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The kinetic equation is used to investigate the instability of a relativistic beam of electrons in a plasma. 
It is shown that the statement made in [3 J, namely that the slowing down of an initially monochromatic 
beam occurs just as in the one-dimensional model, is valid only at not too intense beams, (n' /n)113y 
<< 1 (n' and n are the particle concentrations in the beam and in the plasma, y = (1- v2/c2f 1/ 2 ). The 
slowing down of intense beams and of beams having an initial particle-velocity scatter with respect to 
the angles 7J larger than (n'/n)116 y- 112 may be the consequence of only the induced Cerenkov effect 
("kinetic" instability). However, the quasi-one-dimensional character of the slowing down of the beam 
remains also in the case of a kinetic instability, so that the characteristic instability increment is de­
termined by the initial 9. The role of the mechanism of nonlinear scattering of Langmuir oscillations 
is analyzed. A formula is obtained for the mean free path of a relativistic electron beam in a dense 
target. It is shown that two-stream instability may increase the effective frequency of plasma-elec­
tron scattering and by the same token increase the rate of heating of the plasma in the target as are­
sult of ohmic dissipation of the back current and the associated slowing down of the beam. 

1. INTRODUCTION 

RECENT progress in the production of intense beams 
of relativistic electrons[ 1' 2 J gives grounds for hoping 
that they can be used to heat a plasma to thermonuclear 
temperatures. It is therefore of interest to ascertain the 
efficiency of collective mechanisms of slowing down of 
relativistic electron beams in a plasma. 

In a theoretical analysis of this phenomenon, the lin­
ear approximation, which indicates that the beam is un­
stable, does not answer the question fully. In the quasi­
linear approximation, which takes into account the reac­
tion of the instability-induced oscillations on the beam, 
this problem was recently considered in a paper by 
Fainberg, Shapiro, and Shevchenko. [3J In the case of a 
sufficiently monoenergetic beam of electrons traveling 
in parallel and having not too high energies (see below), 
we can confine ourselves to this approximation. 

The problem of using electron beams to heat a dense 
plasma to thermonuclear temperature leaves its unique 
imprint on the theoretical problem which we intend to 
consider. First, in a dense plasma, even of high tem­
perature, one cannot neglect the dissipation of the os­
cillation energy as a result of Coulomb collisions. Sec­
ond, to attain a high energy concentration in a beam en­
tering into a target, it is desirable that the beam be pre­
focused. Focusing of an intense relativistic beam and 
its macroscopic stability in a plasma were investigated 

. by the author, jointly with Ivanov, in [ 4 l. However, ra­
dial focusing of the beam leads to an increase in the 
scatter of the transverse velocities of the beam parti­
cles. As we shall show below, the mean free path of the 
beam depends strongly on the initial value of this quan­
tity. Unlike in the case considered in ( 3 l, the instability 
of the beam may be kinetic from the very beginning, 
i.e., a spectrum of Langmuir plasma oscillations with a 
sufficiently broad phase-velocity spectrum will be ex­
cited at phase resonance with each oscillation of a 
small group of beam particles. 

In the case of the kinetic instability, an important 
role is played practically always by effects of nonlinear 
scattering of waves by plasma particles, which limit the 
amplitudes of the unstable oscillations and lead to an in­
crease of the length of the collective slowing down of 
the beams. [ 5 l Analysis of the nonlinear equations for a 
two-stream instability yields a formula for the mean 
free path of a beam of relativistic electrons in a dense 
plasma target. 

2. INCREMENT OF TW0-8TREAM INSTABILITY IN 
THE QUASILINEAR APPROXIMATION 

In developing a quasilinear theory for the collective 
slowing down of a relativistic electron beam in a plas­
ma, we shall use [ 3 l. Some of our results duplicate the 
results of that reference. In addition, we construct in 
this section, a quasilinear theory of the instability of 
the beam with relatively large scatter of the trans­
verse particle velocities. 

In the absence of a field or in a relatively weak mag­
netic field, H2 << 47Tnmc 2, a beam with a particle con­
centration n' in a plasma having a much higher den­
sity n will build up longitudinal Langmuir oscillations 
most rapidly. [3 1 In the stage of the so-called "hydro­
dynamic" instability, when the beam can be regarded 
as "monochromatic," the oscillation growth increment 
o for a relativistic beam depends strongly on the angle 
(} 1 between the direction of the wave vector k and the 
average beam velocity V0 • This is a consequence of the 
anisotropy of the relativistic mass. The monochroma­
ticity condition is of the form k • ~v, where ~v is the 
velocity scatter in the beam. If this condition is satis­
fied, then the increment for the most unstable pertur­
bations for which k·v0 = wp, is equal to (3 l 

:::::: (~ )'''(~_!_ kJ_' )'" 6 w. ny k' v' + k' · (1) 

Here y = ( 1 - vg/ c2) - 1 / 2 is the relativistic factor, kz 
and k1 are the projections of the wave vector on direc-
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tions parallel and perpendicular to the direction of the 
beam motion, and wp is the frequency of the Langmuir 
oscillations of the plasma. 

