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The possibility of radial stabilization of a charged-particle ring beam as a result of the reaction of
coherent magnetic bremsstrahlung radiation is demonstrated. The stability of a relativistic beam of
finite thickness is discussed and the growth rates are determined. This is followed by the solution of
the problem in the nonlinear approximation which yields the size of the focused beam, the maximum
amplitude of the radiation field, and the characteristic time for the process.

.l. It is well known!"! that in the self-stabilization
method the radial focusing is produced by radiation
deceleration force due to the scattering of electrons by
ions. Since the characteristic time for this process is
governed by electron-ion collisions, the time necessary
for the beam to contract is quite considerable (of the
order of a few seconds or morel'!), The effectiveness
of the focusing process can be substantially increased
by the use of the coherent radiation from a charged-
particle beam, In the case of a straight beam, one can
use the two-stream instability!®! for this purpose,
which is accompanied by substantial coherent radiation
from the beam.!®]

In this paper we propose a method for the stabiliza-
tion of charged-particle ring beams in cyclic accelera-
tors and storage rings, based on the use of coherent
synchrotron radiation.” The processes giving rise to
this radiation can be conventionally divided into (1) the
negative mass instability*®) (when the frequencies of
the perturbation fields are very different from the
natural frequencies of the chamber) and (2) the radia-
tion instability which may occur when the harmonics of
the cyclotron frequency are close enough to the natural
frequencies of the resonator. The latter effect was
discovered by Gaponov and Schneider!”® and is also
referred to as induced cyclotron radiation. The collec-
tive instability of ring beams was subsequently investi-
gated in!® ™) where the instability growth rates were
determined for different relationships between beam
and resonator parameters. In particular, it is shown
inl'®) that the radiation instability will occur in a
chamber of infinite radius when, in effect, the resonator
is a vacuum and all the harmonics of the cyclotron
frequency are resonance harmonics., The basic mecha-
nism for this emission of radiation is synchrotron
radiation of charged particles which occurs in the
absence of the resonator.[*?13]

We shall consider radial self-focusing of a ring
beam which is in the form of a cylindrical layer of
relativistic charged particles of finite thickness which
circulates in a magnetic field in vacuum. The radiation
field due to such a beam is a superposition of H waves

DThe basic idea of this method, whereby ring beams of charged
particles are stabilized as a result of collective processes, was first sug-
gested by Ya. B. Fainberg and independently by O. I. Yarkov.
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propagating azimuthaly with a velocity equal to that of
the beam, i.e., a velocity less than the velocity of light.
This wave does not penetrate the plasma but propa-
gates along the boundary, so that the radiation field
decreases from the outer beam boundary toward its
center (surface wave). At the same time, the beam is
located in the high-frequency radial potential well,[“]
whose depth and wall slope increase as the stability
develops and the field amplitude increases. The net
result of all this is the focusing of the beam,?

In the first part of this paper we shall determine the
time-independent state of the beam and this will be
followed by an analysis of its stability. The dispersion
relation ensuing from this, which takes account of the
particle energy spread (as a function of radial dis-
tance) and the precise geometry of the radiation fields
enables us to investigate both the case of a ‘‘thin”’
ring, when the beam is monoenergetic, and the case of
a beam with an energy spread. In the latter case, the
instability develops only in a narrow layer on the outer
boundary between the beam and the vacuum, and the
growth rate turns out to be much smaller than in the
case of a monoenergetic beam. In the second part of
this paper we discuss the nonlinear stabilization of a
beam by a radiation field.

