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It is shown by the self-consistent field theory method that inhomogeneity of the sample appreciably af-
fects the behavior of the magnetic susceptibility near the critical point. At the point T, at which un-
bounded regions with a stable ordering parameter 7 arise, the susceptibility possesses a weak ‘‘unob-
servable’’ nonanalyticity. At this point the value of n averaged over the sample is zero. At the point
T, in which a nonvanishing order parameter throughout the sample arises, the susceptibility is in-

finite but the peak width is very small.

l. EXPERIMENTAL investigations“"] have shown that
thermodynamic quantities near the critical point are
strongly influenced by impurities and inhomogeneities.
The specific-heat curve broadens, becomes finite, and
its maximum shifts towards lower temperatures. The
susceptibility also becomes finite,™ * but its maximum
shifts less than the maximum of the specific heat.

Theoretical investigations of the influence of impuri-
ties and inhomogeneities on the behavior of thermody-
namic quantities near the critical point are carried out
in two limiting cases:

1) The sample temperature changes so rapidly, that
the impurities do not have time to become redistributed
when the temperature changes (the model of ‘‘quenched
impurities’’ —MQI).

2) The temperature of the sample changes infinitely
slowly, so that the impurities have time to become re-
distributed when the temperature changes (model of
thermodynamic-equilibrium impurities (MTEI)).

In £®?, within the framework of the two dimensional
Ising model, there was considered the influence of non-
magnetic impurities on the behavior of the specific heat
(in the MQI case). It was shown that at a temperature
equal to the critical value for the pure substance there
arises an essentially singular point, in which all the de-
rivatives of the free energy with respect to the temper-
ature are finite. McCoy and Wu,!”? considering a two
dimensional Ising model in which the exchange energy
changes randomly from column to column, also arrived
at singularities of the same type as in ®3,

It was shown in ®? that there exist two non-analytic
points. The higher point is connected with the occur-
rence of regions of unlimited size with a stable order-
ing parameter 7. At this point, the value of n averaged
over the sample is equal to zero. In '**"1, a singularity
of the specific heat was obtained near this point, The
point of lower temperature is connected with the occur-

rence of a nonzero ordering parameter over the sample.

Griffiths®™! proved a theorem of existence of two singu-
lar points: Tg,, below which the spontaneous magnetiza-
tion does not exist and the magnetization is a non-ana-
lytic function of H and H =0, and Tg,, below which
spontaneous magnetization appears. These results
agree with 81,

Unlike the ‘“‘quenched impurities’’ model, in the
MTEI'™J there is one non-analytic point (a point at
which a magnetic moment is produced). At this point,
the specific heat is finite. Thus, both the MQI and the
MTEI lead to a weakening of the singularities of the
specific heat.

At the same time, the singularity of the magnetic
susceptibility x becomes stronger in the MTEI (in the
case of the three-dimensional Syozi model) compared
with x, of an ideal crystal, x = 7 exp —y(1 — a), where
7 is the dimensionless temperature, and y and o are
the exponents of the susceptibility and specific heat in
an ideal crystal.l'’! However, the experimental data on
the measurement of the magnetic susceptibility in sol-
ids'®*! indicate a weakening of the singularity of x at
the critical point (x does not become infinite). The be-
havior of x in the MQI is therefore of interest. Unlike
the MTEI, in this model the singularity of x becomes
weaker. The magnetic susceptibility is finite every-
where, with the exception of a very narrow region in
which it tends to infinity.

2. In the theory of the self-consistent field, the free
energy of an inhomogeneous sample near the transition
point can be expanded in the ordering parameter 7 0121
@ (n)={ [a(r,7) (T — Te())n + B(r, T)n* + ¥(r, T) (Vn)? — Hn] dV.

' J)

The inhomogeneities are described by the depend-
ence of the expansion coefficients and of the critical
temperature on the coordinates. We shall assume that
the increments to the coefficients «, 3, and v, which
are connected with the inhomogeneity, are small com-
pared with their mean value, and then the influence of
the inhomogeneity is taken into account only by the de-
pendence of Te¢(r) = T, + Ty(r) on the coordinates,
where T, is the mean value of the function T¢(r)
[T(r) is not assumed to be small compared with
T — T,]. The region of applicability of this theory is
given by the inequality®®!

1> Ty To>1[rf, a>ro.

From the condition of the minimum of the functional
(1) we obtain the equation for the ordering parameter

v = a(T —Tc(x))n +2p03— H[2, y>=0. (2)
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The following theorem was proved in 1, If Te(r) is
an analytic function, as will henceforth be assumed, and
7 is a real continuous function with a continuous first
derivative, then n either identically vanishes in the en-
tire sample, or does not vanish anywhere.