As shown in r 3 l, the predominant growth of the oscil­
lations with k1 <'::! k leads to an increase in the scatter 
of the transverse velocities of the beam particles and 
to an appreciable decrease and change in the angular 
dependence of o. The main laws governing this stage of 
the instability process can easily be traced qualitatively, 
both in the short stage of a monochromatic beam and in 
the "kinetic" stage, by using an estimate, obvious from 
the point of view of elementary processes, for the ratio 
of the rates of broadening of the beam-particle longitu­
dinal (~pz) and transverse (~Pl) momentum distribu­
tion functions relative to their mean values: 

d!<.p, I d/:,.p_,_ ~ !!!.. . 
dt dt kj_ 

(2) 

This estimate follows, for example, from formula (7) 
of the cited paper. We note that the increase of the scat­
ter of the values of the longitudinal momentum of rela­
tivistic beam particles leads to a small scatter with re­
spect to the longitudinal velocities, and may not violate 
the monochromaticity condition 

- - p;_z KP"1 
k,/<.v,<iif;ll, !<.v,=-c-+c--. (3) 

p' p y' 

It is violated principally because of the appearance of a 
transverse scatter ~p 1 and most readily for large k 1 : 

kj_c!lpj_/ p > t'l. (3') 

Furthermore, perturbations with large k1 <'::! k are, ac­
cording to (1), the most unstable and, in accordance with 
the estimate (2), lead to the appearance of a transverse 
momentum scatter. 

In addition to formula (1), we present expressions for 
the increment during the stage of the kinetic instability: 

1t w.' n' ( of ) t'l ~ ---mJ k- 6(w-kv)dp 
2 k' n op 

=n·w.' .!!._mJpdp8d8[(~-!:.:...- p-p, _ _!_).!.!!1. 
k'c n kc k py' 2 8 o8 

of][ , , ( w k, p-p, 8')']-''• (4) +P- 8 8- ------+-op kc k py' 2 ' 

~<if; max {8"tl', (_!_ + p- Po)'}. 
k·c' 2 py' 

Here f(p, e) is the beam-particle distribution function. 
It is assumed to be independent of the azimuthal angle 
cp, and is normalized as follows: J fd 3p = 1. In the last 
line, the increment has been rewritten in a form more 
convenient for the subsequent exposition, in the spheri­
cal coordinates (p, e, cp) and (k, e 11 cp'), with the polar 
axis along the average beam velocity Vo""' c for small 
angleS (} and (}I, 

Violation of the monochromatic -beam approximation, 
when it is necessary to use formula (4) instead of (1), 
occurs the latest for angles e I < e, where e 2 = ~Pl /p2 
is the average angle scatter in the beam. 

The instability of the beam will be described by for­
mula (4) even if the beam is monoenergetic, if '9 2 
>> o/kc. Such a situation can arise if the beam was fo­
cused on the path to the target, for example, by its own 
magnetic field. r 4 J 

FIG. I. Plots of the instability increment of a beam of relativistic 
electrons in a plasma, maximized with respect to the parameter w-kc, 
against the angle e· at &p ~ piPr2 for two cases: a-(n'/n)113 r ~ I, b­
(n'/n)l/3-y ~ I. 

In order to get an idea of the character of the o( e ') 
dependence, we present an expression obtained for the 
increment from ( 4) in the particular case when the dis­
tribution function is given by f "' exp ( -e 2 j92 

- (p- Po)2/ ~p2 ): 

n' 2 J dp { (p- Po) 2 

ll = nwp ny tl' l'n E;p exp - !lp' 
8" + 2y}. 

9' 

·y{( 1 _ _!,.+ (p-po)P)I,(x)- ~ dlo} 
2y (!<.p)' ~ 'jf2y dx 

nl 2n9 exp - 8' 8' 1 , 8' <if; a, 
\ 

-2 ( 2/:,. ) ( 2/l + y-• ) 

= Wp ny in !..exp [- 8" (1- i'2 !l )'] ( l'2 !<. -1) 8' ~il. 
e• e e· 8' o' ' 

Here 
201 l'2y 

x=---
()2 ' 

y=1-~+ p-p. 
kc PoY' 

1<.=1-~ 
kc 

Here ~p <<pB2y 2 , Io(x) is a Bessel function. 