2. Consider a charged-particle ring beam in the
form of a cylindrical layer of thickness o (the radii
of the bounding surfaces are, respectively, a <b)
placed in a constant magnetic field Ho which is
parallel to the axis of the cylinder. The set of equa-
tions describing the state of the beam consists of the
relativistic equations of motion for the beam with
velocity v = (vp, Vo, 0), the continuity equations, and
the Maxwell equations for the radiation fields
E = (Er, Eg,0)and H = (0, 0, Hz). If we take the
axis of the cylinder as the z axis of the cylindrical
set of coordinates, we can determine the time-inde-
pendent state of the beam from the conditions 8/8t

=98/8¢ = vp = 0:
'
) ’ 171:_ - (Y_l)v
o

where wg = 4me’no/m, wy = eHo/mc, and n, is the

DThe mechanism of radial focusing due to forces which are quadratic
in the field amplitude has already been discussed in [3] in the case of
straight beams.
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initial beam density. According to Eq. (1), allowance
for relativistic effects leads to a radial dependence of
the beam-particle energy, where for y > 1 we can ap-
proximately suppose that y ~ wyr/c.

The quantity H, is the addition to the constant mag-
netic field due to the beam current. We shall restrlct
our attention to low-density beams with yw?2/w? Wit <1,
which will enable us to neglect Hy in comparxson with
H, and to ignore the beam space charge.

We shall now investigate the stability of the beam
against high-frequency perturbations. To do this, we
shall write the beam thickness in the form n = n(r)

+ ny(t, r) and v = vo(r) + v,(t, r). We shall then
linearize the equations of motion and will seek the
solution in the form exp ( isq) — wt). The result is
. eE, snEyy d (rnE,,
' my*A,’ = TmrA. [ +E( 2 )]' @
where Ag = w — sv,o/r. Calculatmg the high-frequency
current components with the aid of Eq. (2), we obtain
. e’ r onk, v, d rmE,, .e’nk,,
le=—7"0 Vv’A? TA,T( VA, )] =! my*A,” )
and if we substitute these into the Maxwell equations,
we obtain the Bessel equation for the function Hyg:

1 d dH, ot § 4n d
— = = - = | isj,. — — (o) | = 4
r dr (r dr )+( c? r’)H" cr [zs;,, dr (r],.)] g.(r).( )
The solution of this equation is finite at the origin, and
has the form of a diverging cylindrical wave at infinity.
It can be written in the form
[ Al(arfe),
H.= { BHY (or/c),

vV, =

Jrs

r<a
r>b’ (6)

where Jg is the Bessel function and Hg" = Jg + iNg is

the Hankel function of the first kind. In the region

a <r <b, occupied by the beam, we can use the method
of successive approximations to solve Eq. (4), and this

yields

Hy=Cl.+DN.+ = [N~ LON.@]e )tk (6)

The function gg(£) in this result must be expressed
in terms of the field for n = 0,

From the continuity of the tangential components of
the radiation field Hzg and Eyg = —i(c/w)dHzg/dr
across the inner boundary of ‘ﬁe layer (r = a) we have
D = 0, and the boundary conditions at r = b yield the
following dispersion relation:

= jH"’( ) a@za=o. (1)

ﬂ
If we express gg( &) in terms of the field, using Eq. (3),
and integrate by parts subject to n(a) = n(b) = 0, we
can transform Eq. (7) to the form
N 2 b 2
2 hne _f{ LI [H'J'+E(_‘__

T m ® gz §z ?
a

) H.J.]

VoS ,, } nEdE
g . } 5 =" @8)
In the analogous results obtained in!'®), the deriva-
tion was based on an expansion in terms of the eigen-
functions of the resonator (Bessel functions), and the

fields were assumed averaged over the beam cross

section. In contrast, Eq. (8) takes into account the
change in the geometry of the field associated with the
presence of the beam. Formally, this leads to the ap-
pearance of the imaginary part in the Hankel function
(Neumann function) on the right-hand side of Eq. (8).
It is well known!*®) that the asymptotic form of this
function increases for the higher harmonics s 2 v2,
and this exponential part exceeds the real part:

J 1 ( n )‘/’ ( sw?
. X — xp{ ——),
n\ 2sw exp 3)

() (D), ©

where w® =1 - (wr/sc)? > 0. Physically, the presence
of this field geometry can be explained by the fact that
the phase velocity of the radiation wave is less than the
velocity of light, so that we are dealing with a surface
wave that can propagate only along the beam boundary.
For r <b, where w?> 0, the field decreases mono-
tonically with decreasing radius (energy build-up). For
b < r < sc/w the field decreases with increasing
radius, and for r > sc/w we have radiation (volume
wave). It is important to note that the term propor-
tional to Ag® appears as a result of the integration by
parts because of the dependence of Ag on r [according
to Eq. (1), this is equivalent to a radial energy depend-
ence].