The proof given in ®) can be readily generalized in
the case of the presence of a magnetic field, but in this
case, first = 0 cannot lead to an absolute minimum
of the functional (1) at any temperature, and second,
whereas both signs of n are possible at H =0, we have
n > 0 when H# 0. Indeed, if H# 0, we can choose > 0
in all of space to be so small (but finite) that the last
term becomes the principal term in (1). Then ®] ﬁ] <0,
whereas ®[n=0] = 0. We shall now show that n # 0 at
the points of minimum x,. Let us assume the opposite,
that 7(x,) =0 at the point of minimum x, and that
7' (%,) = 0; it then follows from (2) that yn” =—H/2 and
7" <0, i.e., X, is a maximum point, thus contradicting
the initial assumption. Thus, if H+ 0 and the conditions
given above are satisfied, then > 0 at all points of the
sample. This theorem was proved without taking into
account the fluctuations of the ordering parameter.
Fluctuations lead to violation of the theorem.

3. We seek the solution of (2) assuming a weak mag-
netic field, when a7y >> H. In this case the magnetic
correlation radius re(H) ~ »*/2/H*%8%/¢ is much larger
than the temgerature correlation radius rq(T)
~y®a1)/?. We introduce a parameter characteriz-
ing the ‘‘weakness’’ of the magnetic field,

o=r3T) [ rd(H) = Hp"% [ (a1) <€ 1.

We shall first consider the case a >> ry(T), where a is
the characteristic dimension of the inhomogeneity.
In the region 7 = To(x) — T > 0 we have the estimate

¥ faty ~ y/atar ~ r2(T) a2 = 6<<1
and in the zeroth approximation
Mo = (av/2B)". (3)

The addition of 7, in the first approximation in ¢
and 6 will be equal to

1=

R 2
e m ) e @

Near the point x; at which 7(x;) = 0, formulas (3) and
(4) no longer hold. The spatial boundaries of the appli-
cability of formulas (3) and (4) are the same as in %2
n./m ~ 0T3/7% + ¢ << 1, and using the estimate of 7
near the point x,, 7 ~ T,(x — x,)/a, we obtain

((x — x,)/2)° >> 6.

In the spatial region with 7 < 0, the value of the or-
dering parameter is small and the term Bn3 in Eq. (2)
can be neglected. In this approximation, the solution of
Eq. (2) consists of the sum of the solutions of the homo-
geneous equation obtained in {®!, and a particular solu-
tion of the inhomogeneous equation. For the latter, with
accuracy of the order of H§, we can take 7(x)

=H/2a|7|. The complete solution of the equation is
H D 1/ a
n(x)——m+—l_r_|‘779xP(iJVTlrldx)' (5)

The constant D can be obtained by ‘‘joining together?’’
(5) with formulas (3) and (4). Just as in (*!, we obtain
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D ~ Ty/*6'/%, where 5 is the order of magnitude of
the ordering parameter in the region 7 > 0.

4. Unlike the calculation of the specific heat of an
inhomogeneous sample, in the calculation of the sus-
ceptibility it is necessary to take into account the con-
tributions of the regions with 7 > 0 as well as of the
regions with 7 <0:

- rH 1 H 1
"‘”’—L“:':[‘zzfiomd’“fraw?“]’

dn(H)

IO (6)

We introduce the function p(T,), which describes the
probability distribution of the temperature T, in the
sample. For simplicity we neglect the variance of the
inhomogeneity parameter (unless specially stipulated).
Then

T—To

1 o(T1)
x=—

_ o) ap
e 1
2(1. T—Te—1T,

dr +—I To——T+T, - (1)

Taking into account the limits of applicability of for-
mulas (3)—-(5), we mtegrate with respect to T, from
—w to T=T,— T,6"° and from T — T, + T, 843 to w,
The regions ~T 8%/% near 7 =0 make a small contri-
bution to the tota.l susceptibility of the sample.

We shall carry out the calculations for a Gaussian
distribution and for a distribution in which T, has an
upper limit. As shown in ™!, without allowance for the
fluctuations, the singular point exists only for the sec-
ond type of distribution.

a) Asymptotic estimates for a Gaussian distribution

1
T =
p{Ty) Tont

e=Ti2e

yield

for 7T—Ty>t x=

1 2
2a(T — To) [1+ (T—To)zl’ (8a)

for7,—T>t %=

1 [ 1+ 12 ]
4a(To—T) L (T—To2zl"  (8b)
The contributions of the ferromagnetic regions to for-
mula (8a) and of the paramagnetic regions to (8b) are
exponentially small and can be disregarded. If we
choose for the distribution p(T,) a function which is
asymmetrical with respect to the reversal of the sign of