(5) 

In Fig. 1 are plotted, with the aid of formulas (1), ( 4), 
and (5), several curves showing the dependence of the 
increment o, maximized with respect to the parameter 
w - kc, on the angle e' at characteristic values of the 
mean scatter of the particle velocities in the beam rela­
tive to the angle e. Figure 1a corresponds to the case 
(n' /n) 113 y << 1, and Fig. 1b to the case (n' /n) 113 y 

>> 1. 
The decrease of the increment o compared with the 

case of a monochromatic beam is the result of the in­
crease of the scatter e in the beam and of the transition 
of the instability into the kinetic stage. An instability of 
perturbations with small e 1 can have a "hydrodynamic" 
character at the same time that one with large e 1 has a 
kinetic character. 

The kinetic instability in the quasilinear approxima­
tion, i.e., when the nonlinear interaction of the oscilla­
tions is insignificant, is described by the following sys­
tem of equations: 

aN. a.w aN. v., (6) !Jt+ ok VN.-Vw8'k=21l.N.- 2 N., 

of a of , J , k,k, k -+vVf=-D,,-, D,,=ne dk-k' N.w,6(w- v), (7) ot op, op, 

vei is the frequency of the Coulomb collisions, Wk 
= Nk Wk is the spectral density of the oscillation energy. 
The increment o is determined by the formula (4). We 
shall henceforth use Eq. (7) at small angles e and e 1 : 

of of 1 a of 1 a of 
-+c-=----OD,--+---OD,p-
ot az p'8 ao o8 p8 o8 op 
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(J) p-p, 
y=1--+--. 

kc py' 
(71) 

In this section we shall discuss predominantly slow­
ing down of a beam in time in a homogeneous plasma, 
neglecting the damping of the Langmuir oscillations as 
a result of Coulomb collisions. 

If (n' /n)113 y << 1, then during a time interval 
t .$ (n' /ny)-113 • wp\ an initially monochromatic beam 
will excite oscillations with an increment that is prac­
tically constant in a large solid angle 6' 
> (n'/ny)113/B(t), and with a deep minimum at ()I< 1/y. 
On the plateau of the increment, the instability is kinetic 
and can be described by a system of quasilinear equa­
tions. The influence of oscillations with smaller ()I on 
the evolution of the distribution function can be neg­
lected during this stage, since these oscillations grow 
with a smaller increment and, furthermore, their rela­
tive contribution to the quasilinear diffusion coefficient 
is smaller by an amount equal to the ratio of the solid 
angles. For the same reason, the quasilinear broaden­
ing of the distribution function is determined by the os­
cillations with k 1 ~ k and leads, as is seen from (7), 
to an approximately uniform increase of 7f = ~P1/P 
and ~Pz· 

When 7f becomes larger than (n1 /n) 1 / 3 but smaller 
than 1/y, the increment for the an~les () 1 > 1/y be­
comes smaller by a factor (n'/n}2 3/7f 2 than the incre­
ment at small angles, when the scatter of the velocity 
with respect to the angle in the beam still does not ex­
ert any influence. From that time on, oscillations with 
small ()' will be preferentially excited, and the phase 
of rapid slowing down of the beam by the hydrodynamic 
instability will set in, without an appreciable change of 
7i and with a characteristic time w t = (n/n')113jy. 
While the longitudinal-velocity scalier reaches a value 
k~vz ~ o and the longitudinal-momentum scatter the 
value ~Pz ~ py2o, the beam energy lost to excitation of 
oscillations during this instability stage is 

cl'ip ~ (n' i n)'l•yp,c (8} 

and may amount to an appreciable fraction of the beam 
energy. This result was first reported in £31 , Further 
slowing down of the beam can be connected only with the 
kinetic instability. 

