "wave number" k 2 , (3b), but with the sharp change in the 
real quantity k 1 (x). To the left of the point x = 0, where V2 < 0, k 1 "" 

yVtfV2 while to the right where V1 > 0, k 1 ""yV2 /01.2. 
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totes are suitable for the approximate description of 
the solutions only when the inequality (13 ), which is 
equivalent to the following inequality: 

IV I''• lxl ~--'-a. 
V,'~ 

(24) 

is fulfilled. The inequality (24) is compatible with the 
requirement that I xI < a only if (:3 » 1. If (:3 $ 1, then 
for 1 x 1 < a the traveling wave has a shape which dif­
fers from the shape indicated above and ''anomalous 
conversion" does not occur. However, a damped solu­
tion exists for small 1 x 1 which do not satisfy the in­
equality (24). This solution must be expressed directly 
in terms of a contour integral. Thus, the inference of 
the existence of a quasisurface wave is valid for dense 
as well as rarefied plasma. 

To conclude this section, we note that the analysis 
presented above is not valid for all angles of incidence. 
In very dense ( s 2 » v}.) and very tenuous ( s 2 « vA_) 
plasmas it is valid for angles of incidence lying close 
to 1r/ 4. Indeed, supposing that the wave is incident from 
a region of almost homogeneous plasma and taking into 
account the condition (9), we find that for (:3 « 1, when 
k1"" w/s 

while for (:3 >> 1, when k1"" wlvA, 

If, however, (:3 ~ 1 and the wave is incident on a plasma 
layer in which Pomin << Pomax; then a quasisurface 
wave of the kind already described arises almost for 
all angles of incidence exceeding 1r/ 4. "Anomalous 
conversion" of a magnetosonic wave is possible only 
in a plasma of very high density, (:3 » 1, when the 
angles of incidence are close to 1T/4. 

4. LINEAR CONVERSION OF MHD WAVES FROM A 
SHARP BOUNDARY 

The appearance of a wave of the surface type, which 
exists in some thin plasma layer, may also be expected 
in a highly inhomogeneous region. We consider here, 
in its general form, the conversion of magnetosonic 
waves at the boundary between two plasma media when 
the external magnetic field in both media is perpen­
dicular to the boundary. The method for the solution 
of this problem was indicated in Sec. 2. 

Suppose that the boundary is located at x = 0 and 
that the wave, in which the density perturbation 
p ~ exp ( ikyY + ik1x - iwt), is incident on the boundary 
from the left. Assuming that, in the general case, both 
modes of transmitted and reflected magnetosonic waves 
may exist and, putting the amplitude of the incident 
wave equal to unity, we find that for x = 0, 

exp[ik,x]+ Re"p[-ik,x]+ T, exp[-ik,x] 

= D exp[ik,'x] + T, exp[ik,'x]. 

Here, k1 is the projection on the x axis of the wave 
vector of the incident--slow or fast-magnetosonic 
wave; k 2-that of the other wave mode in the first 
medium; and k~, k~-the respective projections on the 
x axis of the wave vectors of the first and second wave 

modes in the second medium. It follows from the radi­
ation principle that the signs of the quantities k1, k2, 
k~, k~ should be chosen so as to make them positive 
and real or positive and imaginary. Writing out the 
rest of the equations of the system (7), we obtain for 
the coefficients of reflection R, refraction D and 
conversion T 1 and T 2, an inhomogeneous system of 
four equations. Solving this system, we find in the 
general case: 

R =[(A+ B) (A -C) (k2 + k2') (k,- kt')+BC(kt' +k,) (k,- k2')] /F, 

D = 2A(A- C)k,(k, + k,') / F, 

T, = B(A- C)k,(k,'- kz')/ F, 

T, = ABk,(kt' + k,)/ F, (25) 

where 

A = k,'- k,', B = p,H,, ( k,"- w') _ k '+ w' 
p,,Jf, s' ' s' 

C= p,H" (k,"- w:) -k,'+ w:, 
poJfo S" S" 

F = (A-}- B) (A- C) (k, + k,') (k, + kt') + BC(kt' + k,) (k, + k,'). 