Substituting Eq. (9) in Eq. (8), and transforming to
the variable y under the integral sign, we obtain

1 4 2mes j (iw+£w’+—1——°i)ﬂ=o,

me s AS T yiA, (10)

where y, = wga/c, yb = wygb/c, and the derivatives
of the asymptotic functions are Jg = wwJg/c and

N§ = - wwN? /c. Assuming, as a rough approximation,
that s ~ 32,'*»*3 we arrive at the conclusion that, when
Ag < wH, the last term in Eq. (10) is the dominant
term, whereas for Ag > wp the first term predomi-
nates. We shall consider Eq. (10) in these two limiting
cases which, respectively, correspond to a narrow and

a broad beam.
Before we solve Eq. (10), let us define the skin-

layer depth and the beam-energy spread. To do this,
let us expand w/r and Ag(r) into a series at the point

b (y = yp — &y):
w z%(wmm‘/-,

SOy SOy
Yo

Ay. (11)

A=0—

i

It follows from this expression that w and Ag are
independent of energy, and can be taken out from under
the integral sign when the following inequalities are
respectively satisfied:

S
vAy <1, -—;—:—:iAy< | ©— s‘:" | i (12)

The first of these inequalities may be interpreted as
the ratio of the beam thickness ¢ to the skin layer
depth 6 = ¢c/wyyp. In fact, since differentiation of the
asymptotic function given by Eq. (9) results in multi-
plication by wpgy/c, we obtain yAy = 0/6. The second
inequality is stronger, and is a measure of the extent
to which the beam is monoenergetic. Assuming that
Eq. (12) is satisfied, we find that "

SOy n 14iy3 (4ne WuS j- ndy) /x.

Yo 2% mys®

(12")
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Substituting Eq. (12) into Eq. (12’), we obtain the maxi-
mum energy spread in the monoenergetic beam, and
the maximum growth rate:

> (13)

Wmax S eTall
b

B S —ye,
(074
Let us now consider the case of a diffuse beam
whose linear dimensions exceed the skin-layer depth:
yAy > 1. In this case, Ag > wy and it is sufficient to
retain only the first term under the integral sign in
Eq. (10). Substituting w = © + ipg in Eq. (10), and
separating the real and imaginary parts with the aid
of the formula
1 1
-A_c - Q,— S(DH/V

which automatically takes into account the phase of the
logarithm, we find that

sor  (14)
Q

,YI
—in——8(y—v), n=
SWa

e 2
W =— i y Yo S Yo << Vo)
2 OxYo
1 s0ot |y Y —
Qr v — 50 u| (15)

2 v Ya— Yo

In deriving the second equation, which determines the
radiation frequency Qg, we have used the condition
Ay < 1 and retained only the function (y — y,)™*
under the integral sign. Since on the right-hand side
of this relation we have a small parameter (beam
density), and according to the first equation in Eq. (15)
the instability develops only for frequencies such that
swg/vp < Vg < swy /o, it follows that this equation
is satisfied only for yp — yo < 1 when the value of the
logarithm is sufficiently large. Hence, it follows that
only the thin charged-particle layer on the outer bound-
ary (r =b) with the vacuum is unstable. It would ap-
pear that this can be explained by the fact that the
boundary between the beam and the vacuum is, in fact,
a waveguide for the radiated wave and, therefore, the
radiation condition is not satisfied for the interior of
the beam, The reduction in the growth rate by the
factor y™¥? wg/woe > 1 in comparison with the maxi-
mum value [cf. Eq. (13)] can be explained by the fact
that the phase velocity of the perturbation wave vpp

~ wa/yb exceeds the velocity of all the particles in
the interior of the beam and, therefore, the energy of
this wave should be efficiently absorbed by the non-
resonance region of the beam as a result of the accel-
eration of the nonresonance particles.