If the beam is strongly relativistic (n1 /n)1 / 3 y >> 1, 
then the process of slowing down of an initially mono­
chromatic beam should proceed in a somewhat different 
manner. In this case the previously described initial 
stage of almost isotropic beam broadening with respect 
to p 1 and p will continue until the average angle scat­
ter 7J reaches a value y-112(n' /n}1/ 6 • This scatter suf­
fices to violate the monochromaticity condition for all 
angles 9', including small ones, unlike the case when 
(n1 /n)113 y << 1. The "hydrodynamic" instability does 
not play an essential role in this case, since the in­
crease of 7i leads to an increase of the longitudinal-

velocity scatter ~Vz = -c7f 2/2, something not taken into 
account in [ 3 1• 

As noted in the introduction, practical interest at­
taches also to a different formulation of the problem, 
when the beam injected into the plasma target has a no­
ticeable angle scatter 7fo resulting from the focusing of 
the beam. If 7f0 > (n1 /n)116y-112 , then the beam can 
have only the kinetic instability described in the quasi­
linear approximation by Eqs. (6) and (7), and the main 
conclusions of £31 are not applicable. We shall there­
fore concentrate our attention on the case of a beam 
with a large angle scatter of the velocities. We shall 
leave out the narrow interval of Bo values 1/y > Oo 
> (n' /n) 1 / 6 y - 1 ; 2 , which is possible in the case 
(n'/n)113y << 1, and discuss in detail the case when 7fo 
> 1/y. 

At such a large angle scatter of the velocities, the 
scatter of the momenta, even if ~p ~ p, corresponds to 
a relatively small scatter of the angular velocities, and 
we shall neglect them compared with ~Vz = -c7f2/2, 
thereby greatly facilitating the analysis of the system 
(6) and (7). In this limiting case, the instability incre­
ment (4) also has a maximum at 9 1 = 0, but it is not 
very strongly pronounced. For the smooth trial func­
tion used in (5), the maximum of the increment exceeds 
its value maximized with respect to the parameter 
1- w/kc, at large angles 91, by an amount smaller than 
0.16. This result was obtained from formula (5), and the 
qualitative form of o is shown by the lowest curves of 
Fig. 1. Such a maximum, of course, does not suffice, as 
in the case of a small angle scatter 7f < (n1 /n) 116y - 1 ; 2 , 

to conclude that the oscillations predominantly excited 
are those with small 9 1 , and that these determine the 
value of the diffusion coefficient and lead to the slowing 
down of the beam, without substantially increasing the 
initial angle scatter. This is nevertheless the case, but 
in order to verify this it is necessary to analyze atten­
tively the properties of the system of quasilinear equa­
tions (6} and (7). 

Let us rewrite expressions ( 4) for o in a more con­
venient form, neglecting in it the terms with ~p: 

n' s [ ( B' - 8' 2 ) 1 o<ll ] ~~ " 2 ( A 6=nwp-;;yP• BdB - 1'1+-2-- eae-2<D tB B- u 

_ 8"~82 n -~· 
(9} 

ll>(B) = S fpdp, 
0 

We shall prove that quasilinear diffusion of the beam 
particles by oscillations with large () 1 , described by 
Eq. (7), leads to a function ci> with a steeper front. When 
9 1 << 9, the expression for o can be represented in the 
form 

(10} 

" n' [ oil> ] =-w.--2np0 -4£\-82 -211> . 
2 ny a •'=2• 

Thus, for a function ci> with a steep front the increment 
o turns out to be much larger as () 1 - 0 than when 
()' >> 9: 

n' 1 1 B' ) -'k 
6(x)=2n.wp--- ---1 , 

ny 9' x' 
X= (11) 
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A beam of relativistic electrons with eo > 1/y and with 
an initially smooth function <I>( B) will excite oscillations 
in a wide solid angle B 1 with approximately the same 
increment. The values of the diffusion coefficients in 
(7) will be determined in this case by the large angles 
Bl. 

When 0 > 1/y and when the momentum scatter is 
small, we can separate from (7) an equation that deter­
mines the evolution of the function <l>(li) under the influ­
ence of oscillations with (}I >>e. To this end, we inte­
grate this equation with respect to p, with a weight p, 
and use the fact that 

Then, accurate to terms of order e and ~p/po, we ob­
tain from (7) 

ii<D i) se• k•w.x• dk6 11 d6' oci> 
- Jt r dk = k6' dx. ( 12 ) Tt- &61 rop,ZJ (61 - x') .,, &6' ' 

This equation, together with the equation 

(13) 

which follows from (6) and (9), forms a closed system 
of equations. 