(T - T,) (but with [°_p(T,)dT, = fomp(Tl)dTl), having

no upper limit, then the corrections to the Curie-~Weiss
law in (8a) and (8b) will be linear in t/|T — T | and will
enter in (8a) and (8b) with different signs.

b) We now consider the case when T, is bounded
from above by the temperature T, y,,x. An essential
difference from a Gaussian distribution will be ob-
served only near T, y,y, and the form of the distribu-
tion itself has little influence on the character of the
behavior of the susceptibility. We consider a very sim-
ple distribution of the type

1 2T maxsy
p(T)={ /o, ]

The susceptibility in the region T > T, + T, max is

—Tlmax<Tl<Tlmax
elsewhere

1 nT'—TD+Tlmux
4alymex 1I'—To—

x= (9)

The condition for the applicability of this formula is

Tlmax
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-6 << 1, ice., T=T, =T, max > v/@a®~ T, .. 6. In

the region T — T, >> T, max, formula (9) goes over into
the usual Curie-Weiss law x =1/2a(T — T,). In the re-

gion T; max6 << T =T, — T} max << T, max, expression
(9) takes the form

_ 1 In 2T1max .

" 4aTimex T — To— Timax

An essential deviation from the Curie—Weiss law
takes place in the temperature region T =T, St(T, max)
where the contributions of the paramagnetic and ferro-
magnetic regions are comparable. In the case of a dis-
tribution that has an upper temperature limit at T — T,
— T, max << 0T, max, it is necessary to take into ac-
count the contributions of regions of dimension ! much
smaller than the average dimension a. By virtue of the
low probability of such regions at a temperature
T, +T, max:m the susceptibility has essentially a sin-
gular point of the same type as the specific heat. The
contribution of the ferromagnetic regions at |T — T, |
<<t can be estimated from the following formula (in
the case of a Gaussian distribution)

1 b

—In —,
20y2nt &%

Let us estimate the contribution made to the suscep-
tibility by the ferromagnetic regions. At temperatures
below T, max there appear regions (7 > 0) with nonzero
ordering parameters. The probability that in one such
spatial region there will appear ordering with negative
sign is w ~ exp(—Epjn/T), where Epjp is the mini-
mum work necessary to produce such a fluctuation.n?
It is easy to see that the work will be minimal if the
change of the sign and of the absolute magnitude of 7
will occur in a spatial region T > Te(x) of thickness r
(where the absolute value of n is minimal).

The main contribution to En,j, is made by two
terms: 1) the term proportional to (Vg )?, which contri-
butes in regions in which a change of the sign and mag-
nitude of n takes place; 2) the work of ‘‘reversal of
magnetization’’ of the region 7 > 0 makes a contribu-
tion proportional to the volume.

We have

Ermin = Rumin + Emin (H) ~ v j (V)2dV + L3Hn ~ Ly%e-8aire  L3Hn,
(11)

where L, is the linear dimension of the region 7 > 0,
7 is the mean value of the ordering parameter in the
ferromagnetic region, and a, is the mean distance be-
tween regions. All these quantities are functions of the
temperature. When the temperature changes from
Ty + Ty max to Ty = T; max the value of L, changes
from L; ~ a to L; ~ «. The increase of L, with de-
creasing temperature consists of the increase of indi-
vidual ferromagnetic regions and of the coalescence of
several ferromagnetic regions into one. The distance
a, decreases with decreasing temperature, and the in-
teraction between the regions increases. It is seen
from (11) that Epjn << T, in the temperature region
Ty + Ty max and Epjp > T, in the temperature region
near T, — T, max. This makes the probability of the
fluctuations under consideration of the order of unity
near T, + T;max, and the probability of such fluctua-
tions is small in the region near T, — T, max.

Such fluctuations can be qualitatively described as a

X

b~1.

(10)

Xn ~
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system of interacting regions with a Hamiltonian in the
form
H=Rmin Y 0i0;+ LFHHZ% (12)

where ¢; + 1 (depending on the sign of 5 in the region
7 > 0). In such a system there occurs a second-order
phase transition at H = 0; this transition is connected
with the occurrence of a nonzero (when averaged over
the sample) ordering parameter (o)_at the transition
point defined by the equation gRynin(Te)/ T, = 1.1 Cal-
culating (o) from (12) by the self-consistent field meth-
od, we obtain the magnetic moment per region:

LéHn® LeHY
gH;nin(T"‘Tt:) To(T"fc)

In deriving the last formula we used the estimate
Rinin = 0Rmin /8T ~ T,/T,. The susceptibility per par-
ticle is

(13)

M(H)= <o (H)>n~ "

T2 1
Xt~ 75

- 14
¢ (I —T.) (14)

’ T - Tc< Tl.