3. Let us now consider the nonlinear focusing of the
beam by the radiation field.” While the instability is
developing, the beam experiences the radial force
Fy = -m (v,Vyv,), which is quadratic in the field
amplitude.” Using Eq. (2), we can rewrite this in the
form

3 e

1 d
F,=— ———Yy —_exp(2u.t) a [E.l|?

L o (16)

ISince the field inside the beam decreases exponentially with radial
distance, at a distance 8 from the outer boundary r = b, effective focus-
ing can occur only for 0 < 8.

“'We note that this expression loses its meaning near resonance, i.e.
when eE/mcw < u/w. ['®] However, in our case, eE/mcw ~ (¢/w)?

[cf. Eq. (19)], so that the gradient approximation is still valid.

where, as before, we are assuming that s > 1, and
retain only those terms which are proportional to s.

Focusing ends when the beam leaves the state of
resonance with the radiation wave. Denoting by &rg
the maximum field amplitude, and equating F; to the
defocusing force —(T/n)dn/dr, where T is the beam
temperature, we obtain the following radial density
distribution in the focused beam:

3 et 1 T
n(r)=Aexp (——Zm Z—Elgn(z), vrz_____.;,

(17)

where A is an arbitrary constant. We shall determine
the width of this focused layer by expanding &rg in
Eq. (17) into a series at r = a, where the field reaches
its minimum, Retaining only the first expansion terms,
and expressing A in terms of the particle density
Nmax on the inner beam boundary, we find that

1 e 1 d|&..|*
o e Z g 18)

Let us estimate the order of magnitude of opyin. It

follows from the Maxwell equations that for the higher-
order harmonics &rg ~ y &pg and, consequently,

R(Z) = Nmez €XP ('— _x_) '

Omin

SOy

d 2
S 18~ 2 Bl

c

At the same time, the quantity # ps is determined by
the condition

e&gs

my* .
which presupposes that the particle shift relative to the
wave under the action of the longitudinal field compon-
ent &ypg is comparable with the resonance wavelength
at the end of the instability process. Substituting Eq.
(19) into Eq. (18), we obtain
a1 ~ vt x

— ———1n"" Smax,
oyt b s W ¢

VoY
—
2 =

(19)

s
S@y

U 0n

Omin ~ Smax ~ ¥ (20)
Since the compression of the beam is one-dimensional,
we have Nmax ~ No0/0min, Where n, is the initial
beam density.

When the beam dimensions exceed the skin-layer
depth, we can only speak of the stabilization of the
outer boundary of the beam,

4. We have noted that the maximum radiation-field
amplitude is restricted by the nonlinear shift of the
beam in phase relative to the wave. This effect is de-
termined only by the azimuthal motion of the beam. In
this section, we shall develop a nonlinear theory which
allows for this effect in the case of a modulated beam
in the form of a sequence of q charged-particle bunches
distributed at equal distances on a circle of radius R.

We shall suppose that the current produced by the
beam is

jﬂ,=e1\'uw%6(r—-R) iﬁ[cp-—qb(t)—sz—:], (21)

where R is the mean beam radius.!'®!!], Moreover,
we shall suppose that the beam is placed in a conduct-
ing chamber of radius b, so that the oscillation spec-
trum is discrete, Let us substitute Eq. (21) in Eq. (4),

and seek a solution of the form
r N
H,=H(t)fq(x,—b)e w, (22)

Integrating with respect to ¢ between —7/q and 7/q,
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and with respect to r between 0 and b, we obtain the
following ordinary differential equation for H(t):

d*H R\ .
—— + 0,’H = —4nenv,n,J, (A,—b—) e, (23)

dt*
where ¢ (t) is the running coordinate of each bunch,
Jq =0, wp=cAp/b, and n is the mean density

n= N_q“(}‘lzz i T2 (M) }.‘f

x b*
Equation (23), together with the equation of motion for
each bunch

d e _ de 24
S Ve=—ReE[tRo(t)], v=R_ (24)

form a set of nonlinear equations with time as the in-
dependent variable. We shall seek the solution in the
form