A system of this type is obtained in the study of the 
slowing down of an ion beam in a plasma. This problem 
was investigated in [6 J. Equations (12) and (13) have a 
self-similar solution that determines the time broaden­
ing of the function <I>( B). To find this solution, it is con­
venient to introduce the dimensionless self-similar var­
iables and functions 

( , ) -'" ( n' ) _,,, 
S = 8 2ntrop :y , 'l'j =X 2ntro•-;:; , 

W('ll) = - 1-J k'we" d6', '¥ = Cl>2ntro.~. 
n'p,c ny 

(14) 

In terms of these variables, Eqs. ( 12) and ( 13) can be 
integrated: 

., s' W'l']'d'll ii'¥ 
'¥s+2, (s'-'11')'"&6'=0, (12') 

W('ll) = W,exp[ 2 j ds' 8;, ( arcsin-4---T-)]. (13') 
" " ~ 

It is seen from (12 1 ) that when ~ > 71 the particle 
distribution function 'II decreases with increasing ~ 

like exp (- ~ 5 ). Such a steep function can be replaced in 
the calculation of the integral of (13') by the threshold 
2~;2 B(~g- ~2). Such a replacement leads to an error not 
exceeding 20%. With this accuracy, we obtain from ( 13') 

W('l'])=W, { exp[-46,-'(arcsin('l']/so)-n/2)], TJ<so, ( 15) 
1 'l'j >So, 

W0 is the initial noise level. If W0 is of the order of the 
thermal-noise level, then the oscillation level increases 
during the course of the instability development by sev­
eral orders of magnitude, so that the parameter 
ln[W(O)/Wo] =A can be regarded as large (for more 
details see [7 J ). The constant ~0 is determined by the 
upper line of formula (15): ~~ = 2rr/A. If A>> 1, then 
~0 .:S 1, and then we can confine ourselves when substi­
tuting (15) into (121 ) to the approximation 

W(I'J) = W(O) exp {-4A'''TJ I (2n)''•}. (16) 

This formula expresses a characteristic feature of 
quasilinear relaxation, which has already been noted in 
[ 7 l, namely that if the noise begins to increase from a 
very low level, then the time of quasilinear relaxation 
stretches out in comparison with the characteristic 
time of the problem by a factor A = ln (Wmax/Wo), and 
the largest amplitude is possessed not by oscillations 
with an increment that is maximal at the given instant, 
but by oscillations whose increment was maximal much 
earlier. In this problem, the width of the noise distri­
bution 71 turns out to be narrower by a factor A than 
the width of the particle distribution function, although 
the maximum of the increment corresponds to 1J = ~ 0 • 

In the approximation (16) we can easily obtain the 
function 'II(~) for W(1J) from (12'), and from the condi­
tion of the normalization of 'II we obtain the value of 
W(O): 

'¥ = 26,-' exp ( -6' !'So'), W(O) = 8.4/So'. (17) 

The results of our analysis of the process of the 
quasilinear evolution of the relativistic beam-electron 
distribution function 

<D(S) = J f(p, B) pdp 
0 

can be represented in terms of physical quantities in 
the form 

( n' ) - 1 
[ 8' ( n' ) -'''] ( 2n ) '/, p,<D(8) = ~;,-' nw.t-;;::; exp -"To' 2nw.t-;:;y , so= A , 

Sk'w( w-k,c e') S"dS' (18) 
kcO' ' 

~ 10n'poc£,-'' exp[- 4£,-·' ro- ~,c (2nro.t ~)-'"] . (19) 
kcS ny 

Thus, the time required for the function <l>(B) to 
double in width is equal to 

( n' ) -1 A 
t ~ 2n-ffiv --8'. 

ny 2n (20) 

Then the density of the noise energy increases to an 
approximate value 

2n I we" d6' dxk' ~ ,2An'p,c8. (21) 

During that time, the beam slows down and broadens in 
momentum by ~ p ~ 2 Apo e. 

After establishment of the solution (18), the incre­
ment li(B 1 ) has a sharply pronounced maximum at B' 
< e (see formula (10)). Therefore the beam begins to 
excite predominantly oscillations with B' < e. In the 
quasilinear theory, a difference of even a factor of two 
between the values of the increments leads to a differ­
ence of a factor eA between the oscillation amplitudes. 
Consequently, the principal role in (7') is played by the 
diffusion coefficient Dp. But since Eqs. (12) and (13) 
are not very sensitive to the form of the beam distri­
bution function with respect to the momentum p, so 
long as ~p << p0 , it follows that the mechanism ana­
lyzed by us for the formation of a steep front of the 
function <l>(B), which ensures a maximum of the incre­
ment at 81 ~ 0, will remain in force during the course 
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FIG. 2. Slowing down of a beam of relativistic electrons in a plasma. 
Dashed lines-trajectories along which the slowing down takes place. The 
light curves denote the regions of phase space occupied by the beam par­
ticles for two instants of time. The straight line separates the region of 
unstable angles. 

