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A calculation is reported of the resonance charge-exchange cross section for a molecular ion on its 
own molecule. The exchange-interaction potential for given directions of the axes of the two particles 
is calculated by an asymptotic method, assuming that the distance between the particles is large in 
comparison with the size of the molecule. An allowance is made for the anisotropy of the electron 
distribution in the molecule, the exchange of valence electrons, and the correlation between the spin 
and the projection of the angular momenta of the electron and the atomic residue. The exchange
interaction potential is used to calculate the resonance charge-exchange cross section for moderate 
collision velocities when the axes of the molecular ion and the molecule remain effectively fixed 
during the collision time. Limiting cases are considered for the collision rates in the case of transi
tion between vibrational levels, including the case of low velocities, when transitions between such 
vibrational states do not occur, and the case of high collision velocities, when transitions between 
vibrational levels satisfy the Frankck-Condon principle. A comparison is given between the calcula
tions and experimental data on resonance charge-exchange cross sections for a molecular ion on its 
own molecule. 

1. This paper is concerned with the calculation of the 
resonance charge-exchange cross section for a molec
ular ion on its own diatomic molecule. Gurnee and 
Magee[ll used a very approximate model to determine 
this cross section. This model does not include any of 
the features of the interaction and leaves one important 
parameter undetermined. The Gurnee-Magee approach 
is therefore not in accord with our present understand
ing of the process. Bates and Reid[ 2l have recently 
reported a satisfactory calculation of the resonance 
charge-exchange cross section for the molecular ion 
of hydrogen on the hydrogen molecule. The calculation 
of the exchange interaction was based in this paper on 
previous variational calculations of the wave function 
of molecular hydrogen and the molecular ion. This was 
subsequently used to find the resonance charge-ex
change cross section. In the present paper we shall use 
the asymptotic method which was described in[3l and 
was found to be satisfactory in the case of charge ex
change between an atomic ion and the corresponding 
atom. It is based on the assumption that the resonance 
charge-exchange cross section is large in comparison 
with the characteristic linear dimensions of the atom. 
This has enabled us to simplify the problem quite con
siderably and to perform the calculation not only for 
hydrogen but even for more complicated systems. 

2. Since the process under consideration has a 
large cross section, the transitions take place at large 
distances between the particles as compared with the 
linear dimensions of the atoms. The interaction poten
tial at such distances is small in comparison with the 
dissociation energy of the molecules, so that the de
grees of freedom of each molecule can, as before, be 
subdivided into electronic, rotational, and translational. 
The collision energy of the atomic particles is not very 
low, so that the elastic-scattering cross section is 
small in comparison with the charge-exchange cross 

section. When this is so we can confine our attention 
to the straight-line approximation for the particle tra
jectories when we analyze the charge-exchange process. 
Moreover, the characteristic collision time is small in 
comparison with the characteristic time of rotation of 
the molecule, which is valid provided 

(1) 

where € is the energy of the colliding particles, €rot 
is the separation between the rotational levels, and p 
is the characteristic impact parameter which governs 
the charge-exchange cross section which, in turn, is of 
the order of a~ p 2 • We shall use the atomic system of 
units in which li = mel = e 2 = 1. When the condition 
given by Eq. (1) is satisfied, the axis of the molecule 
will not rotate during the collision time. 

Under the above conditions, electronic transitions 
proceed in the same way as in the case of charge ex
change between an atomic ion and the corresponding 
atom.r 3J The charge-exchange cross section is deter
mined by the exchange interaction t:. between the ion 
and the molecule. Problems which arise as a result of 
this are connected with the allowance for the vibra
tional motion of the nuclei and the anisotropic distribu
tion of the electrons in the molecule. 

If the collision time is long in comparison with the 
characteristic time of oscillation of the nuclei, transi
tions between the vibrational levels are adiabatically 
of low probability. This is valid when 

1 me' 
E~a~e ---z-h'. a, 

(2) 

In this case, the transitions occur without change in the 
vibrational state of the ion and the molecule, and the 
charge-exchange cross section can be determined in 
the same way as the resonance charge-exchange cross 
section for the ion-atom system[4 l 
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a= f 2np dp sin' /j = nR,' /j = +f~ ~ dt 
0 2 ' -~ 2 ' 

where Ro is the impact parameter for which 

6 = 0.28. 