H(t) = —i& (t)exp (io,t + i0), (25)
where & and ¢ vary slowly during the period of the
high-frequency field, and the modulation frequency

a¢o = qwi/vo is close to one of the natural frequen-
cies of the resonator wp = ©, which allows us to re-
strict our attention to the resonance harmonic. Substi-
tuting Eq. (25) in Egs. (23) and (24), and recalling that

Eo(rt)=i2-1/ (;L,,_'—) H(),
) b

we obtain
d
Yo = &1 (R)cos(p — ),
dt m
& = —2menv,J, (R)cos( — ),

. 1
0> = — 2menvoJ, (R) —gsin(\p —10), (26)

where ¥ = q¢(t) — Qt. The first and second equations
in Eq. (26) lead to the conservation of momentum in
the beam-field system:

(27)

ogR
= MVoYo, Vo =
4anv, Yo

mugy + = v,(0).
If we now transform to the variable & = 4 - § with the
aid of Eq. (27), we can reduce the order of the set of
equations given by Eq. (26):
& = —2nenvd,(R) cos @,
Yo — w*
28

[T+ oi(vo— w‘)z/c*]"’f}( )
Integrating this subject to the initial conditions &(0)
= ®(0) =0, we obtain & as a function of

{[1 +lc°;(vo— wz)Z]%—vu},

where w2 =47e’n/m and w? = &%/4gnmvZ,

Expressing cos & on the right-hand side of the first
equation in Eq. (28) in terms of & given by Eq. (29),
we obtain the equation for the field amplitude according
to which & varies periodically between 0 and &m,
where #py satisfies the condition

2

. 1
O = 2nenvJ;(R) -,EsinCD +Q {1 -

2
@ . c
—wsin® = v+ —
Q Vo

(29)

v,* @ vo* @
3 bl 2 2
Wa' + 2=y’ — Wn" — — 0"
.

Q c? o

The solution of Eq. (30) for yo(w./Q)%? S$'1 canbe
written in the form

®o s 2 o 2f3
w R Yo | —= 2% — — a(_) ]
v v(Q) [ 3"\

According to this result, the maximum radiation

Wo

Wy — 2Y03‘6 =0. (30)

(31)

energy density is
&n’ (

— = nmv Yy’
4n

‘ (3
= 2
2 Q) (32)
and, when yo(wo/2)¥® < 1, it is comparable with the
beam energy density.” The characteristic time for the
process turns out to be
T~ 2o, (33)
13

It follows that the presence of the resonator enhances
the beam radiation, and hence the growth rate becomes
a cubic function. The maximum field amplitude is then
proportional to the square of the growth rate, and this
agrees with (19).

Substituting Eq. (33) in Eq. (20), and retaining only
one term in the sum, we obtain

vilos ¢

(34)

Omin ~

cuy’ 'Yoa’

In conclusion, let us consider two numerical expres-
sions. For a proton storage ring with y, = 2,

R = 300 cm, T = 25X 10™° Mc?y,, and 0 = 1 cm!*"
we find that: wy = 1.7x 10° sec™, wp = 1.7 x 10°ng?,
vh = 2% 10% em?/sec® According to Eq. (20), we
then have 0min = 3 x 10"/np cm. Therefore, an ap-
preciable focusing of the proton ring (0pyin S 0.1 cm)
can occur for ny < 3 x 102 cm™, and the beam con-
traction time is 7 S 107° sec.

For the electron storage ring at the Physico-
technical Institute of the Ukrainian Academy of
Sciences™® for which y, = 200, R = 50 cm, T, = 4
x 10™ mcy,, and 0 = 1 cm, we find that: wy = 12
x 10" sec™, we = 5x 104ng2, v = 8x 10 cm?/sec?.
Hence, it follows that: opyin = 4 X 10'%/ng cm, i.e.,
effective focusing occurs for ng < 4% 10'° cm™, and
the corresponding time is 7 S 107° sec.
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