of the beam slowing-down process, owing to excitation 
of oscillations with 8' < e. Conversely, the develop­
ment of oscillations with small 8' < 8 will have little 
effect on <1>(8}, since, according to an estimate that fol­
lows from (7), the broadenings t;(i and ~p are con­
nected by the relation 

i.e., the broadening t;(i due to oscillations with 8' < 8 
is smaller than e. Under these conditions, the slowing 
down of a relativistic beam with a scatter e > 1/y is 
described by the relatively simple system of equations 
(~p <<Po) 

_!1._ = _!_D • .!1_ 
ot op, op,' 

ms (kc-w 0') D.=w.- w,{J ----- d'k 
4n kc 2 ' 

(22) 

dw, 111 
[ kc - (J) o«<> ] 

~=nw.-2np, -4-·----2<1> 
W,dt 1i'Y kc 082 o'=Z(ke-m)/A; (2 3) 

The function <1>(8} in (23) is determined here by (18). 
Given the diffusion coefficient, Eq. (22) can, in princi­
ple, be easily solved. 

Figure 2 shows the two-dimensional diffusion picture. 
The dashed lines represent the lines along which the 
beam particles diffuse from the region of angles 8, on 
the steep slope of the function <1>(1:1), where phase reso­
nance takes place with the narrow spectrum (~k/k 
.:': iF) of the unstable oscillations. The particle veloci­
ties to the right of the solid curve fall on the plateau of 
the distribution (18} into the region of stable phase ve­
locities of the oscillations with 8' < e. Equations (22} 
and (23) yield for the beam slowing-down time an esti­
mate that coincides with (20). 

Thus, the slowing-down time of a beam with a 
smeared-out angular distribution is determined by the 
initial angle scatter 

tw. ~ (n' /ny)-'!1,', !! > 1/y. (24) 

This is a most important result of the quasilinear the­
ory developed here. 

In practice it is more important to estimate from the 
quasilinear theory the free path A of a beam injected in 
stationary manner into a homogeneous plasma. In this 
case the noise accumulates up to a level n'p0 mc3/T e 
(Te is the plasma-electron temperature), and A turns 
out to be smaller by a factor Te/mc 2 than the result 
that follows from the simple estimate c/o. For nonrel­
ativistic beams, the solution of this problem can be 
found in [7 1 • We have 

A.~ A-c_.!!Y__!!_!l,'. 
ro, n' mc2 (25) 

3. INFLUENCE OF NONLINEAR EFFECTS OF 
OSCILLATION TRANSFORMATION BY UNSTABLE 
BEAMS 

Tsytovich and Shapiro [ 51 (see also [ 81 ) pointed out 
that the nonlinear effect of induced scattering of Lang­
muir oscillations by plasma particles can lead, even in 
weak beams, to a limitation of the noise level and to a 
lengthening of the slowing down time, and even to a 
complete suppression of the instability. We shall ana­
lyze below the degree to which such an effect can influ­
ence the collective slowing down of an intense relativis­
tic beam in a dense plasma target. 

Induced nonlinear scattering of Langmuir oscillations 
by plasma particles leads to a transfer of the oscillation 
energy into the region of larger phase velocities. If 
w/k > c, then the resonant interaction of the waves with 
the particles is no longer possible. But accumulation of 
oscillations in the region w/k > c affects the growth of 
the unstable oscillations with w/k < c. 

Let us include in (6) a term describing this nonlinear 
effect. According to [ 81 , it is necessary to add to the 
right-hand side of (6) the term 

2 (6n' + {J,~)N,, where 
~ , J w.' (k'- k") VTe (kk') 2 [kk'] 2 

3 , 

n ~ -nw, nm(w/k)' lk-k'l'w• ~~d k' 

11 , T,/T, J w,., (k'-k")vT.' (kk')' (26)* 
'n ~ - nw. (1 + T.{T,)' nT, lk- k'lw,v,.. k'k" 

{ i[(k'-k'')v .. ']'}• 
X exp --2 lk 'I dk. 

Wp -k VTi 

The first nonlinear term in (26} takes into account the 
scattering of the oscillations by the plasma electrons 
(VTa = J2Ta/rna)112, rn = VTe/ wp). In order of magni­
tude, on is equal to ww (krn)3,hi.Ee. The role of scatter­
ing by ions is maximal if w/k > v~e/vTi, i.e., if 

T,• M 
T, > m(w/k)"-;;,· (27) 

then o~ R~ ww /nT (Te = Ti). On the other hand, if the 
inequality of (~7) is inverted, then the nonlinear scatter­
ing by ions is possible only for a small change of the 
magnitude of the wave vector 

(28) 

In this case the characteristic frequency of the spectral 
redistribution can bE! estimated at wpw(~k/k)2,hi.T. Al­
though in practice ofi is larger than /j~ also in this 
case, the role of this process as a factor stabilizing the 
instability turns out to be negligible compared with 
scattering by electrons. 