The exchange-interaction potential for the ion-atom 
interaction is given by 

(3) 

A=2<'F,IHi'l',), (4) 

where H is the Hamiltonian for the system of elec
trons, the wave function ilf1 corresponds to the case 
where the valence electron undergoing the transition 
is located in the first atomic residue, and 'lf 2 corre
sponds to the case when it is located in the second 
atomic residue. These two wave functions correspond 
to fixed directions of the axes of the molecules and 

. ' can be wntten as products of the electronic and 
nuclear vibrational wave functions. The exchange in
teraction can therefore be described by 

(5) 

where sl and s2 are the overlap integrals between the 
vibrational nuclear wave functions of the molecule and 
the ion for the first and second particles, respectively. 

3. To find the exchange interaction Ael for a given 
configuration of the nuclei, which corresponds to the 
overlap of the electronic wave functions, we must 
represent the wave function of the system in the form 
of a combination of the wave functions for the molecu
lar ion and for the electron undergoing the transition. 
This operation was carried out in[sJ for interacting 
atomic particles and takes into account the contribu
tion of the spin of the molecular ion and of the electron 
to the spin of the molecule, the spin of the molecular 
ion and the molecule to the resultant spin of the system 
the composition of the orbital angular momenta of ' 
these particles, and the exchange of identical electrons. 

As a result, the exchange-interaction potential for 
the ion-molecule system can be expressed in terms of 
the single-electron exchange interaction which corre
sponds to the case where the system contains only one 
valence electron. Under these conditions, the exchange 
interaction between the molecular ion and the molecule 
may be written in the form 

(6) 

The first factor represents the contribution of the spin 
of the electron and of the spins of the molecular ions 

(which are equal to s) to the total spin J of the system. 
This factor is, of course, the same as in the case of 
the interaction between the ion and the corresponding 
atom.[sJ 

The second factor, C, represents the correlation 
between the orbital angular momenta of the molecular 
ion, the valence electron, and the molecule. We have 
calculated this coefficient from the single-electron 
model of the molecule. Values of C found for special 
cases of the interaction by the method described in[ 6 l 
are listed in the table. In the case of valence a elec
trons the coefficient C is equal to unity. Next, the 
quantity N in Eq. (6) is the number of identical valence 
electrons whose transitions determine the exchange 
interaction, m is the difference between the components 
of the orbital angular momenta of the molecule and the 
molecular ion along the axis of the molecule, which is 
equal to the component of the angular momentum of the 
valence electron, l is the orbital angular momentum 
of the valence electron in the molecule, and nand n' 
represent the directions of the axes of the molecule. 
The single-electron exchange interaction between the 
colliding particles in the case of a molecule and its 
singly-charged ion in the s state is given by[ 3l 

(7) 

where R is the distance between the interacting parti
cles, e is the angle between the axis of the molecule 
and the direction of the electron undergoing the transi
tion, and y can be expressed in terms of the binding 
energy of the electron in the molecule. 

4. The next problem is to determine the asymptotic 
coefficient A which is introduced so that the radial 
wave function for the valence electron at a large dis
tance r from the molecule is normalized to unity and 
is of the form 

(8) 

For the hydrogen molecule this coefficient was 
found by comparing the valence-electron density at 
large distances, obtained from a given asymptotic func
tion, with the result of a variational calculation 

p(r,)= fi<D(r,,r,) l'dr, = A'(O) r:'He-'''' (9) 
4n ' 

where the subscripts 1 and 2 refer to electrons in the 
molecule. To find p(r2) we have used the sufficiently 
accurate wave function given by James and Coolidge[7 l 
with 13 variable parameters: 