If even one of the quantities k 2 or k~ is imaginary, 
then a surface wave appears which travels along the 
boundary and decays over distances of the order of 
1/ 1 k 21 from the boundary. It is easy to find from the 
dispersion equation for magnetosonic waves that the 
wave number k 2 can be imaginary only in the case of 
the fast wave (the branch (4b)) and, then, if and only if 
k¥ > w2/(v]\. + s 2). (In particular, the case in which 
ky > w2/s was considered in Sec. 3.) Consequently, 
the conversion into a surface wave at a boundary can 
occur only if the incident wave pertains to the slow 
magnetosonic wave mode (i.e., k 1 is given by formula 
(4a). It is easy to deduce from this that whenever a 
slow magnetosonic wave is incident on the boundary 
between two plasma media at an angle exceeding the 
critical angle: 

{ ( 3 s2 v 2 ) -'{, 
'Per= min arcsin -+~-+~ 

2 2 ' , 
VAu s-

arcsin -+--+~ . ( 3 s2 v 2 ) _,,,} 

2 VAt 2 S 2 

a surface wave arises at the boundary. As the angle of 
incidence of the slow magnetosonic wave approaches 
the critical angle, the angle at which the resulting fast 
magnetosonic wave propagates in one of the two media 
approaches 1r/ 2 and, subsequently, formally becomes 
imaginary which corresponds to the appearance of a 
surface wave. For a very dense ((:3 >> 1) and very 
rarefied ( (:3 « 1) plasma the conversion into a surface 
wave occurs practically at all angles of incidence, ex­
cept the very small ones. (For normal incidence, the 
original system (5) is not applicable, but it is clear that 
in this case the waves are not coupled to each other.) 

For a rarefied plasma ( (:3 « 1) when the discontinuity 
in the density at the boundary is small, 
K =(Pol- Po)/Po « 1, and the angles of incidence 
considerably exceed the critical angle, we find 

w' 
A;::::; 7(1+~+1i), 

w' x 
B""'-;72~', 

w2 
C;:::::; 7 x(1 + /5), 

where 6 = kys 2/w 2• We obtain from this: I R 1 ~ {:3K, 
11 - D I ~ {:3K, T 1 ~ (:3 2 K, T 2 ~ (:3 2 K. Thus, the conversion 
coefficients for a rarefied plasma are very small even 
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in comparison with the reflection coefficient. The con­
version coefficients T1, T2 assume their largest values 
at incidence angles close to the critical angle, when 
k2 R: 0 and k~ R: 0. 

Sometimes the coefficients of reflection, refraction 
and conversion are determined from relations involving 
not the amplitudes of the waves but the normal com­
ponents of the energy flux density. It is easy to find 
these relations in the general case, using (25) and the 
formula (8) for Sx. For a slow magnetosonic wave in 
a rarefied ( {3 « 1) as well as in a dense ( {3 » 1) 
plasma, Sx » Sy, i.e., the energy flux is in a direction 
almost perpendicular to the boundary. The coefficient 
of conversion into a surface wave is, by the new defini­
tion, equal to zero (since Sx = 0 when kx is imaginary). 
The vanishing, according to the new definition, of the 
conversion coefficient does not mean that energy is not 
expended in the generation of the surface wave. How­
ever, the transient process is not considered here. In 
the steady-state wave propagation picture, only the 
energy flux Sy, (8), which is different from zero and 
is such that kySy > 0, is associated with the surface 
wave. In other words, energy is transported by this 
wave along the boundary in the direction of propagation 
of the surface wave. Since Sy ~ exp ( -21 k2ll xI), then 
the energy flux exists in a thin surface layer near the 
boundary. 

Thus, under certain conditions, when a slow mag­
netosonic wave is incident on a highly inhomogeneous 
plasma layer (a « >..) as well as on a mildly inhomo­
geneous layer (a» >..),the propagation of a surface 
type of wave is possible. In the case of a mildly in­
homogeneous plasma, the location of the layer in which 
the quasisurface wave propagates depends upon the 

angle of incidence of the initial wave and, in general, 
on the density profile. 

In conclusion I wish to express my profound grati­
tude to V. N. Oraevskii for his constant attention to the 
work and valuable advice, and also to Yu. N. Dnestrov­
skii and A. V. Timofeev for a useful discussion of the 
results. 
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