Nonlinear scattering of oscillations by electrons can 
suppress the stability almost completely if the oscilla­
tion energy density accumulated in the region w/k > c 
is large 

(29} 

This energy is in practice smaller than the limiting 
value for w, n'ym2(w/k}4/Te, which is established fol­
lowing stationary injection of a beam into a homogene-

*(kk')= k·k'; [kk'] = k X k'. 
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ous plasma. The transfer of the noise from the insta­
bility region w/k < c into the region w/k > c will, 
given satisfaction of the inequality inverse to (27), pro­
ceed in relay fashion via scattering of the oscillations 
by ions. After the oscillations with w/k > c reach the 
level (29), the residual instability may be due to the fact 
that the oscillations are attenuated by Coulomb colli­
sions. In an inhomogeneous plasma, their phase veloc­
ity decreases and the oscillations can become absorbed 
by the thermal electrons when the latter move at the 
group velocity in a direction opposite to the density 
gradient. This effect is taken into account by the second 
and third terms of the left side of Eq. (6). Finally, the 
energy concentration in the long-wave part of the spec­
trum counteracts a nonlinear effect of higher order, 
namely plasmon-plasmon scattering. [ 9 1 

Let us define the problem more concretely in ac­
cordance with the title of this article (a dense plasma 
target, where the Coulomb-collision frequency is high; 
a strongly radially inhomogeneous plasma resulting 
from large heat release when the beam is self­
focused [ 41 ). Under these conditions, the principal role 
is assumed by the first two dissipation effects. We 
shall assume that Ti = Te and the condition 

T.>mc'm/M, (30) 

is satisfied, i.e., Te > 0.5 keY. Then the condition (28) 
is satisfied and the long-wave oscillations (w/k > 2c) 
can influence the transfer of the oscillations from the 
unstable region of phase velocities only via scattering 
by electrons. Scattering by ions only decreases the 
noise energy in the unstable region, and transfers it in 
relay fashion into the region w/k >c. It hardly changes 
the characteristic time of doubling of the noise energy 
density. 

In accord with the results of the preceding section, 
the region of strong kinetic instability, where the main 
accumulation of the oscillations takes place, is narrow 
relative to the phase velocities ~(w/kc) ~% ez and to 
the solid angle 8' < 9. After one act of scattering by 
ions, which changes the phase velocities of the oscilla­
tions in accord with (28) by an amount ~(w/kc) 
~ .J m/M c/vTe, it falls into the nonresonant region 
w/k>c if 

- c ,r;;: 
a'<-vM· v., 

We shall assume that this condition is satisfied. 

(31) 

The value of oh varies with the angle ()' relatively 
smoothly. Therefore, after several scattering acts, 
the oscillation spectrum can be rega:r:ded as isotropic. 
But isotropic noise corresponds to o~ and o~ that are 
independent of the angle. If this is so, then the nonlin­
ear scattering of the oscillations by the plasma parti­
cles does not change the character of the angular dis­
tribution of the total instability increment. Conse­
quently, the main conclusion of the preceding section, 
namely that the instability of the beam leads predomi­
nantly to deceleration of the beam-to an increase of 
the longitudinal momentum scatter -should hold true. 
The angle scatter 9 remains small and hardly changes 
during the slowing-down process. 

We can now write down the energy balance, which 
connects the rate of oscillation generation by the insta-

bilities to the rate of their damping in the region 
w/k > c: 

(32) 

Here WI, 11 are the energy densities in the regions w /k 
< c and w/k > c, respectively, and a is the minimum 
characteristic dimension of the inhomogeneity of the 
plasma density. Oscillations in the region w/k > c ac­
cumulate up to a level determined by the condition (29). 
Substituting the minimum value of wu from (29) into 
(32), we obtain an estimate for the oscillation energy 
density in the region of the instability in the nonlinear 
regime: 

(33) 

If this estimate is substituted in Eq. (22) for f(p), 
then we obtain the following estimate for the mean free 
path L(p) of the beam of relativistic electrons: 

po'c Vre " ( Vro ) • ( c )-' L(p)=~D ~'V' +I o'~1...(p) ~A' 1+- y,(34) 
P 'Vri c a c av-" 