Parameters governing the resonance charge-exchange 
cross section (in atomic units) and the charge-exchange 
cross section at 1 eV collision energy in the laboratory 

system 
Equilibrium Charge ex 
distance be- change 

Molecule Ion v N c Aat = tween nuclei '; Overlap cross sec-
A1 + A,/2 

"moll "ion 
integralS in units o 

lo-u em 
at I eV 

H,(l:l:) H,+(1:l:) 1,07 2 I 
I 

2 1.4 2.05 0.314 2.5 
N,(l:l:) N,+(':l:) 1,07 2 I 1.5 2,11 2,07 0.945 5.4 
O,(':l:) o,+('II) 0,95 1 

Tl 
1.1 2,28 2.12 0.48 2.4 

N0(2II) N0+(1:l:) 0,825 1 1.3 2.17 2.01 0.407 5.1 
C0( 1:l:) CO+(':l:) 1,015 2 1.1 2.13 2.11 0.988 5.8 
OH(2II) OH+(3:l:) 0,983 1 1.5 1.84 1.94 0.926 2.9 
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Ill = ~n e-'·"(••+"'J {4,45 + 1.19(1;,.' + £,')- 0.916£,£,- 0.827 (TJ 1 + TJ•) 

- 0.121 (TJ•s•' + TJ,£,') + 1246,S.(TJ• + TJ•)- 0.171 (TJ•V + TJ•Vl 
+ 0,083(TJ,' + TJ.') + 0.7011. + 0.071..(6.' + 6.')- 0.0228£,£,1. 

- 0.0398(T]t + TJ•);.- 0.0238i.'}, 

;. ' = TJ•' + TJ.' + 6,' + 6.'- 2- 2TJ•TJ•s•s•-
- 2[ (TJ 12 -1) (TJ,'- 1) (1- £,') (1- 6.')] '1• cos(cp,- cp,), (10) 

where 711, 1'12, b, ~2, cp 1, and cp 2 are the elliptic co
ordinates of the electrons. 

Since the molecule has rotational symmetry, we can 
average Eq. (10) with respect to cp = cp1 - cp2 and, since 
1'12 ~ 11 h we have 

~ ~ TJ•- TJ•s•s•, ~· = TJ•' + TJ.' + £,' + 6.'- 2- 2TJ•TJ•s•S•· 

Bearing this in mind, we find that the density distribu
tion for the second electron is 

S a' 
p(r,) = ID'-g(TJ•'- €,,')dTJ, d£, dcp, = 0,0546e-'·'"'[11.55 -1.877T], 

+ 0,162T],'- 0.0076T]z3 + 0.0003T],' + 5.75€,,' + 0.9296.' + 0.0042£26 

-1.284T],S,,' + o .. 0945T]z's.' + 0.0087T].'i;,.'- 0.1867T]zsz'- 0.0031TJ,'£,']. 

(11) 
T]z = (r,, + r,,) /a, £, = (r,,- r,,) /a, 

where a is the equilibrium distance between the nuclei 
b and c in the molecule. Since for r- oo we have rb 2 

Rj r + %acos () and rc 2 Rj r - Y~cos (), it follows that at 
large distances 1'12 Rj 2r / R and ~ 2 Rj cos () ( r is the 
distance from midpoint of the axis of the molecule to 
the electron). 

By making Eq. (9) continuous for each fixed angle in 
the range of distances where A( r) varies slowly, we 
obtain 

A(S) = 2.4ch(0.75cos8) = 2.4ch(l/2yacos8). (12) 

In the case of arbitrary molecules, the asymptotic 
coefficient A( ()) will be found from a model in which 
the wave function of a valence electron in the molecule 
is 

.p = 1'1 ~ K [.Pat ( r + ; ) +.Pat( r- ~)] . (13) 

In this expression, >~>'at represents the atomic wave 
functions and K is the overlap integral. It is clear that 
this model assumes weak interaction between the 
atoms. Moreover, we shall use the ionization potential 
of the molecule as the electron binding energy. If most 
of the dependence of the wave function on distance is 
exponential, this yields 

A(8) = A at ch( ya cos a). 
·fi+K 2 

(14) 

In view of the accuracy with which A is calculated, 
we shall take for the overlap integral the expression 
obtained by using hydrogen-like functions. This gives 

A(S)= Aatl'2-ch('/,yacos8) (15) 
[1 + e '"(1 + ay + '/,a'y')] ''• · 

In particular, in the case of hydrogen, 

A= 2.16ch(0.75 cos 8), (16) 

which is not very different from the expression ob
tained as a result of the variation of the wave function 
with 13 parameters. 