Thus, the contribution of the ferromagnetic regions
to the susceptibility is determined by the Curie~Weiss
law with a small coefficient ~Tf /Tg . The temperature
region in which the contribution of the ferromagnetic
regions plays the principal role can be estimated from
Xf >> xp (formulas (14) and (10)):

le 1 i_

Té a(T—T)~ of’
hence |T —T,| < T;/T;. The width of this peak is
much smaller than the width of the ‘*smearing”’ of the
temperature distribution.

In the derivation of (14) we have assumed that the
system is inhomogeneous over scales larger than a.
Actually the system of ferromagnetic regions, described
by the Hamiltonian (12), is also inhomogeneous, leading
to an additional weakening of the singularity (14), and
the Curie-Weiss law

T2 1
T T o(T—To)
is the upper bound of this singularity.

The total susceptibility x in the temperature region
|T - T,| £t consists of the paramagnetic and ferromag-
netic parts, x =xf + Xp > where Xp is given by (10) and
xf by (14).

5. Let us consider another limiting case of the solu-
tion of Eq. (2), when rg(T) >> a (6 >> 1), the magnetic
field being assumed weak as before (r (H) >> r(T)).
We represent n(x) in the form n(x) =7, + n,(x), where

X

+L
o =£1_12J N (z)dx.
-L
Just as in ', it is natural to assume that 7, << 7,.
The mean value of the susceptibility of the sample is in
this case
a]’]o

=1im 2,
R oIl

Averaging Eq. (2) written in the form

Y']w:a(T—70_71(1))1‘104"0(7—To)m(x) —al(z)n(z
+ 2B (no® - Bnio™nu (=) -+ 3ngn2{(z) + n.¥{z)) - H /2

over the entire sample, we obtain

) (15)
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a(T — To)no — al'my + 28 (3nem® + ne®) — # /2 =0 (15/)

Subtracting (15’) from (15) and again using (15’), we
arrive at the system of equations

o(T — To)no— o mi + 2fn® —H/2=0,
yni” = —aTmo + a(T — To)mi + 6pnc™n1.

(16a)
(16Db)

From the solution of (16b) we obtain the mean value of
T, n, ;%

T—m'l=i‘£3s, (17)
where X = ([a(T - T,) +68n5]/¥)*/?, and S is a con-
stant characterizing the mean value of the paired cor-
relations of the distribution T,(x).
Substituting (17) in (16a), we obtain an equation for
Mo’ [ 12 4102
1 a‘y
(a7 — 7o)+ 6pne?) [ (7 — Toy o+ 26ms° — 5| ===5% (18)

The critical point of such a system is given by
Tc=To+Th (19)

Let us consider the region T — T, >> T,. In view of
the smallness of n (in the paramagnetic region), (18)
takes the form

Ty=(aS?/y)" ~ 116~<Tu.

(T —To) [a(T — To)no— H [/ 2)*=u'ne?S?/y
and the susceptibility is

1 "
X a(T =Ty [1+(T—To)‘f:-l'

(20)

At a temperature T, — T >> T, in the zeroth approx-

imation, the solution of Eq. (18) is 7, = (@(T, — T)/28)*/2.

The first approximation yields
_ H a'hT'
T 4a(To—T)  4YB(Te—T) '
i.e., the susceptibility corresponds to the susceptibility
of the pure substance.
Let us consider the temperature region close to the

transition temperature |T — ’T‘c | << T,. In the paramag-
netic region we have

MNo1

x=1/3e(T —T), (21a)
and in the ferromagnetic region
ye=1/6a(T.—T). (21b)

Thus, in this region there occurs a renormalization
of the coefficients compared with the homogeneous case,
but the ratio x,/x, is the same as in the homogeneous
case.

The final results of the inhomogeneity of the sample
is that there are temperature regions with different de-
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pendences of the susceptibility on the temperature. In
the region T — T, >> T, there is the usual Curie-Weiss
law. In the region T,T}/TZ << T - T, << T, we have

x ~ 1/aT,, and finally, in the region T — T << T,T}/T}
we have x ~ T2/TZa(T — T¢). In addition, in the tem-
perature region T, + T; max there is an essentially
singular point of the same type as in ©®). From experi-
ment™! it is possible to estimate the value of the
‘‘smearing’’ of the temperature T, ~ 1°, and conse-
quently the width of the susceptibility peak at the point
T, is AT ~ 107" deg. Experiment has revealed a kink
in the susceptibility at this point.

The experimentally observed weakening of the sus-
ceptibility of the critical point itself indicates that the
model with the secured impurities, considered in the
present paper and in !, describes better the behavior
of real samples, then the model with movable impuri-
ties,% 111 in which an intensification of the singularity
of the susceptibility is observed at the critical point.

In conclusion, the authors thank A. I. Larkin for use-
ful discussions.
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