.\c(p) is the mean free path of the relativistic electrons 
in the plasma relative to Coulomb collisions. This for­
mula was obtained for the kinetic instability under the 
following conditions: 

( m c' )''• 1 m M vT.' > !l>y-, T,= T,, T.>mc' M" 

If the last condition is not satisfied, then the beam 
instability will be suppressed by the scattering of the 
oscillations by the ions, and in lieu of (34) we obtain 

VTe ( M T, ) ( c )-' L(p)=1...(p)-ll'exp --~ 1+- y. 
c m me avei. (35) 

Comparing (34) and (35), we see that the free path 
L(p) is a nonmonotonic function of the plasma tempera­
ture. The minimum value of L(p) in the case a>> c/vei 
corresponds to a temperature T e ~ mc 2m/M: 

L~,n(p) = 1..,(p) (m I M)'fl'y. (36) 

It must be borne in mind, however, that in the kinetic 
instability the Coulomb collisions of the plasma elec­
trons with the ions decrease the increment, and there is 
no instability when "ei > 26. 

We emphasize that in the case of instability of a mo­
nochromatic beam, the nonlinear effects do not suppress 
the instability, but intensify it ("explosive" instability), 
since the unstable oscillations have a negative energy. [lDJ 

The inhomogeneity of the plasma density can stop the 
instability' because the phase velocity of the Langmuir 
oscillations leaves the range of values corresponding to 
the maximum increment. This effect is taken into ac­
count by the principal, third term of (6). Even if one 
sees to it that the plasma target is sufficiently homo­
geneous, the target becomes heated during the course 
of slowing down of the beam, and its homogeneity is dis­
turbed by the spread of the plasma. All these effects 
are analyzed in [ 111 • However, nonlinear spectral 
transfer of the oscillations, not taken into account in 
[ 111 , should lead to an appreciable increase of the ini­
tial level w0 of the oscillations, and to a decrease of 
the numerical factor ln (wmax/w0 ). Therefore the cri­
terion for neglecting the influence of the plasma den­
sity inhomogeneity on the beam instability is 
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(37) 1 dn (I)• n' --<--. ndz cny 

In concluding this section, we present an interpola­
tion formula for the length of collective slowing down 
of a beam of relativistic electrons in a plasma, at val­
ues e, (mc2/Mvte)114 > e > 1/y; this formula goes over 
in the corresponding limiting cases into formulas (25), 
(34), and (35) and takes into account the instability con­
dition llei < 26 and (37): 

u,, [( ur. )' ( T,M )]( Vn )_, L(p)= A,(p)-ll' -- +exp --,-,- 1+c-- y 
c c m c nVei 

4. OTHER COLLECTIVE SLOWING-DOWN 
MECHANISMS 

(38) 

When an intense beam enters a dense plasma, an in­
verse current of plasma electrons is produced in the 
plasma in accordance with the induction law. If the 
beam injection time is shorter than the skin time, 
41Toa2/c , then the density of the inverse current j is 
practically equal to the beam-current density. Effects 
of focusing of a beam by its own magnetic field and of 
plasma heating by dissipation of the inverse current, 
and the corresponding slowing down of the beam, were 
considered in [ 4 J. But the Coulomb electric conductivity 
of the plasma a increases rapidly with increasing tem­
perature. For a strong heating of the target, it is there­
fore necessary to have very large beam-current densi­
ties. 

a) The plasma turbulence due to the unstable beam 
can greatly decrease a. The increase of the plasma­
electron scattering frequency is connected with the non­
linear effect of scattering of Langmuir waves by elec­
trons 

Using the estimate (29), we obtain 

''eff ~ w.(6/u•.)'(krn)-'; 

11 eff is larger than 11 ei if 

n' [ v · ]''• ->y!l' -'-' (krn) 3 • 

n w. 

(39) 

(40) 

(41) 

The beam mean free path La due to this effect can 
be estimated from the relation 

r La n'ZcZ .La , 2 
--== --mveff- = n me y, 
a c n c 

(42) 

whence 

b) If the density of the inverse current exceeds the 
critical value aenv'Te/M, where a is the numerical 
factor, as is well-known, ohmic heating·,produces a 
plasma with Te > Ti. In such a plasma, ion-acoustic 
instability of the current is possible, and can result in 
turbulent heating of the plasma [6 l to a temperature T e 
= (j/ena)2M. The condition for the occurrence of turbu­
lent heating can be also written in the form 

n' > Ur. v-;;;: - a- -. 
n c M 

In conclusion, I am grateful to A. A. Ivanov for use­
ful discussions during the performance of this work. 
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