The exchange-interaction potential between the ion 

l 
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[ 

10 
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FIG. I. Resonance charge-exchange cross section for H; + H2 . Solid 
line represents theoretical calculations. Broken line and points show ex
perimental data. Curves I and 2-present work, based on Eq. (16) and 
variational calculation; curves I' and 2' corresponds to S = I; 3- [ 1); 

4-[8]; 5-[2], 0-[9], ·-[ 10]; 6-[ Ill; 7-[ 12]; 8-[ 13]; 9-[ 14]; 10-
[IS); II- [ 16]; 12_ [ 17]. 

€,eV 

FIG. 2. Resonance charge-exchange cross section for N; + N2 . 

Curves I, 2 (present work) are compared with experimental results; 
2-corresponds to S = I, 0-[ 18], 0-[ 19], ---- [2o], ---- [21], X
[22], _. __ [23], e-[8). 

and the molecule in the case of a valence s electron 
is thus given by 

1+'1 t. = S'--' A(S)A(S')NR'I•-•e-••-•1• 
2s+ 1 

whereas for a valence p electron 

(17) 

~ = S' I+ 'f, A (8)A(8')CNR'Ii'-l-lmle-•Hiv3 (1 + lm !)I 1 COS-&. 

2s+ 1 (1-lmiJ! (2y)lml 

(18) 
In this expression, J is the angle between the axes of 
the molecules and S is the overlap integral between 
the vibrational wave functions. Substituting these ex
pressions into the formula for the charge-exchange 
cross section, and averaging over the directions of the 
molecular axes () and () ', we obtain the following 
expression for the resonance charge-exchange cross 
section: 

nR,' 
a=-2-. 

1/ nR, 
0,28v = V zy~(R,) leo• o=e•• o•=¥•· (19) 

Comparison with experimental results for hydrogen, 
nitrogen, and oxygen is given in Figs. 1-3, and the 
calculated results for other cases are given in the 
table. 

The above case corresponds to low collision ener
gies, as defined by Eq. (2), when transitions involving 
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FIG. 3. Resonance charge-ex
change cross section for Oi + 0 2 • 

Curves I and 2 (present work) are 
compared with the experimental 
curve 3-[23], curve 2 corresponds 
to S = I. 

a change in the vibrational states are adiabatically of 
low probability. In the opposite limiting case, when 
transitions to different vibrational levels occur quite 
freely, the transition probability is independent of the 
vibrational states and the transition cross section is 
given by the previous formulas but with the overlap 
integral between the nuclear functions replaced with 
unity. The intermediate situation in the case of hydro
gen was considered by Bates and Reid.[2J If the overlap 
integral between the nuclear functions is close to unity, 
the results for limiting cases are identical, and the 
theory developed here is valid throughout the range of 
collision energies. 

Figures 1-3 show the resonance charge-exchange 
cross sections for H; - H2, N+2 - N2, and 0+2 - 02, 
calculated from Eqs. (3), (17), and (18), and the experi
mental results. The table lists the resonance charge
exchange cross sections for a number of pairs at 1 eV. 
In addition to the above experimental data there are 
also measurements of the resonance charge-exchange 
cross sections for NO+ on NO which yield 1.3 
x 10-15 cm 2 and 10-15 cm2 at 100 and 1000 eV, respec
tively. The calculated cross sections obtained on the 
assumption that the vibrational states of the ion and of 
the molecule do not change during charge exchange 
lead to much higher values at these energies, namely 
2.4 x 10-15 and 1.4 x 10-15 cm2, respectively. 

We are indebted to S. Ya. Umanskii for valuable 
suggestions. 
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